Google 



This is a digital copy of a book lhal w;ls preserved for general ions on library shelves before il was carefully scanned by Google as pari of a project 

to make the world's books discoverable online. 

Il has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one thai was never subject 

to copy right or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often dillicull lo discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher lo a library and linally lo you. 

Usage guidelines 

Google is proud lo partner with libraries lo digili/e public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order lo keep providing this resource, we have taken steps to 
prevent abuse by commercial panics, including placing Icchnical restrictions on automated querying. 
We also ask that you: 

+ Make n on -commercial use of the files We designed Google Book Search for use by individuals, and we request thai you use these files for 
personal, non -commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort lo Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each lile is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use. remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 

countries. Whether a book is slill in copyright varies from country lo country, and we can'l offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through I lie lull lexl of 1 1 us book on I lie web 
al |_-.:. :.-.-:: / / books . qooqle . com/| 




*•£ 



iV 



V, 



>v 



KEY 



TO 



PLANE TRIGONOMETRY. 



KEY 



TO 



PLANE TRIGONOMETRY 



Jfor % fflse of Colleges atfo Spools, 



^rv: 






.« v 



BY 






L TODHTJNTER, M.A., F.RS. 



Uontton : 

MACMILLAN AND CO. 

1874. 

[All Sight* ruenei.\ 

/f3. /. 20. 



t 

) 



QDambrtoge: 

PAINTED BT C. J. CLAY. M.A. 

AT THE UNIVERSITY PEE88. 



The Keys already issued to some of the Author's works 
have been found very useful by affording assistance to 
private students, and by saving the labour and time of 
teachers; and this has led to the issue of the present 
volume. Care has been taken, as in the former Keys, to 
present the solutions in a simple natural manner, in order 
to meet the difficulties which are most likely to arise, 
and to render the work intelligible and instructive. 

September, 1874. 



CONTENTS. 

PAGE 

I. Degrees and Grades . # 1 

II. Circular Measure 3 

HI. Trigonometrical Ratios 5 

IV. Application of Algebraical Signs 7 

V. Angles with given Trigonometrical Ratios .... 11 

VI. Trigonometrical Ratios of Two Angles 13 

VII. Formulae for the Division of Angles 22 

VIK. Miscellaneous Propositions 30 

IX. Miscellaneous Examples 49 

X. Miscellaneous Examples 59 

XI. Use of Logarithmic and Trigonometrical Tables . . 73 

XII. Miscellaneous Examples 78 

XII l. Miscellaneous Examples 94 

XIV. Solution of Triangles 108 

XV. Measurement of Heights and Distances 118 

XVL Properties of Triangles 131 

XVQ. Miscellaneous Examples 152 

XVlil. Inverse Trigonometrical Functions 160 

XIX. De Moivre's Theorem 173 

XX. Miscellaneous Examples 180 

XXI. Exponential Values of the Cosine and Sine ...» 186 

XXII. Summation of Trigonometrical, Series 190 

XXHI. Resolution of Trigonometrical Expressions into Factors . • 207 
XXIV. Miscellaneous Propositions 218 

Miscellaneous Examples .,,..... 230 



KEY 



i TO 

i 



PLANE TRIGONOMETKY. 



CHAPTEB I. 

1. Let x denote the number of degrees in the larger angle, and y the 
number of degrees in the smaller angle. Then, since 10 grades are equal to 
9 degrees, x-y=9 ; also x+y=45 : hence we obtain x=27 and y=18. 

2. In two-thirds of a right angle there are 60 degrees ; let x denote the 
number of degrees in one part, then 60- x denotes the number of degrees in 

the other part, therefore the number of grades in this part is -^-(60 -x). 

Henoe 

* : -g-(60-a;) :: ? : 10; therefore 10aj=-g-(60-«) ; 

therefore 9x=3(60-g); therefore 12a; =180; therefore 2=15. 

3. In half a right angle there are 45 degrees ; let x denote the number 
of degrees in one part, then 45-* denotes the number of degrees in the 

other part, therefore the number of grades in this part is — (45 - »). Hence 

x : -^-(45-a;) :: 9 : 5; therefore 5a;=10(45-a;); 
therefore 15a; =450; therefore x=30. 

4. I 1 5*= -0105 of a grade ; ^ of -0105 = -00945. 

5. Let x denote the number of degrees in one part; then n-x denotes 
the number of degrees in the other part. In x degrees there are 60a; 

English minutes. In n-x degrees there are -g- {n-x) grades, and there- 
fore -~- x 100 (n - x) French minutes. Therefore 

therefore 1540a; =1000»; therefore 77a;=60n; 

xl _ . 50» , 27» 

therefore x— - — , and n - x=— . 

6. In one-third of a right angle there are 30 degrees ; if this be taken 
as the unit of measurement an angle of 75 degrees must be denoted by ^ , 

30 

that is by 5 , that is by 2£. 

T. T. K. ±l 



2 I. DEGREES AND GRADES. 

7. Let x denote the number of grades in the unit. Then an angle of 

664 
66} grades is denoted by - 1 ; and this is equal to 20. Therefore 

x 

200 10 

2035=66}=-^-; therefore x--^-. 
o o 

9 10 
Henoe the number of degrees in the unit is — x — , that is 3. 

8. Let 82 denote the number of sides in the equiangular polygon which 

has the greater number of sides ; then 2x denotes the number of sides in the 

other equiangular polygon. All the angles of the polygon of 2x sides are 

equal to (4x -4) right angles, that is to (4x - 4) 100 grades ; therefore each 

(4x — 4) 100 
angle contains ~ grades. All the angles of the polygon of Sx sides 

are equal to (6b -4) right angles, that is to (6* -4) 90 degrees; therefore 

each angle contains - — 5—* — degrees ; therefore 

(Ax -4) 100 (6s -4) 90 , 

2x "~ §x * 

therefore (4x - 4) 5 = (605 - 4) 3 ; therefore 2#= 8 ; therefore x = 4. Thus one 
polygon has 8 sides and the other polygon has 12 sides. 

9. It is shewn in Art. 9 that an angle expressed in centesimal seconds 

81 81 324 

is transformed to English seconds by multiplying by ^ ; and ^ = ^™ . 

10. Suppose one angle to contain x English seconds, and another to 

contain x French minutes. The second angle then contains 100a- French 

81 
seconds, and therefore ^ A x lOOx English seconds. Hence the ratio of 

8100 162 

the former angle to the latter is that of 1 to ^v , or of 1 to — , or of 

5, to 162. 

11. 60 I 8-00 
60 I 10-05 



•1675 Thus 35° W 3"=35°-1675. 

35-1675 
3-9075 

39*0750 And 398*0750 = 39 g V 50'\ 



12. 69* 22 % 50" = 69 g -225*. 69-225 

6-92 25 

62-3025 
60 

18-1500 
60 

9 00 
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CHAPTER IL 

1. It is shewn in Art. 8 that ^ = _-^ ; and it is shewn in Art. 22 

that — = — , so that ^r = — • Therefore — = = — = — • 
180 x ' 90 x J -" wuure 90 100 x 

In fact the three' expressions denote the same thing, namely the ratio of 
the angle considered to a right angle. 

9 8 

2. The circular measure of the angle is --^r — — , that is -^ . Therefore, 

^^ 10x12* 40 * 

3 180 
by Art. 22, the number of degrees in the angle is y~ of — . 

3. 5° 37' 30"*= 337$ minutes. Thus the circular measure 

__337i 675 135 

"180x60 ir "180x60x2 X 180x12x2* 

27 x 



X = : 



"36x12x2 32* 

4. The angle contains 1*01 grades; therefore, by Art. 24, the circular 

1*01 
measure is -^r- x, that is x x *00505. 
200 * 

5. Let x denote the number of degrees in the first angle, y the number 
in the second, and z the number in the third. 

__ XTT 

The circular measure of the first angle is =-57; , and the circular measure 
of the second is ]~ ; therefore ^z - ~r = ^ ; therefore x - y = 18, 

The number of grades in the second angle is -^ , and the number of 

grades in the third is -5- ; therefore ~ + -q-=30 ; therefore y +2=27. 

Also x+y=S6. 
'From these three equations we have a; =27, y=9, 2=18. 

6. The circular measure of a right angle is =■ ; and therefore the circular 

m 

measure of five-sixteenths of a right angle is ^ of ^ , that is ^ • 

The number of degrees is ^ of 90, that is ^ , that is 28-125. 

The number of grades is yg of 100, that is j^-, that is 31*25. 

k<L 



4 II. CIRCULAR MEASURE. 

7. Let the numbers of degrees in the three angles be denoted respec- 
tively by x-y, a*, and x+y. Then x-y+x+x+y=180, that is 3a5=180; 
therefore x = 60. 

Also x+y=2(x-y); therefore 3y=a;=60; therefore y=20. 

* 

Eenee in degrees the angles are denoted by 40, 60, and 80. Therefore 
in grades they will be denoted by — , — , and — . And in circular 

measure they will be denoted by j^, j^, and j-^; that is by -<p 

ir , 4t 

— . and — • 
3' 9 

8. Let the numbers of degrees in the three angles be denoted respec- 
tively by x-y, x, and x+y. Then x-y+x+x+y=180 t that is 3<c=180; 
therefore a: =60. 

The circular measure of the greatest angle is ■ .?}* > ^ ns 



180 

x 
2 



x „ y . <*+£?. :: 60 : *; therefore (s- y)lr = <^^; 

x 
therefore S(x-y)=x+y; therefore y= 5 =80. 



Thus the angles are 80°, 60°, and 90°. 

9. All the angles of the polygon are equal to (2»-4) right angles, that 
is to (2n-4) - in circular measure, that is to (n-2)ir. Hence the circular 

measure of each angle is . 

n 

10. During the quarter of an hour since twelve the long hand has 
described one-fourth of four right angles, that is a right angle. The short 

hand has described one-twelfth of this, that is — of a right angle. Hence 
the angle between the hands at a quarter past twelve is ^ of a right angle. 

rm. • x 11 fnn lhl5 165 M1 

The measure in degrees = ^ of 90= — 5 — = -5- =82J, 
The measure to grades =g of 100= *I|1 6 = f=91f 
The circular measure =^5 of | = -5^ . 
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CHAPTER m. 



3 

1. Let sin4= F . Then we have 

5 

. . sin4 3 4 3 5 3 

tan 4= =s _-!--;= _ x- = -« 

oos4 5 $ 5 4 4* 

1 * 
cot4 = - 7 = ^; 

tan 4 3' 

Beo<4 = 7 = j; ooBe*A=-. — 7 = -; 

cob4 4' sin 4 3' 

> 4 i 

vers4 = l-co84=l- r = p . 
' 5 5 

4 

2. Let tan4= 5 . Then we have 

o 

4 



sin. 



* tan 4 3 4.54 

*" ' ' x ~ J 1>\~~3 : 3~5 ; 



tan 4 3 



_, 1 1 - 5 3 

cos 4 = = — — ^^— — » = l-i. - — - • 

V(l+tan*4) // 1 + 16\ x '3 5' 

.15 ,15 

sec 4= — -7=5; eosec4=-: — 7=7; 
cob J. 3 sin 4 4 

3 2 
vers 4=1-008 4=1- = = -. 

5 o 

3. Let oos4 = * /« • Then we have 

B in4=V(l-co8«4)= x /(l-|)= v /|; 

. sin4 _ /1_^ /2_J_ 

Mn cos4"~V3' V3~V2 ; 

COt ^=taL=^i . 

6604= 7=a/s» C0Sec4 = - 7=\/ 3 i 

cos4 V 2' . Bin 4 ^ ' 

▼6184=1-008 4 = 1-^^/2, 



6 III. TRIGONOMETRICAL RATIOS. 

4. fleo s ^coseo a ^=(l+tan s ^)(l + oot 1 ^) = l+tan a ^+oot s ^+(tan^cot^)2 

=l+tan , 0+oot a 0+l=tan a 0+cot a 0+2. 

sin' cos' 

5. sin a tan 0+cos a 0*cot 0+2 sin 0cos0= + -t— r + 2 sin cos 

cos0 sin0 

_ Bin 4 0+oos 4 +2sin a 0oos a _ (sin a + cos 8 0) a _ 1 
"" sin cos — sin cos ~~ sin cos 

sin a 0+oos a sin0 cos0 . _ 

~ . a s-= ^+^^=tan0+cot0. 

sin cos cos sin 

6. 2(sin 6 0+eos 6 0)=2(sm a 0+cos a 0)(sm 4 0-sm a 0cos a + cos 4 0) 

=2(sin 4 0-sin a 0cos a 0+cos 4 0); 
therefore 2 (sin 6 + cos 6 0) - 3 (sin 4 + cos 4 0) + 1 

= - 2 sin a oos a - sin 4 - cos 4 0+ 1 
= l-(sin 8 0+cos a 0)*=l-l=O. 

3 3 

7. sin a 0= 5 cos0; therefore l-cos 8 0= 5 cos0; 

therefore cos a + ^ cos = 1. 

By solving this quadratic in the usual way we obtain cos 0= 5 or -2 ; but 
only the former value is applicable, for cos cannot be numerically greater 
than unity. Hence cos0= 5 , and therefore 0=J. 

A 3 

8. sin + cos = 1 ; therefore cos = 1 - sin ; therefore cos a 0= (1 - sin 0) a , 
therefore 1 - sin a = (1 - sin 0) a , that is (1 - sin 0) (1 + sin 0) = (1 - sin 0) 8 . 
Therefore either 1- sin 0=0, or 1 + sin 0=1 — sin0. 

Take 1- sin 0=0; thus sin 0=1, therefore 0=^ . 

a 

Next take l + sin0=l-sin0; thus sin 0=0, therefore 0=0. 

9. cot 0=2 cos ; therefore -^—=2 cos 0. 

sin0 

Therefore either cos 0=0, or -r— r=2. 

8in0 

Take cos 0=0; then 0= J, Next take -r— ^ = 2; thus sin0 = 5 ; 

A Bin Q A 

therefore 0=s-« 
o 



IV. APPLICATION OF ALGEBRAICAL SIGNS. 7 

10. sin 9 0-2 cos 0+ 7 =O; therefore 1- cos* 0-2 cos 0+ 7 =O; therefore 

4 4 

006 s + 2 oos = t • By solving this quadratic in the ordinary way we obtain 
oos = 5 , or - s ; but only the former value is applicable ; therefore 0»r- . 

11. Ssec*0+8=lOsec s 0; therefore 3seo 4 0-lOsec s 0+8=O. By solving 

this quadratic in the ordinary way we obtain sec 3 0=2 or 5 ; therefore 

o 

sec0 = V2 or — ^; therefore 0= T or ~-. 

y/n 4 O 

12. tan0 + cot0=2; therefore tan0+ i — ^=2; 

tan0 

therefore tan" 0-2 tan 0+1=0, that is (tan0-l)*=O; 

therefore tan 0=1, therefore 0=j. 

13. Bin{A-B)=\; therefore A - 5=30°, 

oos(4+.5) = ; therefore A+B=60°; 

from these two equations we obtain A =45°, and B = 15°. 

14. tan (A+B)=\/3 ; therefore A +B = 60° # 
tan {A - B) = 1 4 therefore A - £ = 45° ; 

from these two equations we obtain A =52j°, 2?= 7}°. 



tJHAPTES IV. 

1. 585° =360° +225°. Thus the Trigonometrical Ratios are the same as 
for an angle of 225°. 

sin225°=sin (180°+45°) = -sin 45°= --^ , 
cos 225°= cos (180° +45°)= -cos45°= --,«• 

2. 690° = 360° + 330°. Thus the Trigonometrical Ratios are the same as 
for an angle of 330°. 

sin 330°=sin (180°+ 150°) = - sin 150°= - sin 30°= - \ , 
oob880 =cos(180 + 150 )=-cos150°= cos30°=^L 



8 IV. APPLICATION OF ALGEBRAICAL SIGNS. 

3. 930° = 720° + 210°. Thns the Trigonometrical Eatios are the same as 
for an angle of 210°. 

Bin 2100= Bin (180° +300)=: -sin30 = -£; 

a 

cos210°=oos(180 +30°)= -cob30°= -^. 

4. 6420°= 17x360° +300°. Thus the Trigonometrical Ratios are the 
same as for an angle of 300°. 

Bin300 =sin (180° +120°)= -sin 120°= -sin 60°= -^? 

a 

cos 300° = cos (180° + 120°) = - 003 120° = cos 60° = \ . 

5. The smallest angle is 45° ; the other angles are found by increasing 
successively by 180° : thus all the angles are 45°, 225°, 405°, 585°, 765°. 

6. Since cos 9 0= 5 , we have cos $= ± — - . 

Take the upper sign ; then the smallest value is 45°, and the others are 
360° -45°, 360° +45°, 720° -45°, 720° +45°. 

Take the lower sign ; then the smallest value is 135°, and the others are 
360° -135°, 360° + 135°, 720° -135°, 720° +135°. 

nT , fix 

7. vers- r =l-cos- r -. 

4 4 

Suppose 9i=0; then we have 1-cosO, that is 1-1, that is 0; next 
suppose n=l, then we have 1— cos j, that is 1 — ^; next suppose n=2, 

IT Jb 

then we have 1— cos ^ , that is 1 - 0, that is F; next suppose n=3, then we 

have 1 - cos —r- ; that is l-\ — -^ ; next suppose w=4, then we have 1 - cos tt, 

that is 1 + 1, thai is 2. Then the values begin to recur in the inverse order ; 

. 5x Sir 6t 2t 7ir v 8x 

for cos -j- = cos -7- 9 cos -j- =cos -r , cos-r^cos-j-, cos - r =cos2ir=co8 0. 
4 44 4 4 44 

Then the whole series recurs. For cos -7- = cos - , and so on. 

4 4 

« T 1 

8. Suppose n=0, then we have sin«, that is „; next suppose n = l, 

o Z 

then we have sin ( ^ - ^ j , that is sin ^ , that is ~ ; next suppose ra=2, 
then we have Bin I *•+?) , that is -sin £, that is -5; next suppose n=3, 



IV. APPLICATION OF ALGEBRAICAL SIGNS. 9 

then wehave isinf~-Ij, that is -Bin(|-^J, that is ~£rin|, that 



18 --j. 

Then the values recur; for suppose »=4; then we have sin(2T + ^ ) , 

that is fiin — , and so on, 
o 

9. sin 8 0= -cos s 0. Extract the cube root of both sides; thus 

sin 0= - cos 0, therefore - a = - 1. that is tan 0= - 1 ; therefore 0= -? . 

oos0 4 

10. 2sin a 0- 5cos0-4 = O; therefore 2(1 - cos 3 0) - 5cos0 - 4 = 0; 
therefore 2 cos 3 0+5 cos 0+2=0. By solving this quadratic in the usual 

way we obtain cos 0= - 5 or -2; but only the former value is applicable; 

therefore 0= — . 
o 

11. When 0=0 we have cos 0=1 and sin 0=0, so that cos 0- sin 0=1. 

Let change from to - , then cos changes from 1 to 0, and sin from 

z 

to 1 ; therefore cos - sin changes from 1 to — 1, vanishing when 0=j . 

it 
Let change from - to x, then cos changes from to - 1 and sin 

from 1 to ; thus cos - sin remains negative. It has its greatest numerical 

value, namely - *J% when = -j . For we have 

(cos0 + 8in0) 3 + (cos 0-sin 0) 2 =2 (cos a + sin*0) = 2 ; 

and thus (cos0-sin0) a has its greatest value when cos 0+ Bin vanishes, 

that is when tan = - 1, that is when = -j- . 

3t 
Let change from t to -r-; then cos'0-sin0 goes through the same 

a 

IT 

numerical values, with a contrary sign, as when changes from to q • : this 
follows from Art. 50. 

Let change from -£ to 2t; then cos 0— sin goes through the same 

, numerical values, with a contrary sign, as when changes, from ^ to v : this 
follows from Art. 50. 

12. Let change from to - ; then cos 3 changes from 1 to 0, and 
dn J from to 1 j therefore cos 3 - sin 3 changes from 1 to - 1. 



10 IV. APPLICATION OF ALGEBRAICAL SIGNS. 

Let change from £ to «■; then cos*0- sin 2 changes from - 1 to 1. 

Sr 

Let change from «■ to — ; then cos 2 0-sin*0 goes through. the same 

values as when changes from to - . 

Let 6 change from — to 2ir; then cos* 0- sin 3 goes through the same 
values as when changes from = to r. - 

a 

1 V 

13. tan0+cot0=tan0+r — 3. Let change from to ^; then tan 

tan u £ 

changes from to infinity. Thus tan 0+7 — - is always positive, and is 
infinite both when = 0, and when = 5 . The least value is when 
0=2 ; for we have 



( ta ' + fi£*) , -( tan *-iS-») ,+4 ' 



and thus the least value is when tan0 — ; — - vanishes, that is when 

tan 

tan 3 0=1. Thus tan 0+ cot diminishes from infinity to 2, as changes 
from to 2 ; and then increases from 2 to infinity, as changes from 

4*2- 

Let change from = to v ; then tan 0+ cot goes in reverse order through 

a 

the same numerical values, with a contrary sign, as when changes from 

it 
to 5 : this follows from Art. 48. 

a 

Let change from v to 2ir*; then tan 0+ cot goes through the same 
values as when changes from to t : this follows from Art. 50. 

14. We know by Algebra that if a and b are unequal 2ab is less than 
a*+& 3 , and therefore 4a& is less than a?+b 2 +2ab, that is 4ab is less than 

4aft 

(a + 6) s 
secant of any angle, for a secant is never less than unity. 



(a+5) 9 . Therefore t _ t 8 is less than unity; and cannot be equal to the 



,k x 1 a ft/xnx sin (.4 + 90°) cos.4 , . . r _ , . 

15. tanCi + W^-^Aj^-— E1 , by Art. 52,= -cot 4, 



V. ANGLES WITH GIVEN TRIGONOMETRICAL RATIOS. 11 

Ters(^+9O ) = l-cos(il + 9O o )=l + 8inil, by Art. 52. 

16. sin (270° - J) =- sin (90° -J), by Art. 50, = -coSii. 
cos (270° - J) =- cos (90° -J), by Art. 60, =-sini4. 

17. sin (270°+ J) = - sin (90° + ^), by Art. 50, 

= -cob J, by Art. 52. 
oob(270°+ A) = -008(90°+^), by Art. 50, 

= - (- sin.4), by Art. 52, =sin A. 

18. sin (360° - 4) = - sin (180° - A), by Art. 50, 

= - sin A, by Art. 48. 
cos (360° - A) =- cos (180° -A), by Art. 50, 

= - (- cos A), by Art. 48, =cos A. 

CHAPTER V. 

1. tan 0=1; the smallest value of is j, and the general value is 
nw+j f by Art. 68. 

% sin 0=1; the smallest value of is — , and the general value is 
nr+ (- l)*s", by Art. 66. This expression may be simplified ; for first sup- 
pose n even, denote it by 2m, so that we have 2mir+-^; next suppose n odd, 
denote it by 2m+ 1, so that we have (2m+ 1)*- - 5- , that is 2wwr +— . Hence 

a a 

IT IT 

both cases are included in the expression 2mir+<p that is (4m +1) ^ . 

3. cos 0=1 ; the smallest value of is 0, and the general value is 2mr, 
by Art. 67. 

1 2ir 

4. oofl = - 5 ; the smallest value of is — , and the general value is 

a 9 

2ir 
2nr=— -, by Art. 67. 
o 



12 V. ANGLES WITH GIVEN TRIGONOMETRICAL RATIOS, 

5. sin* = sin 2 a; therefore sin0=±sina. Take the upper sign, then 
the simplest solution is 0=a, and the general solution is 0=rnr+(-l) n a. 
Take the lower sign, then the simplest solution is d=- a, and the general 
solution is = nv - ( - l) w a. The two expressions are included , in the 
single expression = «*■ ± a. 

This might also be obtained from a diagram in the manner of Arts. 66, 67, 
and 68. 

4 3 v 

6. Since oosec 2 0=g we have sin 3 0=-7 = sin*-: hence, by Example 5, 

the general solution is 0=mr±-. 

o 

7. cos 8 0= cos* o; therefore cos 0= ± cos a. Take the upper sign, then 
the simplest solution is 0=a, and the general solution is 0=2mrd=a. Take 
the lower sign, then the simplest solution is 0=ir-a, and the general solu- 
tion is 0=2mr±(ir-a). The two expressions are included in the single 
expression 0=WMr=fca. 

It will be seen that the result is the same as for Example 5, and this 
should be the case; for if cos 3 0= cos 3 a, then 1 -cos 3 0=1 -cos 3 a, that is 
sin 3 0= sin 3 o. 

1 v 

8. Since sec 2 0=2, we have cos 3 0=-=cos 3 j-; hence, by Example 7, 

the general solution is 0=mr± — . 

9. tan 3 = tan 3 a ; therefore tan = ± tan a. Take the upper sign, then the 
simplest solution is 6= a, and the general solution is d=mr + a. Take the 
lower sign, then the simplest solution is 0= - a, and the general solution is 
6 =nir - a. The two expressions are included in the single expression 
0=mr±a. 

The result is the same as for Example 7, and this should be the case ; for 
if tan 3 = tan 3 a then 1 + tan 8 = 1 + tan 8 a ; therefore sec 3 = sec 2 a, by 
. Art. 34 ; therefore cos 2 = cos 2 a. 

1 T 

10. tan 2 0=^= tan 2 — ; hence, by Example 9, the general solution is 

3 o 

= rMT±7T. 

6 

11. All the angles included in the expression 2wr=fca have the same 
cosine as a, by Art. 67. 

Now by Art. 45 sin (2mr + a) = sina; and sin(2»Mr-a)=sin(-o) = - sin a. 
Thus the angles which have both the same sine and the same cosine as a 
are all comprised in the expression 2n*-+a. 



12. -i=sin(,r+£)=sin^, and -^=cos(,r + £) = 

7t 
hence, by Example 11, the required general value is 0=2nT+ y . 



7*- 
008 T 
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CHAPTER VI. 



cob 4 + sin 4 (cos A+ sin A)* 

•*■• , • . — ~. : : r^-- .— 



cos 4 -sin 4 (cos 4 -sin 4) (cos4+sin4) 

cos a A + sin a 4 + 2 si n 4 cos A _ 1 + sin 24 
cos* A -sin* A cos 24 

sin 2 A 1 



cos 2A cos 24 
2. 2sin 9 4 sin* 5+ 2 cos* 4 cos* 5 



= tan 24+ sec 24 . 



(l-cos24) (l-cos2JB) (l + cos24) (1 + cob25) 
2^2 

1 - cos 24 - cos22? + cos 24 cos 21? 1+ cos 24 + cos 22?+ cos 24 cos 22? 

— ^— — ^ . -f. _ 



2 

=.1+ cos 24 cos 25. 

3. tan (45° + 4) - tan (45° - 4) 

_ tan45° + tan4 tan 45° -tan 4 _ l+tan4 l-tan4 
"~*1 - tan 45° tan 4 "" l+tan45°tan4 ~~ 1 - tan 4 "" I + tan4 

_ (l + tan4)*-(l-tan4)* _ 4tan4 =2tfln2J 
1 - tan* 4 1 - tan* 4 

4. sin 84 cosec 4 -cos 34 sec 4 

_sin34 cos 34 _3sin4-4sin 8 4 4cos 3 4-3cos4 

"~ sin 4 cos 4 ~~ sin4 cos 4 

=3-4sin*4-(4cos s 4-3)=6-4(sin*4+cos a 4)=6-4 = 2. 

5. 3sin4-sin34=3sin4-(3sin4-4sin 8 4) 

=4sin*4 = 2sin4x2sin a 4=2sin4(l-coB24). 

sin 4 + 2 s in 34 + sin 54 _ sin 4+ sin 54 + 2 sin 34 
* 5n34+2sin54 + sin74~8in 34 +sin 74 + 2 sin54 

2 sin 34 cos 24 + 2 sin 34 , . . Q , 

= s— j — ir- A 7T- t — 7T- -- — ?-r» *>y Art. 84, 

2 sua 54 cos 24 +2 sin 54 ' ' ^ 

_ 2 sin 34( l + oos 24 ) _ sin 34 
"~ 2 sin~54(l + cos 24) "~ sin 54 * 

„ sin(24 + 5) .. , ™ sin (4+ B +4) -2 sin 4 cos (4 +5) 

7. ^ — 3 — --2 cos (4 + 5) = '—. — ^ 

sin 4 Bin 4 

_ sin (4 +B) cos 4 +cos (4 +B) sin4 - 2 sin 4 cos (4 +B) 

~ sin 4 

sin (4 +5) cob4- cos (4 + 2?) sin 4 Bin (4+5-4) _smB 

= sin 4 sin 4 sin 4' 
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8. 4 sin4 cos 8 4 - 4 cos 4 sin 3 A =4 sin4 cos A (cos s 4 - sin 8 4) 

= 2 sin 24 cos 24 = sin 44. 

. cos 4 -cos 34 2 sin 24 sin 4 ... 

». -. — s-i s — 7 = n ki — • — * » by Art. 84, 

sin 34 -sin 4 2 cos 24 sin J. J * 

sin24 
= — ^^ tan 24. 
cos 2-4 

tA eos24-cos44 2 sin 3-4 sin A , . . OJ 

10. -: j-. : jr-j- = <r =-.— . • , DV ATI. 84, 

sin 44 -sin 2 A 2 cos 3-4 sin A * J ' 

sin 3-4 . . 

= s-r=tan34, 

cos 3-4 

ii A j x j ^ 1 cos 4-4 

11. cosec 24+ cot 44= -7—77-7 + — — rr 

sui 2-4 sin 4A 

2 cos 24 cos 44 2 cos 2-4 + cos 4-4 



2 cos 2-4 sin 2-4 sin 44 sin 4-4 

2 cos 2-4+2 cos a 2-4-1 2 cos 2-4 (1 +oos 2-4) - 1 



sin 44 sin 44 

2 cos 24(1 + cos 24) 1 1 + cos 24 



2 sin 24 cos 24 sin 44 sin 24 sin 44 

2 cos* 4 1 cos 4 1 



2 sin 4 cos 4 sin 44 sin 4 sin 44 



=cot4-cosec44. 



12. oos*(4-JB) + cos 2 -B-2cos(4- J3)cos4 cobB 

= cos (4 - B) {cos (4 - B) - cos 4 cos B) 
+ cos B {cos B - cos (4 - B) cos 4} 
= cos (4 - B) sin 4 sin B 

' +cos B {cos (4 -4 - B) - cos (4 - B) cos 4 J 
= cos (4 - 5) sin 4 sin 5 + cos 2? sin 4 sin (4 - B) 
= sin4 {cos (4 - B) sin 2? + sin (4 - B) cos 1?} 
= sin4sin(4-J5 + 2?) = sin4 sin4=sin a 4. 

13. sin* (4 - B)+ sin a J5 + 2 sin (4 - B) sin J5cos4 

= sin (4 - B) {sin (4 - B) + sin 2? cos 4 } 
+ sin 2? {sin 2? + sin (4 -2?)cos4} 
= sin (4 -B) sin 4 cos 2? 

+ sin -B { sin (4 - 4--B) + sin (4 - B) cos 4 } 
= sin(4- B) sin 4 cos B + sin 2? sin 4 cos (4-5) 
= sin 4 {sin (4 - 2?) cos 2?+ cos (4 - B) sin 2?} 
sssin4 sin (4 -2? +2?)= sin 4 sin 4= sin* 4. 



14. 
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sin' (45° - A) 
l-tan*(45°-.i) cos 8 (45°-^) 



l + tan*(45°-^)~T sin»(45 -^) 

+ GOB*U&°-iA\ 



15. 



cos 1 (45°-: A) 

= cog* (45° - A) - sin* (45° - A) cos 2 (45° - A) 
cos« (45° - A) + sin* (45° - A) "~ 1 

=cos(90°-2.4)=sin2i£. 

4 sin .4 / sin*.4\ 
4 tan ,4 (1 - tan* A) cos A \ "" cob* A/ 
(l+tan'4)* / sin'^ y 

\ COB 9 A J 

4 sin .4 cos -4 (cos* .4 - sin 8 -4) A . _ , ft , 

= ^ — g-.- . , ... ' = 2 sin 24 cos 2A 

(cos* .4 + sin* .4)* 

= sin 44. 

16. sin A (1 + tan -4) + cos -4(1 + cot -4) 

. . /, sin.4\ . /, C08-4N 

=sin-4( 1 + J + cosJ. (1 + - — , ) 

\ 008.4/ \ sin^y 

. . sin* .4 , cos* .4 

= siniH T- + C0S-4H — : — j- 

cos A Bin A 

. l-cos*J . l-sin*Jl 

= sin-4 + hoos4 + — -. — -. — 

cos A sin J. 

=sin-4+ --cos4 + cos.4 + - — -. -sinJ. 

cos A sin A 

+ - — j = sec A + cosec A. 



cos A sin A 

- sin8.4 + cos SA _ 3 sin A - 4 sin 8 A +4 cos 8 ,4 - 3 cos A 
sin ZA - cos 9A ~~ 3 sin A - 4 sin 3 -4-4 cos 3 .4 + 3 cos A 

_3 (sin A — cos -4) - 4 (sin 3 A - cos 8 A) 
""3 (sin A + cos A) - 4 (sin 3 -4 + cos 8 -4) 

_sin-4-cos-4 3-4 (sin* ,4 + cos* ,4 + sin ,4 cos , 4) 
— sin -4 + cos A 3 -4 (sin* -4 + cos*.4 - sin A cos A) 

sin A - cos A — 1 —4 sin -4 cos A 

— x 

sin 4+ cos 4 - 1+4 sin i4 cos 4 
sin .4 






cos J. 1 +2 sin 2A 

sin A 1 - 2 sin 2.4 
— -+1 

C08 J. 
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tan A - 1 1 + 2 sin 24 
~~tan-4 + l l-2sin2J. 

inn (A j5^ 1 + 2sin2A 

18. cos A + cos (120° - A) + cos (120° + A ) 

= oos4 + cos 120° cos A + sin 120° sin A + cos 120° cos A - sin 120° sin A 
=cos A + 2 cos 120° cos 4 = cos A - cos -4 =0. 

19. 4sin^sin(60°-il)sin(60 +J) 

=4sin4(sin*60°-sin*4), by Art. 83, 

=4sin.4 f--sin 2 -4 J 

= 3 sin A - 4 sin 8 A = sin 3-4 . 

20. 4cos4cob(60 +J)cos(60°-4) 

= 4 cos J (cos 8 A - sin 2 60°), by Art. 83, 

=4 cos A ( cos* -4 - - 1 

=4 cos 8 A - 3 cos A =cos 3A 

21. tan4tan(60°+4)tan(120°+4) 

= sin4 sin(60°+4) sin(120° + ;l) 
"" cos A cos (60° + A) cos (120° + 4) 



_ sin4sin(60°+4)sin(6QO-Jl) , 

~ cos 4 cos (60° + 4) cos (60° -A) 9 * ' 

, by Examples 19 and 20, = - tan 3.4 . 



cos 3-4 

22. tan^+tan(60 +4) + tan(120°+ii) 
tan A + tan (60° +A)- tan (60° -4), by Art 48, 
tan60°+tanJ. tan60°-tan4 



=tan-4+ 

=tan-4 + 
=tan-4 + 
=tan-4 + 



l-tan60°tanJ. 1+ tan 60° tan 4 

(tan 60° + tan A){1 +tan 60° t*nA) - (tan 60° - tan^)(l - tan 60°tan A) 

l-tan 8 60°tanM 
2 tan 8 60° tan 4 + 2 tan -4 
1- tan* 60° tan 8 A 
St&nA 9 tan A -3 tan 8 A 



l-3tan 8 -4 l-3tan 8 4 

3 tan 3-4. 
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23. cot 4 + cot (60°+4) + cot (120° +4) 

1 1 1 

tea A + tan (60°+4) " tan (60°-4) 

1 1- tan 60° tan A l+tan60°tan4 



tan4 tan60°+tan4 tan 60°- tan ^ 

1 (l-tan60°tanA)(tan600-tanil)-(l+tan60 tan4)(tan60 +taiL4) 
■ + ' 



tan4 tan* 60° -tan* 4 

1 2tan a 60°tan4 + 2tan4 



tan4 tan*60°-tan a J. 

1 8tan4 _ 3-9tan«4 

: tan4 " 3- tan 2 4 ""3 tan4-tan 8 4 

3 



tan 3 A 



=3 cot 3-4. 



24. cot A cot (60° + A) + cot (60° + A) cot (120* + A ) + cot (120* + A ) cot A 

f 1 1 1 

+ 



tan4 tan (60° +4) T tan (60»+ A) tan (120° + 4) n tan(120°+4) tan4 
tan(120°+4) + tan4+tan(60°+4) 
' tan4tan(60°+4>tan(120°+4) 

3 tan 34 



-tan 34 



, by Examples 21 and 22, = - 3. 



25. sin»4=£{38in4-sin34h 

8in»(120°+4)=4{3 sin (120°+4) -sinS (120°+4)} 

^{3 Bin (120° + 4) - sin 34}, 

Bin 8 (240°+4) = j {3 sin (240°+4) - sin 3 (240° + A) } 

=| {3 sin (240<>+4) - Bin 34 }. 
By addition we obtain 

|{sin4 + Bin(120 +4) + Bin(240°+4)}-?8in34, 

3 

that ia - 7 sin 34: for 
4 

Bin4 +8m(120°+4) + sin (240°+4) 

=Bin4+Bin(60 -4)-Bin(60 +4) 

= sin 4 + sin 60^-oos 4 - cos 60* sin 4 - sin 60° cos 4 - cob 60° sin 4 

=sin4-2cos60°sin4=sin4-sin4=0. 

T. T. K % -fc 
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26. sin 34 sin 8 4 + cos 34 cob 3 J. 

= (3 sin A - 4 sin 8 A ) sin 8 A + (4 cos 8 4 - 3 cos A) cos 3 A 
=3 (sin 4 J. - cos* -4) - 4 sin 6 .4 +4 cos 8 .4 
=3 (sin 4 4 - cos* J) (sin*4+ cos a 4) - 4 sin 8 A +4 cos 8 A 
= cos 8 -4 - 3 cos 4 .4 sin* A + 3 cos* .4 sin 4 A - sin 8 .4 
= (cos*4 - sin* A ) 8 = cos 8 2 A . 

oos 8 4sin34 sin 8 4cos84 
27. g + 3 

=^ (3 cos A + 008 84) sin 34 + ^ (3 sin -4 - sin 3-4) cos 3.4 

= j (sin 84 cos J + cos SA sin 4) 

=gBm(SA + A)=lsm4A. 

28. coBn4cos(n+2)4 = cos{(n+l)4-4}cos{(n+l)4+4} 
=cos*(»+l)4-sin*4, by Art. 83; 
therefore cos nA cos (» + 2) A - cos* (n + 1) -4 + sin 3 4 = 0. 



29. 



sin 4 d= sin n4 + sin (2n - 1) 4 

cos J db cos nA + cos'(2ti -1) A 

_sin 4 + sin (2n-l)4±sinn4 

"" cos A + cos (2» - 1) 4 ± cos »4 

2sinn4 cos(n— 1) 4±sinn4 , . . _. 

2 cos nA cos (n - 1) A ± cos »4 

sin nA (2 cos (n - 1) A ± 1} shin A , 

= j- ; — .; . , ., = 7= tan nA. 

cos »4 {2 cos (n - 1) 4 ± 1} cos n4 

30. Bin nil cosec*4 sec 4 - cos nA sec 2 4 cosec 4 

__ sinn4 cosn4 

* ~~ cos 4 sin* 4 cos 2 4 sin 4 

_sin nA cos -4 - cos nA sin 4 _ 4 sin (n4 - A) 
"~ sin* J cos a -4 ~~4sin*.4eos*4 

= . « ~ =4 s" 1 fa- 4 - -4) cosec* 24. 

31. cos 104 + cos 84 + 3 cos 44 + 3 cos 24 

= 2 cos 94 cos 4 + 6 cos 34 cos 4, by Art. 84, 
=2 cos 4 (cos 94+3 cos 34) 
B=2oos4(4co8 s 34-Seos84+SeosS4) 
=8 cos 4 cos 8 34, 
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x i xft j Lai cog -4 COS 2 J. COB 44 

32. cot4 +cot 24 + cot 44 = -r-j + . nA + . yi 

Bin J. Bin 2 A sin 44. 

2 cos* 4 . cos24 . cos 44 1+2 cos 24 cos 44 



33. 



2 sin J. cos J. sin 2 J. sin 4-4 sin 2 J. sin 4 J. 

2 cos 24 (1+2 cos 24) cos 44 
2 sin 2.4 cos 24 sin 44. 

i 

{2 cos 24 + 4 cos* 24 + cos 44 } 



sin 44 



= -^-r-r { 2 cos 24 + 2 (1 + cos 44) + cos 44 } 

sin 44 * ' 

=cosec 44 {2 + 2 cob 24 + 3 cos 44). 
2sin24+2cos24 2 (sin 24 + cos 24) 



cos 4 - sin 4 - cos 34 + sin 34 cos 4 - cos 34 + sin 34 - sin 4 

_ 2 (sin 24+ cos 24) b v Art 84 

~"2sin24sin4 + 2cos24sin4 > 7 ' ' 

_ 2 (sin 24 + cos 24) _ 1 
~~2 (sin 24 + cos 24) sin 4 ~" sin 4 " 

84. (cos 4 - sin 34)* + 2 cos 4 sin 34 (cos 4 - sin 4)* 

= cos a 4 + sin 4 34 - 2 cos 4 sin 34 + 2 cos 4 sin 34 (1 - 2 sin 4 cos 4) 
- =cos*4+ sin* 34-2 cos 4 sin 34 sin 24 
= cos 4 {cos 4 - sin 34 sin 24} + sin 34 {sin 34 - cos 4 sin 24 } 
= cos 4 {cos (34 - 24) - sin 34 sin 24} 

+ sin 34 {sin (24 + 4) - cos 4 sin 24} 
=coS 4 cos 34 cos 24 + sin 34 sin 4 cos 24 
= cos 24 {cos 34 cos 4 + sin 34 sin 4} 
=cos 24 cos (34 - 4) =cos 24 cos 24 =cos* 24. 

35. cob 6 4 - sin 6 4 = (cos*4 - sin*4) (cos 4 4 +sin 4 4 + sin* 4 cos*4) 
= cos 24 (cos 4 4 + sin 4 4 + sin 2 4 cos* 4) 
=cos 24 { (cos* 4 + sin* 4)* - sin 8 4 cos* 4 } 

=oos24 {1- sin* 4 cos*4} =cos 24 jl-^7 — ( • 

3G. sin 54 = sin (34 + 24) = sin 34 cos 24 + cos 34 sin 24 

= (3sin4-4sin s 4)(l-2sin*4) + (4cos 3 4-3cos4)2sin4cos4 

= (3sin4-48in 8 4)(l-28in*4) + (4cos*4-3)2sin4cos*4 

= (3sin4-4sin 8 4)(l-2sin*4) + (l-4sin*4)2sin4(l-sin 1 4) 

=5 sin4 - 20 sin 8 4 + 16 sin 5 4> 



therefore 
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37. tan^-^+oot(j-^=4; ' . 

sm(H ^ cosg-g) ,. 

therefore sin 8 fc - $\ + cos» fe-0^=4sin (j~A cos fc -$\ ; 

therefore 1=2 sin (? -20 J =2 cob 20; 

therefore 008 20=-; 

x 
therefore 20=2wt*q , 

therefore 0=rwr±- . 

o 

fi0 3d 

38. ein 40+ sin 0=0, therefore 2sin — 008-^=0 by Art. 84; therefore 

either sin-^-=0, or 008-5-= 0. The former gives —=nv; and the latter 
gives -^-= 2wr = - , which may be expressed more simply as -^ = mv + = . 

Or we might proceed thus : sin 40 = - sin 0, therefore sin 40 = sin (x + 0). 
Thus 40 and r + must be angles which have the same sine ; and therefore 
fill the solutions are contained in 40=nir + (— l) n (r+ 0). 

39. sin 70 - sin 0= sin 30; therefore 2 sin 30 cos 40 = sin 30 ; therefore 
either Bin 30=0, or 2 cos 40=1. The former gives 80= tit; and the latter 

gives 40 = 2nr= 5 # 

o 

ja • * . - * 1 mi. * COB0 , Bin0 1 

40. sin0+cos0=-^; therefore _+_ = -; 

therefore cos ( - j J = - ; therefore - j = 2nr ± ~ . 

41. By Example 36 we have 

Bin 50 = 5 sin - 20 sin* + 16 Bin 5 0. 



VI, TRIGONOMETRICAL RATIOS OF TWO INGLES. 21 

Thus 5sin0-2Osin 8 + 16ein 8 0=16sin 6 0/ 

therefore 5 sin 0-20 sin 8 0=0, 

therefore either sin 0=0 or sin 2 0= T . 

The former gives 0=nr; the latter gives sin , 0=sin*-£; and therefore 

o 

0=mr =fc -g , by Example V. 5. 

42. cos 30 + cos 20 + cos 0=0, therefore cos 20+2 cos 20 cos 0=0, there- 

1 r 

fore either cos 20=0, or 008 0=—. The former gives 20=nir + _, as in 

a 2 

2t 
Example 38 ; and the latter gives 0=2nx± — . 

3 

43. sin 30 + sin 20+ sin 0=0, therefore sin 20 + 2 sin 20 cos 0=0, there- 
fore either sin 20=0, or cos0=--. The former gives 20=nr; and the 

latter gives =2ror± — . 

44. tan + tan f ^ + 0j=2; therefore tan0 + ., "* =2, 

therefore tan0-tan a + l+tan0=2-2tan0, 

therefore tan a 0-4tan0 + l=O, 

., . sin"0 4sin0 , _ 

therefore — =-z — +1=0, 

cos a cos 

therefore sin* + cos* = 4 sin cos 0, 

therefore 1=4 sin cos 0=2 sin 20, 

1 it 

therefore sin 20 =5, therefore 20=wr+(-l) n s-. 

A « « «/i ,i . sin 20 cos0 rt . . 

46. tan 20 + cot 0=8 cos 8 ; therefore ^ + ^— ^=8 cos* 0, 

cos 20 sin0 

therefore sin 20 sin + cos 20 cos = 8 cos 3 sin cos 20, 

therefore cos (20 - 0) = 8 cos* sin cos 20 ; 

therefore either cos 0=0, or 1=8 cos sin cos 20. 

The former gives 0=wr+ = ; the latter gives 



1=4 sin 20 cos 20=2 sin 40, 

1 

h, and 40=tmt+(-1) w 6 



1 t 

so that ein40=H> *»<* 40=tmt+(-1) w «. 
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46. tan(j + 0)=3tanYj-0V 
therefore tan ( ? + 6 J = 3 cot ( £ + $ J = , N , 



therefore tan 2 ( 7 + 0)=3=tan*£, 



(3+')-*- 



therefore J + = wr ± £ , by Example V. 9. 



CHAPTER VH. 



A A 

1. Here — lies between 225° and 315°; thus sin- is negative, and is 

numerically greater than cos — ; hence 

A A A A 

sin zr+cos— = -y/(l+8mA), sin 5-- cos -= -\/(l-BinA): 

therefore 2 sin 5- = - ^/(l + sin A) - V(l - sin A). 

A A 

2. Here -5 lies between 405° and 495° ; thus sin 5- is positive, and is 

A 
numerically greater than cos 5- ; hence 

sin - + cos o = V(! + sin A), sin - - cos r- = V(! -Bin A): 
therefore 2 cos ^ = V(l + sin -4 ) - V(l - sin ,4). 

A A 

3. Here -jr lies between - 45° and - 135° ; thus sin ^ is negative, and is 

numerioally greater than cos ^ ; hence 

A A A A 

sin - +«os = - V(l + sin A), sin 5- - cos -= - V(l - sin A) : 

-4 
therefore 2 sjn -5 = - <\/(l + sin A) - V(* - sin 4). 

4. ' The proposed formula must have arisen from 

sin4 + cos<4= -y(l + sin24), sin-4-cos.4=V(l-sin2.4); 

3w 7ir 

the former shews that A must lie between 2nir+- r and 2mr+-r-, and the 

4 4 
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mm • Rmm 

latter shews that A must lie between 2mv+- and 2mx + -j- ; hence, by 

combining these results, it follows that A most lie between 2nx+-^ and 

4 

5x 
2nir+-r. See Art. 101. 
4 

5. The proposed formula must have arisen from 

sin A + cos A = - V(* + sin 2-4 ), sin JL - cos A = - V (1 - sin 2-4 ) ; 

the former shews that A must lie between 2nx+-j- and 2n*-+— , and the 

4 4 

5x 9x 

latter shews that A must lie between 2otx+-j- and 2mx+ — ; hence, by 

•» 

combining these results, it follows that A must lie between 2nx + — and 

2nx+^. 
4 

6. The proposed formula must have arisen from 

sin -4 +008-4=^/(1 + sin 2-4), sin-4-cos-4 = - V(l - sin 2-4) ; 

x 3x 

the former shews that A must lie between 2wx-j and 2nx+-j-, and the 

latter shews that A must lie between 2mx+- 1 - and 2mx+-r-, that is, 

4 4 

3x x 

between 2(«i+l)x-~ and 2(n*+l)x+j: hence, by combining these re- 

X X 

suits, it follows that A must lie between 2»x- T and 2nx+ T . 

4 4 

7. Let -4 denote the given angle, and m the given ratio. Let x denote 
one of the two parts, and therefore A-x the other. Then sin x = m sin (-4 - x) ; 
thus sin x=fn (sin -4 cos as -cos -4 sins). Divide by cosse; thus 

tan x = wi (sin .4- cos .4 tana), 

*i_ x m sin .4 

therefore tan x = -r— 7 . 

1 + m cos A 

Thus tana; is known, and therefore x is known. 

8. Let A denote the given angle, and m the given ratio. Let x denote 
one of the two parts, and therefore A-x the other. Then cos as = moos {A-x); 
thus cos x=m [cob A cos «+ sin A sin x). Divide by cos x ; thus 

1 =5 m (cos A + sin A tan as), 

,, . . 1 — m cos A 

therefore tan as = : — j— . 

msin-4 

Thus tan as is known, and therefore x is known. 
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9. Let A denote the given angle, and m the given ratio. Let as denote 
one of the two parts, and therefore A-x the other. Then tan* =m tan (J. - x)j 

. m (tan A - tan x) 

thus tana^-rr-Vi j-i -\ 

1 + taja.A tana: 

therefore tana; (1+ tan J. tan a:) =m (tan -4 -tanas). 

Thus we have a quadratic equation from which the value of tan x may be found. 

Or we may proceed thus, 

x .,...,, sins m sin (-4 -a?) 

tan as=m tan (A-x). therefore = -^ / , 

x " cos x cos {A - x) • 

therefore 2 sin x cos (A -x)= 2m sin (A - x) cos x, 

therefore sin J:+ein(2a;-ul)=m{sinu4 + sin(-4-2a5)} 

= m {sin A - sin (2x - A )}, 
therefore (m + 1) sin (2x - -4) = (m - 1) sin A . 

Thus sin(2as- -4) is known, and therefore 2x-Aia known, and therefore 
x is known. 

2tan- 

10. By Art. 87, sin^= - 2 ( 2 ~V3) 



1+ta^ 1 + ( 2 -V3)« 



2(2-y3) _ 2(2-V3 )_l 
""l + 4 + 3-4V3""4(2-- N / 3 )"" 2 ' 

11. sin 105° + cos 105° =V(1 + sin 2100), 

and sin 105° - cos 105° = ^(1 - sin 210°) ; 

therefore 2 cos 105° = V(l + sin 210°) - y/(l - sin 210°) 

-■v/H)VH)-^< 

thus 2cosl05°=i^, and cosl05<>=^^= -^-^. 

x ft, 2tan4 ,, fctan.4 24 
12 - tan2 ^I^?I ; ^irta^l^T 1 

therefore 14 tan ^i = -24(1- tan 3 4); therefore 24 tanM - 14 tan .4 =24. 
By solving this quadratic in the ordinary way we obtain 

* A 4 3 

tan4=g, or -j. 

., . . tan J. , . 1 

Also sin A = -775-7 -r — TT\t and cos a =: -77= — 7 — =-r%* 

V(l + tanM) ' y/{l + tanM) 
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4 4 3 

If tan4 = - we get Bin4=±-, and cos4 = :fc-. 

o w O 

3 3 4. 

If tan4=- T we get sin4=±r> and cos 4= t p. 

4.0 

13. tan24 = ., ™ f . » Let 24=330°, then tan24 = -4o5 
1 - tan* 4 ' V3 

., . 1 2tan4 

therefore 



V 3 1-tanM' 
therefore - 1 + tan 9 4 = 2 V3 tan 4, therefore tan 3 A - 2 y/3 tan A = 1. 

By solving this quadratic in the ordinary way we obtain tan 4 = V3±2. 
Bnt tan 165° most be a negative quantity, and is therefore equal to y/3 - 2. 

14 2 sin A- sin 2A 2 sin A - 2 sin4 cos A _ 2 sin 4(1 -cos 4) 
2 sin 4 + sin 24 "~ 2lunX+28inXcoS2( ~~ 2 sin 4 (1 +cos4) 

, . 2 8in* ;r- . 

l-cos4 2 . 9 A 

= i m = ^ =tan* -s . 

l+oos4 ,4 2 

2 cos* 5- 

15. 2vers^(180°+4)vers^(180°-4) 

= 2Jl-eos(90°+^)| |l-cos(90°-^V 

= 2(l + sin^)(l~sin|) = 2(l-sin^)=2cos^; 

and vers (180°-4)=1 -cos (180°-4)=l+cos4=2 cos 8 g. 

Thus the proposed expressions are «qual. 

16. (oos4+cos5)»+(sin4+sin5)» . 

=cosM + cos* 2? +2 cos 4 bos 2?+ sin* 4 + sin* 2* +2 sin 4 sin 5 
=2+2 (cos 4 cos 2?+ sin 4 sin 2?) =2 + 2 cos (4 -£) 

=2{l+eos(4-B)}=4cos l |(4-B). 

17. (oos4-cosjB) s +(sin4-sin J B)» 

=s cos 8 4+ cos* 2? -2 cos 4 cos 2? + sin 8 4+ sin 1 2? -2 sin 4 sinB 
=2«-2.(oos4cos^+sin4 sin B) =2 - 2 cos (4 -B) 

=*2{l-cos(4-£)}=4sin 8 ^(4-£). 

18. 2sin 8 224 =l-cos45 ; therefore 

4 sin» 224 ft =2-2 cos 46°=2--g=:2-V2, 
therefore 2 sin 224° =y (2-^2). 
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And 2 cos' 22J°= 1+ cos 45°; therefore 

4cos s 22£°=2+2cos45°=2+~ =2+V 2 > 

v 2 

therefore 2cos22J°=V(2+V2). 

Hence sin 22^ _ V(2 - V2 ) _ V(2 - V2) V(2~V2) 

cos 2240 V(2 + V2) V(2 + V2) V(2-V2) 
_ 2-V2 _2-V2_ 
-V(4-2)~ V2 " V2 *' 
that is tan 2240=^2 -1. 

19. (tan A + cot 4) 2 tan ^ (l - tan* |) 

(sin A cos4\_. A /- . ,<4\ 
r + ~ — 3 )2tan- (1-tan*-) 
cos4 sin 4/ 2 \ 2/ 

sin — cos* — sin* — 
sinM + cos'4 2 wa 2 2 

"" sin-4 cos-4 * A * m A 

cos -5 cos "o 

2. ./i 

l 2 cosi 



sin ^ cos J. A ' 9 A 

cos^ cos o 

m I 2Bm 2 1 



sin .4 cos 3 5- 2 sin - cos 4 ^ cos 4 <r 



r .4\* f A A\* 

jl+tan-^l |cos^ + sin^ 
20. * * ' " ~ * J ' ' ' 



-G + *)-fcJ- 



icos^-sin^ 



9 A . 9 A n . A A 
cos, 2 +Sm 2 +2sm 2 COS 2 _ l+sin^ 

,4 . 9 A A . A A 1-Binil 
cos a -^ + sui , ^-2sui^ cos -^ 

1 sin A 

+ 



cos J. cos ,4 sec ,4 4- tan .4 
1 sin ,4 ""see .4 -tan ,4* 
cos.4~cos.4 
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21 . ring-^+cosg-l) 

. r r . x . t . 

=sin -j cob s - cos - sin -+ cos T cos s + sin 7 sm s 

4 2 42 42 42 

, 2cos2 2sin^cos- 

■^"i'lr* /9 ■ 

V2BUl£ 

sing sin0 _ sing 

/(2**l) ""V(l-cos^) "V^ersg)- 

22. 4 sin*2 ( * "" 8m 5 J =4 Bm I I sm I + C0B 7 - 2 sm J cos 4 I 

, . .0 / . 0\ f 

= 4sin^^sin^-cos i J 

= ^2sin» i -2sin i cos i J 

/- . 0\* 

^l-coSg-sin-J. 

/ / 0\ 

And V(l+sin^ = ^(sin 8 5+coB a s + 2sin2COS2j = sin2 + cos5; 

therefore {1 -^/(l + Bm 0)} a = (l - sin | - cos ?\ . 



23. 2cos f 5 *=l + cos0; therefore 



4 cos 4 -=(1 + cos 0) a =l+2 cos 0+cos 2 

t r. >» 1 + CO820 l._ . 

=1 + 2 cos 0+ — 2 = s (3+4cos 0+cos 20) ; 

1 
therefore cos 4 5 = g (3 + 4 cos + cos 20) . 



Use this formula for each of the terms ; thus 

a *" . .3t a 5t a 7ic 

cos 4 - + cos 4 — + COS 4 q + cos 4 — 

o o o o 

12 1/ ir 3ir , Sir 7tt\ 

= -8 +2(, COB 4 +COS r +OOB 4" +COS Tj 

1 / t 3t , Sir 7ir\ 

+ Q^cos2+cos T +cos T +oos-2-j 



3 

= -: see Art. 50. 
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V3-1 

24. tnn7r- Shl150 2V * V3 ~* ' 

* 1 + cob15° V3-hl 2V2 + V3 + 1 

+ 2V2 

( V3-l)(2y2-fl~y3) 2V6-2V2-4 + 2V3 

~(2v"2 + >/ 3 + 1 )( 2 V2 + l-V3)"" 6+4V2 

V6-V2-2 + V3 
~" 3 + 2V2 

Multiply both numerator and denominator by 3 - 2 \/2 ; then we obtain 
unity for denominator, and for numerator y/6 - V 3 + V 2 - 2. 

25 t i^oio_ Bin285° sin 105° cos 15° 

* ~l + cos285 ""~ l-cosl05°-~ l + sinl5° 

V3 + 1 
2 V2 V3 + 1 



t V3-1 2V2-1+V3 

2^2 

«/3+l)(2V2-l-V3) 
(2V2-1 + V3)(2V2-1-V3) 

V6+V2-2-V3 2+V3-V3-V6 
3-2V2 " 3-2^/2 

Multiply both numerator and denominator by 34-2^/2; then we obtain 
unity for denominator, and for numerator 2 + V 2 - V 3 ~ V& 

3 tan 5 - tan 8 5 
J6. tang= ■ " ; 

1-3 tan* | 

x 
and since this is equal to (2+V 3 )tan- we obtain 

3-tan a | 

=2+V3; 



1-3 tan 8 ? 



therefore 3 - tan* |= (2 + v3) f 1 - 3 tan* |\ ; 

therefore <6+3V3-l)tan*5=2+v3-3; 
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29 



therefore 



*_ V3-1 (V3-l)(5-3y3) 
W 3. 6 + 3^/3 (5 + 3V3)(5-3V3) 



8V3-14 
25-27 



= 7-4V3; 



therefore 


tan|=V(7 


-W3) 


= ±(2-V8). 




Hence •< 


tan s= ±(2+V3) (2- ^3)= ±1. 

• 




27. tan 


, . sin a , 

a + cota = + 

cos a 


oos a 
Bin a 


ein* a +008*0 


1 


Bui a cos a em a cob a 




2 




2 





2 sin a cob a Bin 2a ' 
Put for a its value ; then the expression 



■"M**)* *$+*) 



COS 



28. 



-«+,-* 



cos a cos 13a cos a cos 13a cos 13a 



cos 3a + oos 5a 2 oos a oos 4a 2 cos 4a 
for 13a+4a=ir f and therefore cos 13a =» -cos 4a. 

29. seo(0+a)+Bec(0-a)=2sec«/>, therefore 

1 1 2 

cos(0 + a) cos(</>-a) oos^' 



1 
2 ; 



therefore 

therefore 
therefore 
therefore 

therefore 



COB(0-a) + CQ8(0Hha) _ 2 
cos (#+a) cos (#-a) ~~cos0' 

2 cos d> cos a 2 
cos 9 <p - sin 9 a cos </> ' 

cos* cos a = cos 9 - sin 9 a ; 
sin 9 a l-coB 9 a 



cos 9 0== . =»t =l + cosa=2cos*-; 

^ 1-cosa 1-cosa 2 



coB0s^2cos dr 

4B 
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30. tan« i = ii C tan* % ; therefore 
2 1-c 2 

Bin'? 
l-tan»jj cob>| (l-e)ooB'|-(l+c)sia*| 

1+tan'jj 1+c sin'! <l-c)coB«|+(l+c)sin«£ ' 

1+ rr c -— !# 

COS*^ 

therefore, by Art. 87, 

cob 2 ? - sin 8 ^ - c ( cob 8 f +sin» f ) 

2 2 V 2 2/ C0Bd>-c 

cos = ; ; ■ = ., — - — 

2 0.^*0 ./ ,0 ^.*\ 1-«cob0 



COB' 



| + 8m»|-C^COS«?-8in«|J 



CHAPTER VIII. . 

1. By Art. 113 we have 

cob (a + /3 + 7) = cos a cos jS cob 7 - cos a sin /3 sin 7 - cos jS sin 7 sin a 

- cos 7 sin a sin /3 ; 
divide both sides by cos a cob /3 cob 7 ; thus 

co8(ct p 7) ^i^fapotan^tan^fana-tantttanft. 
cos a cos /3 cos 7 

2. By Art. 113 we have 

sin (a + + 7) = sin a cos /3 cos 7+ sin cos 7 <x>s a + sin 7 cos a cos 

- sin a sin £ sin 7; 
divide both sides by cos a 00s /3 cos 7 ; thus 

l tt P " =stana+tanfl+tan7-tanatan/3tan7. 

COB a COS/3 0087 r i r * 

3. sin(a-iS)+sin(i3-7)*2sin^cos^^±^ 

ft . 7-0 a-2fl+7 
= -2 8^1-^—008 ^-J ; 

sin (7- a)=2 Bin^-icoB^^ ; 
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therefore sin (a -/3)+ sin (£-7)+ sin (7 -a) 

ft . 7-a \ 7-a a-2/3+7) 

o . 7-o . 7-/3 . a-0 
=2 sin-^-jr— 2 sin-—^ sin— 5 J - 



. . a-B . £-7 . 7-a 
= -4 Bin — ^ Bin E-g-i sm ^- * 

therefore sin (a - p) + sin {p- 7) + sin (7 -a) 

. . . o-/3 . B-y . 7-a n 
+4 sin — ^- sin t —^ L sin-^-g- =0. 

4. 4 sin (0 - a) sin {m$ - a) cos (0 - mO) 

= 2 cos (0 - m0) {cos (0 - mO) - cos (0 + ro0 - 2a)}, by Art. 84, 
= 2 cos* (0 -m6)-2 cos (0 - m0) cos (0+ i»0 - 2a) 
= l+cos2(0-m0)-{cos(20-2a) + cos(2j»0-2a)} 
=l+cos 2 (0-m0) - cos (20- 2a) -cos (2m0-2a). 

5. 8in(a+j3)cos/S=sin(a+/3+7-7)cos/3 

= {sin (a + p + 7) cos 7 - cos (a + p + 7) sin 7} cob p, 
Bin (a +7) C0S7=sin (a+p+y-p) cos 7 

= {sin (a + p + 7) cos p - cos (a + p + 7) sin p) cos 7 ; 
therefore sin (a + p) cos j8 - sin (a + 7) cos 7 

= cos (a + p + 7) {sin p cos 7 - sin 7 cos p) 
= cos (a + P + 7) Bin (£ - 7). 

6. cos(a+/3+7) + cos(a+j3-7)=2cos(a+|S)coS7, 
cos (a -/3+7) +cos (/3+7 - a) = 2 cos (a-/3) COB7 ; 

hence the sum = 2 cos 7 {cos (a+ p) + cos (a - p)} 

=4 cos a cos p cos 7. 

7. cos 2a + cos 2/3=2 cos (a + p) cos (a - 0), 
cos27+cos2 (a + /3+7)=2 cos (2y + a+p) COB (a+/3) ; 

hence the sum =2 cos (a +P) {cos(a-/3) + cos(27+a+/3)} 

= 2 cos (a + /3) 2 cos (a + 7) cos Q3 + 7) 
= 4 cos (a + p) cos O+7) cos (7 + a). 

8. Reduce the three fractions to have the common denominator 

Bin(a-j3)sin(j3-7) sin (7-a); 
then the whole numerator 

== - Bin a sin {p - 7) - sin p sin (7 -a) -sin 7 sin (a -0) 

«--{cos<tt-/5+7)-cos(a + /3-7)}-2{cos03+tt-7)-COS(/3+7-a)} 
-£{cos(y-.a+/3)-cos(7+a-/3)}=0. 
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9. cob (o +/5) sin /5- cos (o +7) sin 7 
=2{sin(a+/5+j8)-sin(a+i3-iS)}-2{sin(o+7+7)-an(o + 7-7)} 

=^dn(a+2/3)-.?sin(o+27); 
sin (a + /3) cos j3 - sin (o + 7) cos 7 

==2{sin(j»+/5+i3) + sin(a+i3--j8)}-2{Bin(a+7+7)+sin(a+7-.7)} 

=isin(o+2j8)-^ sin (0 + 27). 

Thus the two expressions are equal. 

10. sin (a +/S- 27) cos /3- sin (a +7- 20) cos 7 

=g{sin(o+2j3-27)+sin(a-27)-sin(a+27-2/3)-Bin(tt-2/3)}; 
sin(/S-7){cosOS+7-o) + cos(a+7-/5) + cos(o+/5-7)J 

^5{sin(2j8-o) + sin(a-27)} + 2{Bina+8in(2/5-27-c)l 

+^{-sino+8in (2/5-27 + a)} 
==g{sin(2j3-a) + sin(o-27)+sin(2/3-27-a) + sin(2/?-27+o)}. 
Thus the two expressions are equal. 

11. sin(o+/5+7)sin/5=2{ CO8 ( a +7)- 008 ( a + 2 i s +'y)l» 
sin(o+j3)Bin(p+7)=5{cos(a-7)-cos(a+2/5+7)} l 

sin o sin 7 = 5 {cos (a - 7) - cos (o + 7)}* 

Hence sin (a + p) sin (/S+ 7) - sin a sin 7 

=g {cos (a+7) - cos (0+2/J+7)} 
as sin (a + p + 7) sin /5. 

12. sin a sin/3 sin {p-a)=^{QOB (a- p) - cos (a+/5)}sin (/5~ o) 

^5<K>s(j3-a)sin(i3-o)-7{sin2/5-sin2o} 
^jshiaoa- a)- j sin 2/5 +^ Bin 2a, v 



I 



VIII. MISCELLANEOUS PROPOSITIONS. 33 

Similarly we may transform sin sin 7 sin (7-/8) and sin 7 sin a sin (a -7). 
Also, by Example 3, we have 

Bm03-o)8m(7-/3)Bm(a-7)=7)Bm2(a-/5) + 8in2 08-7)+sin2(7-o){. 

Henoe the sum of the four expressions is zero. 

13. oos(a+/3)sin(a-/3)= 5 (Bin2a-sin2/3), 

ooe (/3+7) sin(/3-7)=2 (sin 2/3-sin 27), 

006 (y+?) sin (7 -8) =5 (sin 27 -sin 25), 

cos (8 + a) sin (8 - a) = = (sin 23 -sin 2a); 
henee the sum of the four expressions is zero. 

U. sin (8-/3) sm(a-7)=2Jcos(a+£-7-8)-COB(a-/3-7 + a)f, 

sm(/3-7) sin(a- 3)=s {cos(a-/3+7- 3) -cos (a+/3-7-8)}, 

sin(7-8)sin(a-/3)=5{oos(a-/3-7 + 3)-cos(a-/3+7-8)}; 
henoe the sum of the three expressions is zero. 

A B . B A . A B 

A B °° B 2 "»? Bm^cos^ + sm^coB^ 

15, oot 5+ cot^= — +— g A B 

sin^ sin^ »^2 Bm 2 

sins^+B) cos- 



. A . B " . A . B % 
wn 2 Sm 2 Bm 'i Bm 2 



C 



008 2 ,C C 

+ C0t 0=0087; 



. A' . B^ * 2 

T. T. K. 



( 1 1 a 

\ . A . B + ~7D[ 
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°° B I ( . C . A . B, 



m . A . B . (> i Bm 2 + flm 2 Bm 2| 



8111 2 ""^""l 

(7 

.2 ( 1.. , _ . A . B\ 

= . A . B . d °° g 2^ + ^ + Bm 2 Sm 2i 
Bm 2 Sm 2 Bm 2 

/( 5 (7 

""a- 808 ! 008 ! ^ » t c 
' - . a . B . c -«*g««i««i- 

8111 2 8m 2 8m 2 

1 1 CI 

10. sin .4 + sin # = 2 sin -(4+1?) cos 5 (4-l?) = 2cos 7 ' cos 5 (4 -i>) 

C C C 1 

sin C = 2 sin - cos - = 2 cos -jr cos - (^ + i?) ; 

It it It Z 

therefor© sin J + sin B+ sin (7=2 cos ^ Jcos ^ (4 - B) + cos - (4 +B) j 

» 2 cos 5 2 cos ■= cos - 

A A B C 
= 4 cos - cos -^ cos ^ . 

1 1 B 1 

17. sin 4 + sin C=2 sin ^ (-4 + (?) cos - {A - (7) =2 cos -^ cos 5 (A - C), 

B B B 1 

sin 2?=2 sin - cos - =2 cos - cos - (A + C?) ; 

A & & It 



2 



therefore sin A - sin B+ sin (7= 2 cos -= < cos -{A-C)- cos 5 (A + (?>? 

= 2008-2810-5 sin-r 

3 2S 21 



= 4 sin - cos ^ sin -^ . 

a o Z 

1& oos2^+co8 2B=2cosU+^>cos(-i-B)=-2cosCcos(4 - B) 
cos2C=2co«*C-l=-2co6(7coe(4+#)-l; 
therefore cos 2A -+• oos 2#+ eos2C= - 2 cos C{eos (A - B) + cos (A + B)\ - 1 

= - 2 cos (7 . 2 coe A cos 5-1 
= - 4 cos A cos 2? cos C- 1, 
therefore cos 24 + cos 22? +cse 2(7 + 4 cos 4 cob£cosC+ 1=(X 
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19. cos 44 + cos 45=2 cos 2 (4 + B) cos 2 (4 -5) = 2 cos 20 cos 2 (4 - 5), 

cos 4(7= 2 cos 8 2(7 - 1 = 2 cos 2(7 cos 2 (4 + B) - 1 ; 

therefore cos 44 + cos 45 + cos 4(7= 2 cos 2(7 {cos 2 (4 - B) + cos 2 (4 + B)\ - 1 

= 2 cos 2(7 . 2 cos 2A cos 25-1 
= 4 cos 2A cos 25 cos 2(7- 1 ; 

therefore cos 44 + cos 45 + cos 4(7 + 1 = 4 cos 24 cos 25 cos 2(7. 

20. Let a=^(T-4), /3=|(ir-5), 7 = i( 1 r-(7); 

therefore o + /3+7=5(3x-4-5-(7)=2 2x = x; 

hence, by Example 16, 

sin a + sin /S + sin 7=4 cos - cos ^ cos ? , 

« « ^ 

.. A . -4 5 (7 . ir-4 ir-5 *■- (7 
that is cos - + cos — + cos - A = 4 cos — - — cos —. — cos — - — . 

2 2 2 4 4 4 

21. Let a = ^(ir-4), /3=^(ir-5), y^T-^C); 

therefore a+0+7= 5 (3x-4 -5-(7)= 5 2t=t; 

hence, by Example 17, 

sin a - sin /3 + sin 7 = 4 sin - cos £ sin J , 

. .. . 4 J? (7 , . x - 4 *• - 5 . x - (7 

that is cos - - cos — + cos-jr=4 sin — -j — cos — j— sin —g — . 

22. Let a = ^(*-4), /3=^(x-5), 7 = ?(»-<7); 

therefore a + /3+7 = 5 (3ir- 4-5- (7) = q2it=t; 

hence, by Art. 114, 

008 a+ cos /9 + cos 7- 1 = 4 sin - sin ^ sin ^ , 

*k«* ;«. -i-^ • -B . » + .. t — 4.t — 5.x — (7 

inatis Bin - +ein — + 8in- - 1 =4sm — —sin — 2 — sin — j— . 

a a a 4 4 4 
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23. 8in 2 4+sin 2 5+8in 2 C=\ {1- cos 24+1- cos 25 + 1 -cos 2(7} 

A 

3 1 
=5 _ 5 {cos 24+ cos 25+ cos 2(7} 

A A 
3 1 

= 5 + - {1 + 4 cos 4 cos B cos C] t by Example 18, 

A A 

=2 + 2 cos 4 cos 5 cos (7 ; 
therefore sin 2 4 + sin 2 B + sin 2 (7 - 2 cos 4 cos 5 cos (7=2. 

24. Bin 2 24 + sin 2 2B+ sin 8 2(7=^ {3 - cos 44 - cos 45 - cos 4(7} 

= 5 - 5 {4 cos 24 cos 25 cos 2(7- 1} ; by Example 19, 

= 2 - 2 cos 24 cos 2B cos 2(7 ; 
therefore sin 2 24 + sin 2 25 + sin 2 2(7+ 2 cos 24 cos 25 cos 2(7= 2, 

oe . 4 A 5 . 5 A (7 . C. A 

25. tan ^ tan - + tan - tan- + tan-tan- 

A A A A A A 



.4 . 5 ' ,5 .(7 .C ,4 

COt ^ COt ^ COt - COt ^ COt -jr cot ^ 

.4 .5 A (7 

COt -5 + COt -5 + cot - 

= =1, by Example 15. 

cot ^ cot - cot - 

AAA 

ABC 

26. Bin4+ 8^1.5-8^(7=48^ — 8^1- cos^ , by Example 17; 

A ■ A A 

ABC 
sin 4 + sin 5+ sin (7=4cos ^ cos ^cos-, by Example 16 ; 

AAA 

therefore, by division, 

.4.5 

orn sin 

si n4+si n 5-sin(7 2 2 A 4 5 

Bin4 + sin5+sin(7 4 5"" tan 2 tan 2 ' 

cos- cos - 

27. cos 4 sin 5 sin (7+ cos 5 sin 4 sin (7 + cos (7 sin 4 sin 5 

= sin C (cos 4 sin 5 + cos 5 sin 4) + cos C sin 4 sin 5 

= sin (7 sin (4 +5) + cos (7sin4sin5 

= sin 2 (7+ cos (7 sin 4 sin 5 

= 1 - cos 2 (7+ cos (7 sin 4 sin 5 

= 1 + cos (7 {cos (4 + 5) + sin 4 sin 5} 

=1 + cos (7 cos 4 cos 5. 
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28. Take Example 27, and divide by sin A sin B sin C ; 

., , 1 cos A cos B cos C gob A cos 2? cos C 

therefore — — j— -. — =—. — -= + —. — — : — =—. — -^ = — — 7 + -. — _r + -; — : 
sin A sin 2? sin C sin -4 sin 2? sin C sin J. Bin B sin C 

thus we obtain the required result. 

29. By Example 17 we have 

(sinff+sin Q-timA) (sin C+ sin ,4 -Bin 2?) 
4 sin A sin B 

., . B . C A . C . A B 
16sin^sin-cos-sin^sin-cos- ^ 

7T~ " — a . b b sm8 2 # 

16 sin ^ cos s sin - cos -^ 

ork . . sin^ cos .4 sin .4 

30. cot A + - — „ . „ = - — r + 



sin B sin C sin A sin I? sin (7 
_ oosJ. sin B sin (7+ sin 8 A _l-cos s J. + cos,4 sin B sin C 
~~ sin <4 sin 2? sin C ~~ sin A sin 5 sin G 

l + cos^i {cos(2?+(7) + Bin.8BinC r } 1 + cos A cos B cos C 
~~ sin -4 sin B sin (7 ~" sin A sin 5 sin (7 * 

We have thus an expression which involves A , B, and (7 symmetrically ; 
tmd we shall in the same manner obtain the same result if in the original 
expression any two of the quantities A, B, C be interchanged. 

31. By Art. 114, tan 4+ tan 5+tanC=tan.4tan5tanC; 

ABC 
by Example 16, sin A + sinJ5+ sin 0=4008 - cos^-cos-^; 

therefore, by division, 

tan A + tan B+ tan C tan A tan B tan C 

(sm^+sinJ?+sin(7) 2 ~ 9 A q B q G 

y ' 16 cos 2 - cos 2 jr cos 2 » 

Q . A A . B B . C C . A L B ± C 
8 sin Q cos^r sm-jj cos- sin- cos -5 tan- tan- tan » 



t, ~ • A „ 2? « 6 f 2 cos J. cos 2? cos C " 
16 cos A cos B cos (7cos 2 - cos 2 - cos 2 ■£ 

2 2 2 

82. sinn-4 + sin»J5 = 2sin-(il+5)co8^(J-5) 

=2sin|(T-C)cos|(^-JB) 

_ ( . nir nC Mr . w(7) to , . ~ 

= 2 isin -s- cos -jr- - cos -g- sin -=- 1 cos - (A - 5) 

- . tot nC? to , . _ v . tot _ 

=2 sin — cos -£ cos s (-4 - B) ; since cos -^ =0. 
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Also Bin nC=2 sin -^- cos ^- = 2 sm s ( T ~ ^ "" -®) cos ~o 

= 2 jsin-g- cos g (^ + B)-cos-^-sin-(^+5)j cos -g- 

=2 sin -5- cos 5 (-4+5) cos -^- . 
Therefore sin nA + sin nB + sin nC 

=2 sin -^- cos— jcosh^-^ + coSo^ 4 " H 

. . nv nA nB nC 
=4 sin — cos — cos -Q- cos — . 

33. Proceed as in Example 32. Thus 

. _ ( . mr nC nw . nC) n , . _. 

sin nA + sin nB= 2 j sin — cos -^ - cos — sm -^- \ cos ^ (-4 - B) 

_ rwr . nC n . 4 n . . . mr 

= - 2 cos — - sin — oob ^ {A - B) ; since sin -5- =0. 

Also sin »(7=2 sm — cos -v- =2 cos ~ (tt - J. - B) sm ~ 



_ ( nir n . . _. . Mr . n , . „. ) . nO 
=2 jcos 2-coss(^ + ^)+ sm-5- sins^ + ^BH sm -^ 



ft mr . nC n . ■ 
= 2 cos y Bm ~2 ^o'- 4 "** 5 )* 



Therefore sin nA + sin nB + sin raC 

ft mr . nC { n /A ^v _»/,, , r>\) 
— - 2 cos -- sm -^ jcos ^ (A - B) - cos ^ (4 +BH 

. nir . nC . n^t . »B 
= - 4 cos -5- sm -5- sm-^- sm — . 

34. By Example 20, 

A B . TT-A ir-B t-C 

COS 27 + COS ~ + cos ^=4 cos — - — cos —. — cos — 3 — 
2 2 2 4 4 4 

B+G C+A A+B 
=4 cos — A — cos — 3 — cos — - A — . 
4 4 4 

35 tan-g. tanC = 1 /sinJg sin(7 \_ sin(5 + (7) 
tan.4 tan J. tanJ. \cos B cos CJ ~~ tan J. cos 5 00s C? 

sin ^4 cos J. 



tan J. cos B cos C"~ cos BooaC* 
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In this way we see that the given expression 

cos A cos B cos O 



cos B cos C eoBCcoaA cobAoobB 

cob^A + cob^B + cob^C _ 8 - sin 8 A - sin 2 B-bxd*C 
cos .4 cos 1* cos (7 ~~ cqaAcoBBcoaO 

1-2 cos A cos B cos 



gob A cos 2? cos C 
=sec A sec B sec - 2. 



, by Example 23, 



36. Suppose ii + J B + (7+i>5=180 ; then 4+5 = 180°- <7- 2) ; 
therefore tan {A + B) = - tan (C+ 2)), by Art. 48 ; 

,, .' tan^+tanl? tanO + tani) 

therefore = : 

1 - tan A tan B 1 - tan C tan D 

therefore (tan A 4- tan B) (1 - tan C tan D) = - (tan C+ tan D) (1 - tan A tanify, 

therefore tan A + tan 2? + tan C + tan 2) 

= (tan A + tan B) tan C tan 2) + (tan C +4an 2)) tan A tan 5 
= tan B tan C tan 2) + tan A tan (7 tan 2>+ tan 4 tan B tan 2) 

+ tan A tan 5 tan (7. 

37 8in2C7 =i t « J iU--B) = 1 sin (4 - jg) cos J. 
siu 2 A ~~ tan 4 ~" cos (A - J?) sin A 

_ Bin A cos (J. - B) - cos 4 sin (A-B) _ sin{A -(A- B)\ 
~ cos (A - B) sin A ~~ cos (-4 - B) sin 4 

sin 2? . , , . , -, sin A sin .8 

therefore sin s C= 



cos (A-B) bid. A* cos (A — B)' 

sin A sinB 



Hence cos 8 (7=1 -sin 8 (7=1- 



Therefore 



cos {A - B) 

__coB{A-B)-BinABinB_ cos A cos B 
~ cos (A^B) ~ qob {A-B) 

sin 2 C sin A sin B cos 4 cos 2? sin A sin 1? 



cos 8 C cob{A-B) ' cos (4 - B) cos 4 cos 5 ' 
that is tan 2 (7= tan 4 tan 5. 

tan 8 a _ cos (cos*- cos a) 
tan*/3 ~~ cos a (cos as- cos ft) ' 

cos * - cos a _ tan 2 a cos a _ Bi n 3 a cos ft % 
therefore CO s * - cos ft ~~ tan B ftcosft " sin 8 ft cos a ; 
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therefor mm J**g°**=***«*£ 

sin 3 ft cos a- sin 3 a cos/3 

_ (1- cos 8 ft) cos 3 a - (1 - cos 3 a) cos 8 ft 
"" (1 - cos 8 ft) cos a - (1 - cos 3 a) cos ft 

cos* a- cos 3 ft __ cosa+cosft 

~~ (cos a - cos ft) (1 + cos a cos ft) "" 1+cosacosft * 

_ l-COflflg _ 1-f C08aCQ9ft-C08a-C0 8 ft __ (1 - cos a) (1 - cos ft) 

l+coss~ l + cosacosft + coso + cosft"~ (1 + cos a) (1 + cos ft) * 

therefore tan 3 5 = tan 8 5 tan 3 £ , by Art. 82. 

39. «!*» ««£. button'«= 1 -=^ = ?2i^5i«. , 

tan 3 ^ tan 3 a' cos 8 cos a 

and ^^ l-cos'^cosft-costt' 

cos 3 & cos a' 



therefore 



cos ft - cos a cos a' tan 3 a 
cos ft -cos a' * cos a tan 3 a'* 



., . cosft-co8tt __ sin 8 a cos a' 

cos ft - cos a' "" sin 3 a' cos a * 

il^^ „ sin 3 a' cos 3 a - sin 3 a cos 3 a' 

therefore cos ft = . . , =-= r 

r sin 3 a' cos a - sin 3 a cos a' 

_ (1 - cos 3 aQ cos 3 a - (1 - cos 3 a) cos 8 of 
• "" (1 - cos 8 aO cos a - (1 - cos 3 a) cos a' 

cos 8 a - cos 3 a' cos a + cos a' 



(cos a - cos aO (1 + cos a cos a') 1 + cos a cos a' " 

__ 1 - cos ft _ 1 + cos a cos a'- cos a- cos a! __ (1 - cos a) (1 - cos a') # 

1 + cos ft ~" 1 + cos a cos a! + cos a + cos a' "~ (1 + cos a) (1 + cos a') ' 

a a. of 

therefore tan 8 £ = tan 3 ^ tan 8 ^ • 



.. . cos a . cos a 

40. cob 0= s , cos #'= , ; 

^ cosft ^ cos/3" 

*t. MA f AM i ™ a ^ cos ~ cos a i ./ cos ft' -cos a 

therefore l-cosd== — - — - — , l-cosri'= — - — —. — : 

■ cosft » ^ cosft' 

., . A . ,0 cosft- cos a _ . .0' cos ft' -cos a 

therefore «■»*.— £__, j „,•£__£__,_ • 

therefore 4 rin'£ sin» t = (c°°fl-co8a)(ooBf-co g ») 

2 2 cosft cosft' 
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__ . « (cos ft - cos o) (coals' -cos a) 

Thus sin 8 a= *- ^ — £ ' ; 

cos ft cos ft' ' 

therefore cos ft cos ff sin 8 a= cos ft cos /^ - cos a (cos ft + cos ft*) + cos 8 a, 

therefore cos ft cos fi cos 8 a = cos a (cos ft + cos ft*) - cos 8 a ; 

therefore cos a (1 + cos ft cos ft') = cos ft + cos ft 7 ; 

., , C08/S + COS/3' 

therefore cos a = ^ — - — --=, • 

l + cosftcosft' 



Hence 



1 - cos a __ (1 - cos ft) (1- cos ftp # 
1 + cosa "~ (1 + cos ft) (1 + cos ft') 



/\ » 



therefore tan 2 |=stan 8 |tan 2 £. 

41. The proposed result is true if 

cot ft - cot (o + 0) = cot $ + cot (a - ft), 
that is if 

cos ft co8(a+0) _cos0 cos (a -ft) 

shift " sin (a + 0) ~ sin0 + sin (a- ft) ' 
that is if 

sin (a + 6) cosft-cos (a + 0) sin ft _ sin (a - ft) cos fl + cos (a-ft) sin 

sin ft sin (a+0) ~ sin sin (a -ft) ' 

that is if 

sin(q + fl-ft) _ sin(g-ft-fg) 

sinft sin (o+ 0) "~ sin sin (o - ft) ' 
that is if 

sin sin (o - ft) = sinft sin (o+ 0) ; 

and this is true by supposition. 

/tana-cos0tanft\ 8 , „ , ,_ ., , 

42. ( r-r= ) = tan 8 a - tan 8 ft ; therefore 

(tan a - cos tan ft) 8 = (1 - cos 8 0) (tan 8 a - tan 8 ft) ; 
therefore 

tan 2 o- 2 cos tan a tanft + cos 8 tan 8 ft= (1 - cos 8 0) (tan 8 a - tan 3 ft) ; 

therefore tan 8 ft - 2 cos tan a tan ft + cos 8 tan 2 a = 0, 

that is (tanft-cos0tana) 8 =O; 

therefore tanft- cos tan a=0; therefore cos0=r — ~. 

r tana 

._ tan^ tan 2 a- tan 8 

43. cos0=t — r ; therefore tan 8 0= 7 — r- — -; 

tan a tan 2 

., . tan 2 a- tan 2 d> tan 8 a' 

therefore — ^ — r— — - = . a ^ ; 

tan 2 sin 8 
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cos 8 <b tan 2 a - sin 8 <b tan 2 a' 

therefore ■ r-s— = . a . ; 

sin 3 sin-* 

therefore cos 8 tan 2 a - (1 - cos 2 <f>) = tan 8 a'; 

1 + tan 2 a' cos 2 a 



therefore co3 2 <f>= 



therefore cos0=db 



1 + tan 2 a cos* a' ' 
cos a 



cos a' ' 



Take the upper sign; thus cos</>= ,; therefore 

COS CI 

1 ^ / 2 sin - (a - o') sin s (a + a') 
1- cos ft _ cos a' - cos a 2 * ' 2 v ' 

1+cosft - cos a' + cos a ~" _ 1, A 1. /x 

2 cos 5 (a - a 7 ) cos 5 (a + a') 

= tan 5 (a - aQ tan - (0+ o^. 

44. 1 - cos 2 o - cos 2 /3 - cos 2 7 + 2 cos a cos/3 cos 7 

= 1 - (cos a - cos /S cos y) 2 + cos 2 £ cos 2 7 - cos 2 - cos 2 7 

= (1 - cos 2 0) (1 - cos 2 7) - (cos a - cos p cos 7) 2 

= sin 2 p sin 2 7 - (cos a-co&p cos 7) 2 

= (sin0 sin 7 - cos a+ cos p cos 7) (sin p sin 7 + cos a - cos /3 cos 7) 

= {-cosa + cos(0-7)} {cos a -cos (£+7)} 

, . a + p-y . a-£+7 . a+p+y . £ + 7-0 
= 4 sin — £ — - sin — ^ — ' sin 1 — - sin ^-— ^ . 

Hence in order that the proposed expression may be zero one of the four 
sines last written must be zero, and thus one of the four angles must be zero 
or a multiple of two right angles. 

45. Let - denote the common value of the three fractions ; so that 

s=&tan(0+a), y = ktan(0+p) t z=ft tan(0+7). 

Then X -^ sin 2 (— fl = *™ ('+«) + tan <» + fl 

x-y v Hi tan(0 + a)-tan(0+|8) K P) 

_ sin (0 + a) cos (0 + p) + sin (0+P) cos (0+ a) . 
sm(0+a)cos(0 + /3)-sm(0+/S)cos(0 + a) Sm ta " W 

^^^^^-P)^in(20 + a+p)sm(a-p) 
- 2 ( cos (20 + 2$ - cos (20 + 2a)}. 
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Similarly t±£ sin 8 (fl - 7) = i {cos (20 + 2y) - cos (20 + 2/3)}, 

y-Z . I 

and ^t^ 5 sin 8 (7 - a) = » {cos (20 + 2a) - cos (20 + 27)} . 

Thus the sum of the three terms is zero. 

46. From the second given equation 

. .^ sin 9 B sin 2 

Bin 8 a 

rt, , + 2 ^ sin 8 /9 sin 8 

therefore tan 2 = -r-^ . flo . . lQ . 

sin 2 a - Bin 2 j3 snr 

Substitute in the first given equation ; thus 

tan 8 cos^sin 2 ^ , 

tan 8 a + sin 2 a- sin 2 j3 sin 8 0" ' 

., . t an 8 _ sin 2 a - sin 8 ft sin 8 - cos* p sin 8 

6X6016 tan 8 a~ sin 2 a - sin 8 /3 sin 8 

_ sin 8 a - sin 8 
~ sin 8 a- sin 8 £ sin 8 0* 

,, . sin 2 cos 8 a sin 8 a- sin 2 

tnereiore -~ — .— „ - - - .-- =— = -r-n r— = : — r— : 

(l-sin 2 0)sm 2 a sin 2 a - sin 2 /3 sin 8 ' 

therefore 

sin 2 cos 2 a (sin 2 a- sin 2 /3 sin 2 0) = (sin 2 a- sin 8 0) (l-sin 2 0j sin 2 a ; 
therefore 
sin 4 (sin 2 a + cos 2 a sin 2 £) - sin 2 (cos 2 a sin 2 a + sin 2 a + sin 4 a) + siD 4 a = ; 
therefore sin 4 (1 - cos 2 a cos 2 j3) - 2 sin 2 sin 2 a + sin 4 a = 0. 
By solving this quadratic in the ordinary way we obtain 

. mn li cos a cos 5 . w sin 8 a 

sm 8 = , = Fz «Ji a = -= . 

1 - cos 8 a cos 8 p 1 =f cos a cos /S 

sin{0-j8-(a-/3)} a 
'' 6in(0-j8) "&■ 

therefore ein (0 - fi) cos (a - ft - cos (0 - ft) sin (a - ft) ^ g 

sin (0 - ft) 6 ' 



therefore cos (a - ft) -sin (a -ft) cot (0- ft) =*. 
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00B{fl-/3-(a -/3)}_q' 

therefore cos (0 - /3) cob (a - £) + sin (fl - fl Bin (a - ffl = a' . 



cob (0 - /3) 6 

therefore cos (a - /3) + tan (0 - /3) sin (a - /3) = -, . 

Hence sin (a-/3) cot (0- £) sin (a-/3) tan (0-/3) 

= |cos(a-ft-^| |y-cos(a-ft|;l 

therefore sin 8 (a - /3) = - ^ + f|+ ^, J cos(o-/3) -cos 8 (a-/S) ; 

., - aa' /a fA 

therefore 1 +tt? = ( - + t? J cos (a - /3) ; 

aa' + bb' 
therefore cos (a - /3) = ^r^ • 

2 tan | 
48. tan = ; thus 

l-tan 8 | 

2 tan | . A _, 

2 sin cos 0' 



, . ,0 sin / +cos0' 
1-tan 8 ^ 

therefore 2 tan » (sin^+cos 0) = ( 1 - tan 8 ? J sin cos 0' ; 

therefore sin cos 0' tan 8 ? + 2 tan ? (sin & + cos 0) = sin cos 0\ 

By solving this quadratic in the ordinary way we obtain 

. _ - (sin &'+ cos 0) =fc (1 +sin 0' cos 0) 
2" tin loos? 

m i at. • xi. x (1 - sin 00(1- cos 0) 

Take the upper sign ; thus tan ■£ = . / — ^ . 

*^ ° ' 2 sin cos Or 

, _ 2sin 8 | 

. T l-cos0 2,0 

Now — : — -— = - , =tan s> 

sin0 n . 2' 

2Sin;rCOSs 



. . „ . l-sinfl' 
and similarly 
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008 



n^ \2 J , fv $'\ 



thus tan^=tan tan 



6-0- 

In like manner with the lower sign we shall find that 



tan 5= - cot 5 eot 



(J- 8- 



Henoe 



The product of the two values of tan \ is - 1, as it should be by the 
nature of quadratic equations. 

49. cos 0= cos a cos p ; 

. , . 1 - cos 1 - cos a cos 8 

therefore ■= = z £ ; 

1 + cos 6 1 + cos a cos £ 

., . . „0 1 -cos a cos 

therefore tan 2 - = - £. 

2 l + cosacos/3 

a . ., . . % ff l-cosa'eos/3 

Similarly tan 8 ^ = , -. £ . 

2 1 + cos a! cos /3 

(1 - cos a cos p) (1 - cos a' cos p) _ , , p _ 1 - cos p 
(l + cosacos0)(l + cosa' cosj8)"~ 2~l + cos£' 

1 - (cos a + cos a') cos /3 + cos a cos a' cos 8 ft _ 1 - cos p 
l + (cosa + cosa')cosj3 + ooB a cos a' cos* ~" l + cosj3 ' 

(cos a + cos a') cos 8 

therefore £- / — =^ = cos p ; 

1 + cos a cos a' cos 8 p r 

therefore cos a + cos a' = 1 + cos a cos a' (1 - sin 8 P) ; 

therefore ein 8 /3 cosa cos a'= 1 - cos a -cos a' + cos a cos a' 

= (1 - cos a) (1 - cos a') ; 

therefore 8in 8 /3=( 1 ) f ,-1 J 

r \cos a y \cos a y 

s= (sec a - 1) (sec a' - 1). 

50. Here 
Bm{CfA-£)-sm(B+C-A)=Bm{A+B-C)-8m(C + A-B); 

therefore 2 sin {A -B) cos C= 2 sin (5 - G) cob 4 ; 

therefore (sin .4 cob £- cos J. sin-B)cos(7=(sinJBcos(7-00BJ5BinC)coSil. 
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Divide by cos A cos B cos C ; thus 

tan A - tan B = tan B - tan C ; 
therefore tan ,4, tan B, and tan G are in Arithmetical Progression. 

51. Suppose sin A, sin B, and sin O to be in Arithmetical Progression, 
so that sin B -sin A — sin C7- sin B. 

Thus 2 sin cos — — =2 sin — ^— cos — — ; 

A1 _ , . 5-4 . . C-i? . ^ 

therefore sin— - — sin 5 = sin — — sin - ; 

2 2 2 2 

.. , f . B A B . A\ . C 

therefore I sin - cos -5 - cos -5 sin - ) sin ^ 

/ . C B C . B\ . A 

= ( sm 2 COS 2" COS 2 Sm 2J Bin 2- 

Divide by sin ^ sin — sin ^ ; thus 

.A .B .B ^C 
cot - - cot - ^ cot - - cot 2 ; 

thus cot 5 C . ootf and cot| are in Arithmetical Progression. 

2 2 2 

52. Suppose cos 2 A + cos 8 B+ cos 2 (7=1; 

therefore 3 - sin 2 A - sin* B - sin 2 C= 1 ; 

therefore sin 2 A + sin 2 B + sin 2 (7= 2 ; 

therefore by Example 23 we have cos J. cos 2? cos (7=0; therefore one of the 
three angles is a right angle, and this will be the largest angle. Suppose it 
to be A % so that A = 90° ; therefore B + C= 90° -A ; therefore A-C-B. 



53. am^^Bm^ 180 "-/-*) 

K 9o °-V)= 



= siniyu u x- i=cos * 



2 



. . C A+B 

and sin - = cos — — - 

2 a 



., B-A A + B 

thus cos — 5 — = n cos — - — ; 

2 2 

*. , A B . A . B (A B . A . B\ 

therefore cos - cos - + sin ^ sin — = n ( cos ^ cos - - sin =■ sin -=■ ) ; 

therefore (» + 1) sin - sin -5 = (» - 1) cos ^ cos ^ ; 

A 2 2 2 
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. A . B 
sin - sin - 
2 2 n 
therefore - 



A B n+V 

COB - COB - 

2 2 

therefore tan ^r tan -^ = — - . 

a a w + 1 

54. Suppose 7 to denote the value of , and : then 

k x y 2 

x—ksmA, y= k sin B, z— k sin C. 

C C 

Therefore (x -y) cot - = k (sin A - sin B) cot t z 

=2ifc sin I (A - B) cos I {A +B) cot ? 

1 C C 

=2& sin - (4 - 5) sin - cot 5 

a am 

1 C 

= 2£ sin - (4 — 5) cos ;i 

a a 

= 2* sin J {A - 5) sin ^ (A + 5) 

A A 

= 2* {sin 8 \a - sin 2 \ B), by Art. .83. 

A A 

Similarly (y - z) cot 4 = 2 A: {sin 2 £ fl - sin 2 1 C}, 

A A A 

and (z-ac) cot-=2ft{sin a - C-sin 8 ^}. 

A A A 

Thus the sum of the three terms is zero. 

55. tan (-4 + B + C) = tan nur = ; and therefore, by Art. 113, 

tan .4 + tan 1? + tan C- tan -4 tan 2? tanC=0. 

56. sm(2a + a) + sin(2/3 + a:)=2Bin(a + /3+a;)C0B(a-/3), 

sin (2y + x) - sin (2a + 2/3 + 27 + 3a) = - 2 sin (a + /3 + x) cos (0 + /S + 27 + 2x) ; 
2 sin (a + /3 + sc) {cos (a - /3) - cos (a+/3 + 27 + 2s)} 

=2 sin (0 +/3 + art 2 sin (/3 + 7+ ar) sin (a + 7 + «) 
= 4sin(a + /9+se)sin(j8 + 7 + a?) sin(7 + o + a;). 

57. If x—0 we havo 

sin 2a + sin 2/3 + sin 27 - sin (2a + 2/3 + 27) = 4 sin (a + /3) sin (/3 + 7) sin (7 -f- a). 

If then a+/3 + 7=9r we have sin (2a + 2/3 + 27) = ; 
also sin(a+/3) = sin7, sin (/3 + 7) = sin a, sin (7 + a) = sin /3, 

so that sin 2a + sin 2/3 + sin 27 =4 sin 7 sin a sin /3. 
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If x = z we have 

oos 2a + cos 2/3+ cos 2? + cos (2a + 2/3 + 2?) 

=4 cos (a + j8) cos (/3 + 7) cos (7 + a). 

If then a+/3+7=^ we have cos (2a + 2/3+27)=- 1, 

also oos(a+/3)=sin7, cos (/3+ 7)= sin a, cos (7+ a) = sin /3, 

so that cos 2a+ cos 2/3+ cos 27 -1=4 sin a sin/3 sin 7. 

58. 4 cos ^ cos I cos ^=2 cos I jCOSg (a-/3) + coSs(a+/3)| 

1111 
=C0S2(7 + a-/3) + C0S2(7+/3-a) + C0S2(a+/3+7) + C0S2(a+/3-7). 

Thus the left-hand member of the proposed expression 
=sin a+sin/9+sin 7 - cos x (a +/3+7) - cos 5 (/3+7- a) 

1 1 

-cos^(a+7-/3)-cos2(a+/3-7). 

Again 

_ . a + B+y-w 3a-/3-7 + x . . /3+7-a — x 

2 sin — £-7-^ cos t-j-!- =sina+sin — '— 

4 4 2 

/3 + 7-a 
=sina-cos- — ^ — ; 

, rt . a+/3+7-T 3/3-a-7 + ir . . a + 7-fl 

so also 2 sin — £-7-* eos-£ j-^ — =sinfl-cos — ^— ^-, 

4 4 2 

_ . a+/3+7-ir 87-a-/3 + w . a + fl-7 

2 sin — Z—-L cos J. —S- =sin7-cos— -? — -> 

3 « • a+/3+7-ir a + /3 + 7-x . a + /3 + 7-ir 
and 2 sin £-— cos ^—r- 1 =sin — ^ - 



= -cos 



2 

a+/3+7 



2 

Thus the result is established. 

59. oos 50 = oos (30 + 20) = oos 30 oos 20 - sin 30 sin 20 

=(4cos 8 0-3cos0)(2cos 2 0-l)-(3sin0-4sin 8 0)2sin0cos0 
=(4cos 8 0-3cos0)(2cos a 0-l)-2sin 2 0(3-4sin 2 0)cos0 
= (4eos 8 0-3 cos0) (2 cos«0- 1) -2 (l-cos 2 0)(4cos 2 0- l)cos0 
=8cos 5 0-lOcos 3 0+3cos0-2(-4cos 4 0+5cos 2 0-l)co8 
=16 co* 5 0- 20 oos 8 0+ 5 cos 0. 
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60. sin60=2Bin30coB80=2(3shi0-4sin 8 0)(4coB 8 0-3coB0) 
=2sin0(3-4Bin , 0)(4cos 8 0-8ooB0) 
=2sin0(4©O8 a 0-l)(4coB 8 0-3coB0) 
=2ain0(16oo8 8 0-16cos 8 0+3cos0). 



CHAPTER IZ. 

1. Xiet PCB = A t so that JBPif=^ and P^M=^. Then 

if P . 1 J , PM . 1 A 

— =tan-J.. and — rv=tan^J.. 
PM 2 ' 4if 2 • 

. .1 . MB PM MB CB-CM 
so that ^2 A= m-AM = m = ClTCM 

1 _CM 

CP-CM OP 1-eoaA 



CP+CM~ CM~~l + ooaA % 



OP 



. a cos d>-b ., . 
cos0= — , ^ ; therefore 
a - o eos 



1-eosd _ a-beo8<f>- a cob </>+b _ (a + 6)(l-cos0) - 
1 + cob0 ~~ a - 6 cos + a cos - 6 "~ (a -6) (l+oos0) ' 

therefore tan* 5 = — * tan* J ; 

2 a-o 2 



therefore 



tan'g tan* | 

a+6 



la 1 _ 1 1 1 

3. cos ^- 1+tan a^- 1+2 tanV+l"*"2(H-tan 8 0)"2 OOS * ; 

and cos 20=2 cos'fl- 1=008* 0-1= -Bin' 2 0, 

therefore cos 20 + Bin 9 0=0. 

1 2 

4. sec 20=2 sec cosec ; therefore 



therefore 1= 



cos 20 cos sin 0* 
2 cos 20 



oos sin 
T. T. K. 
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1 2 cob 20 cos 20 



therefore 



Bin 20 sin20cos0sin0 sin 2 0cos 2 
cos* 0- sin 1 1 1 



sin 2 cos 8 sin 2 ~ cos 2 * 
Thus cosec 20 = cosec 2 - sec* 0. 

5 fcinfg ^ tan0-tan» _ (n-l)tan0 _ n-1 

* w = l + tan0tari0 l+ntan 2 cot0+»tan0' 

(n - l} 1 (n - 1)* 

therefore tan 2 (0-0)= 1 ~ — ; - l ' 



cot 2 0+2»+» 2 tan a (ntan0-cot0) 2 +4n* 

The greatest value of this fraction is when the denominator is least, tha 
is when the term n tan - cot vanishes. 

6. sin 0+ sin - cos sin (0+0) 

=2 sin s (^+0) coSg (0- 0) -2 cos sin ^ (0+0) cos s (0 + 0) 

= 2sfrs(0+0) jcOB2(0-0)-COS0CO8£(0 + 0)| 
= 2SUi2(0 + 0) jcos(0 2^j-COS0COS5(0+0)| 

=2sin^(0+0)sin0»in2(0+0)==2sin0 8in 2 l(0 + 0). 

sin ft cos a (tan a + tan ft) sin ft cob a (sin a sin ft ) 
7 - l-cos(a+ft) ^sin^fa + ft)'™** ™*^ 

sin ft cos a sin(o+ft) 

"" n • a 1 / . nv 'cosacosft 
2sin 2 g(a+ft) r 

sinft . 2 sin 5 (a+ft) cos 5 (a+ft) 



2sin 2 5 (a+ft)cosft 



Bin p cos s (a + ft) 
sin £ (o+ ft) cos ft 
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Bin /3 cos 5 (a +/3) sin 5 (a-/3) 

and -f 



Bin s (a + ft cos /3 Bin- (o+]3) cos/3 

Binr^-/3)+Bin/9cosi(a+/3) iun* (a+/3) cos/? 

= i = i =1 * 

sin s ( a +0) c° 8 m* o ( a +P) cos 

8. Let 2 denote the height in yards ; then =- ^ = tan I 7 , therefore 
z =1760 tan 1'. The value of tanl/ is approximately equal to the circular 

r 17fi0» 

measure of 1', that is to -s^x — 5^; therefore x= ^r — ^ approximately. 

loU x oU loU x oO 

8 1° 

9. Let x denote the distance in inches; then -=tan T ; and taking 

x 4 ^^ 

the tangent as approximately equal to the circular measure we have 

3 x ... 12x180 

-=ts^ — 7t therefore x— . 

x 180x4* x 

10. We hare 8 sin A - 4 sin 3 A =n Bin A; as we suppose that A is not 
zero nor a multiple of two right angles we may divide by sin A ; thus 

3—91 

3-4sin*-4=n; therefore sin* 4 = -^— , and as this must lie between zero 

4 

and unity, n must lie between 8 and - 1. 

It x 

If n=2 we have sin* A=-r = sin 2 3 ; therefore -4 = i»x± 5 , where m is 

4 o o 

Zero or any integer. 

11. tan(a-ft = , tantt " tan ^ 

v Pl l+tanatan/3 

. n sin a cos a 

tana 

_ 1 - » sm 2 a 

"" - . nsmacosa 

l+tana.-= r-=— 

l-nsin*a 

_ sin a (1 - n sin* a) — tt sin a cos* a 
~~ cos a (1 - n sin* a) +n sin 2 a cos a 

sina-nsina (l-w)sina ., ., 

s = 2 = (1 - n ) tan a. 

cos a cos a 

12. All the angles which have the same sine as 30 are included in the 
formula nT+(-l) n 30. Therefore any expression which gives the value of 
tan $ in terms of sin 30 may be expected to give the value of the tangent of 

every angle included in the formula tan ~ { nx + ( - l) w 30} . 
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Now n most be of one of the following forms : 

6m, 6m +1, 6m +2, 6m+3, 6m +4, 6m +5. 

The corresponding values of tan Jt&t + ( - l) w 30? are, by Art. 45, 
tan0, tanf^-flV tanf-^+0j, tan(x-0), 

tan(*r+^+0J, tanfx+g--0J. 

Thus we have six distinct values. They may also by Arts. 48 and 50 be 
expressed thus : 

±tan0, ±tanf|+0J, ± tan (-jt + 0). 

18. cos , 4= 5 (l+cos24); therefore 
A 

cob 4 A = j (1 + 2 eos 2-4 + cos 8 24) 
11 rt . 1 + COR44 

= i + -cos24 + — 

3 1 nA 1 AA 

= 5 + 5 COB 24 + 5 COB 44. 

o A o 

Similarly sin 8 4 = = (1 - cos 24) ; 

therefore sin* A = T (1 - 2 cos 2 A + cos' 24 ) 

4 



= » - s'cos 2A + 5 cos 44. 



Therefore cos 8 -4 + sin 8 4 



/3 1 o. 1 ..V /3 1 0i 1 AA \* 
^\& + 2 0OB 24+gCOS 44 J +f g-2COs24+gCOB44J 

= 2 j(l) ,+ G CO824 ) ,+ G c ^ 44 ) ,+2 -I:i 0OB M| 

9 1 1 3 

=32+|(l+cos44) + gj(l+oos84)+jgCOs44 

= — {cos 84 + 28 cos 44 + 35}. 
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14. oos cos <j>= - 1. 

As the cosine of an angle is never numerically greater than unity, we 
must have cos0 and cos0 both numerically equal to unity, one being 
positive and the other negative. Hence one of the angles must be zero 
or an even multiple of x, and the other must be an odd multiple of r. 



15. sin* a + sin 8 /3- 2 sin a sin p cos (a-, 

= sin a { sin a - sin /3 cos (a-0)} + sin/3{sin0-sina °°s (* - P) } 
= sin a {sin (a - p + p) - sin p cos (a - p)\ 

+ sinj8 {sin (a - a - /3) - sin a cos (a - £)} 
= sin a sin (a - p) cos p - sin p cos a sin (a - p) 
= sin (a- P) {sin a cos /3 - sin p cos o} = sin 2 (a-|3). 

Thus em*(a-p)=n*Bm*(a+p)i 

therefore sin (a - /3) = ± » sin (a + p) ; 

therefore sinacos/3-cosa sin/3= =fcn (sinacosjS + cosa sin/3) ; 
divide by cos a cos /S; thus tana-tan£= ±n (tana + tanjS) ; 
therefore (1 ? n) tan a = (1 ± w) tan p ; 

therefore tan a = = tan B. 

1th r 

sin40cot0 __ sin 40 sin 8 20cos0 2 sin 8 20 cos 20 cos 
vers 20 cot 8 20 " (l - cos 20) cob 2 20 sin ~ 2sin 3 0cos 8 20 

2 (2 sin cos 0) 8 cos _ 8cos 4 
"" 2 sin 3 cos 20 ~ cos20 * 

When 0=0 the value is therefore 8. 

sin0 COS0 - 

17. sin0+cos0=V2; theref ore —^ + —j^ = 1 ; 

therefore cos(0-j)=l; % therefore - J = 2»*\ 

18. V3Bin0-cos0=V2; therefore ^- sin 0-5 cob 0~-^; 

1 « V3 . a 1 
therefore ^ooad--^-Bm0=--j^; 

therefore eos \ 0+ Ej"Z/2 ; 

ir Sir 

therefore 0+5=2nT=fc-^-. 



54b IX. MISCELLANEOUS EXAMPLES. 

19. sin20=cos0; therefore cos (^-20j=oqb$; 

therefore 5 - 20 and are angles having the same cosine ; therefore all the 
eolations are contained in - -20=2nT±0, 

20. cos 0- cos 20= sin 30; therefore 

A . 30 . . 30 30 
2sinY sm 2 =2Bm "2 cos 2 " 

xi. , *xi. • 30 A .0 30 

therefore either sin-jr-=0, or sin a=cos -^ . 

If sin-r- =0, then -^ =»t. 



T , . 80 ., /x 0\ 

If sin s=cos -^ , then cos ( • - s ) = 



80 

cos g ; 



and therefore a ~ o = 2wT * "5* • 

21. (4- V3) (sec 0+ coseo 0) =4 (sin tan 0+cos cot 0) ; 

^ * »a i^l 1 1 \ ^/sin a cos*0\ 

therefore (4- V3) ( — s +-r— ^ ) = 4 ( « + ~^~n ) l 

v v ' \cos0 sin0/ V cos ^ Bin0y 

therefore (4 - V3) (sin + cos 0) = 4 (sin 3 + cos 8 0) 

= 4 (sin + cos 0) (sin* + cos 8 - sin cos 0) ; 
therefore either sin 0+ cob 0=0, 

or 4-V3=4(l-sin0co8 0). 

If sin0+cos0=O, then sin0=-cos0; therefore tan 0= - 1 ; 

therefore 0=nx+ — . 

4 

If 4-V3=4(l-sin0cog0), then V3 =4 sin cos 0=2 sin 20; 

\/3 T 

therefore sin 20=—-; therefore 20=nx+(-l) n 5 -. 

22. cot0-tan0=coB0 + sin0; therefore-; — ^ 5 =cos0+sin0; 

' sin cos ' 

therefore cos 1 - sin 3 0=sin cos (cos +sin 0) ; 

therefore either cos 0+ sin 0=0, or cos0~atn0=sin0cos0 v 
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If sin 0+eos 0=0, then Bin 0= - cos ; therefore tan 0= - 1 ; 

therefore 0* wr + -r- . 

4 

If cos - sin 0= sin cob 0, then by squaring 

1 - 2 sin cos 0= sin* cos* ; 

*v * * - • o/» sin 1 20 

therefore 1 - sin 20 = — -. — • 

4 

By solving this quadratic in the usual way we obtain sin 20= - 2 ± 2 y/2 ; 
the upper sign must be taken, for the lower sign would make sin 20 nume- 
rically greater than unity. 

23. 2sin 1 0+sin s 20=2; therefore sin»20=2-2sin > 0=2(l-sin , 0) ; 
therefore 4 sin* cos* 0=2 cos 9 ; 

therefore either cos 8 0=0, or 8^*0=-. 
If cos 8 0=0, then 0=njr+ x . 

1 T 

If sin* 0=5, then sin s 0=sin J -; 

therefore = nr = - . 

4 

24. tan0+2cot20=sin0f l+tan0tan-J; therefore 

• n n n/i / sin0sin-r 

sin0 2 cos 20 . „/ ' 2 

cos0 sin20 I _ /' 

\ cos cos ^ 



V 2 J sin0 



. t - sni 1 0+cos20 . . 

therefore — .— - ^- =sui . ■ w - A , 

Bind cob 6 _ cos0' 

cos cos- 

therefore sin* + cos 20= sin* 0; therefore cos 20=0; 

therefore 20=»t+|\ 

x 1 

25. sin* 20 - sin' 0= sin 1 3 = 7 : therefore 

O 4 

4 sin* cos* - sin* 0= j ; 
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therefore 4 sin 1 (1 - sin 2 0) - sin» 0=\ * 

therefore 4sin 4 0-3sin 8 + -7=O. 

4 

By solving this quadratic in the usual way we obtain 

sin 9 0= — ^— • 

o 

3t 
Taking the upper sign we have sin* 0= sin 1 ^ , and therefore 

9=nT± To' 

Taking the lower sign we have sin 3 0=sin a — , and therefore 



10 



1 

26. cosee = oosec - ; therefore 



2 , w «* wv gin ^ ^, 

sin^ 



therefore Bin - = sin ; therefore sin 5 = 2 sin 5 cos 5 ; 

J Z Z a 

1. 

therefore either sin s =0, or cos 5 = 5 • 

Z Z Z 

If sin 2=0, then o =nT * 

If 008^= o, then 5=2mir±- . 

27. cos 0008 80=008 50 cos 70; therefore 

cos 40 + cos 20 = cos 120 + cos 20 ; 
therefore cos 40= cos 120; therefore 120=2wr±40; 

taking the upper sign we obtain 0= -^- = -j- , 

Qmap MOT 

and taking the lower sign we obtain 0= -= ^- = — . 

It is obvious however that the second expression includes the first. 

( 28. 8in0sin30=;r; therefore sin0(3sin0-4sin 8 0)= 5 ; 

z & 

therefore 48in 4 0-8sin a 0+5=O. 
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By solving this quadratic in the usual way we obtain 

. ,. 3±1 1 1 

1 T ** 

If sin 8 0=:r, then sin* 0=81^7 , and O-nx^-. . 
z 4 4 

1 r x 

If sin 8 0= T , then sin 8 0=8in s 7 ; , and 0=nir:fc ~ . 
4 6 6 

See Example 5 of Chapter Y. 

29. 4sin a 0+sin 8 20=3; therefore 4 sin 8 0+4 sin 1 0(1 -sin 1 0) =3; 

therefore 4 sin 4 0-8 sin 2 0+3=0. 

1 3 

By solving this quadratic in the usual way we obtain sin a 0=^ or x ; 

and only the former value is admissible. Thus sin* 0= sin* jj therefore 

6=ut± j . 
4 

30. (l-tan0)(l + sin20)=l+tan0; 

therefore [l z ) (sin0+cos0) 8 =l+ 7.; 

\ cos 0/ cos 

therefore (cos - sin 0) (cos + sin 0) 8 = cos + sin ; 

therefore either cos + sin = 0, or (cos - sin 0) (cos + sin 0) = l. 

If oos0 + sin0=O, then sin0=-cos0; 

therefore tan = - 1 ; 

, . « 3ir 

therefore 0= wr + -r . 

4 

If (cos - sin 0) (cos + sin 0) = 1, then cos 8 - sin 8 = 1 ; 

therefore cos 20=1; 

therefore 20=2nir. 

31. sin0+sin20+8in30+sin40=O; 
therefore gin 0+ sin 40+ sin 20+ sin 30=0; 

«_ * « • M 30 . 50 A 

therefore 2 sin -^ cos -^ + 2 sin ^- cos ^=0 ; 



therefore 2 sin 5- f cos -^ + cos ^ J =0 ; 

50 
therefore 4 sin -^ cos 5 cos 0=0, 
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Thus there are three cases : 
If sin^=0, then -^ =hjt, 

If 008^=0, then ^nx+^ , 

If eos 5=0, then 0=»ir+£. 

82. sin 5 -cos =4 sin 5 cos* 0; 
therefore sin0-4sin0(l-sin a 0)=cos0; 

therefore 4 sin 3 - 3 sin 0= cos 5 ; 

therefore cos 0= -sin30=cos (80+^j ; 

therefore 30 + ^=2wr±0. 

33. (cot - tan 0)* (2 - V3) = 4 (2 + V3) ; 
therefore /c^ sin|y = 4(2 +N /3> 

\BU10 COS0/ 2-V3 

therefore (*°*±^M\* 2+V3 (2 +V 3)' 

\2sin0cos0/ 2-^3 (2 - y/S) (2 + V3) 

«»*" (S)'=< 2+ ^ 

therefore cot 9 25 = cot* js ; • 

therefore 20 = wr =fc = s . 

34, 2V2cos^-0^(l + sin0) = l + coB20; 

therefore 2^/2 cos U - 0J (1+sin 0) = 2 cos 9 0=2 (1 - sin 3 0) ; 

therefore either 1+ sin 0=0, or v^cosfj-fljrrl-Binfl. 

If l + sin0=O, then sin0=-l; therefore 0=nx + (- 1)*-^, which may 

be expressed more simply as (4m+ 3) x . 

2 

If V2cos^-0^=l-sin0, then y/2 (^ cos 0+i sin 0^ = 1- sin*; 
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therefore 2 sin 0= 1 - cos ; 

therefore 4 sin - cos ^ =2 sin 3 5 ; 

6 B 

therefore either sin 5 =0, or tan- =2, 

If sin o=0, then H ==niP - 



If tan o^, then s=nT+a, where a is such that tan a =2, 

35. Bin 90-f sin 50+2 sin* 0=1; therefore 

2sin70cos20=l-2 8in s 0=cos20; 

therefore either cos 20=0, or sin 70= 5 . 



If cos 20=0, then 20=wr+ 5 . 

If sin 70=4, then 70=nx+(- 1)»J. 



CHAPTER X. 

1. Let x denote the required logarithm; then 

x 9x 

128=01/4)*, that is 27=4»= 2* ; 
therefore -^-=7; therefore as=-s-» 

2. Let x denote the required logarithm; then 

243#9 = (V3) X , that is 3* #9=3*, that 35+1 = 3*; 
therefore a — ~Q> therefore *=-«-• 

3. Let x denote the logarithm of 2187 to the base 3; then 2187=3*, 
that is 3 7 =3 X ; therefore oj=7. 

Let x denote the logarithm of *0001 to the base 10; then '0001 = 10 s , 
that is j^4=10* f that is 10-«=10«; therefore x= -4. 

Let x denote the logarithm of cos 45° to the base 2; then cos45°=2 x , 
that is 4a =2 *> that is 2-4=2*; therefore »= -L 
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4. 5«-**=2 a! +3; therefore (6-4a;) log5 = (a; + 3)log2; 
therefore (6 - Ax) log -^ = (x+ 3) log 2 ; 

therefore (6 - Ax) (1 - log 2) == (x + 3) log 2 ; 

therefore a; (4 -3 log 2) =6 -9 log 2; 

., , 6- 9 log 2 3-29073 , _ . 

theref0re ^4331012= 3^9691 = 1 * 06 - 

224 7 x 32 

5. Here a=log-224=log — =log ^-^-=^7 + 5^ 2 -3; 

6=logl25=log^?=3-31og2. 

o 

From the second equation we have log 2 = - (3 - b) ; and then substituting 

o 

in the first equation we have log 7 = a + 3 - 5 (3 - b). 

6. 725 lies between 6 s and 6 4 ; and therefore the characteristic of the 
logarithm of 725 to the base 6 is 3. 

Then . log 4/(-0725)=|log-0725=|log 1 -^ 5 ; 

and TTzzzR ^es between « and — , that is between 6" 1 and 6~ a . Hence 
10000 o 3o 

1 725 1 2 

n log ttzzzr to the base 6 lies between - ¥ and - -= ; and thus the charac- 
5 llHXJU o o 

teristic will be -1, since by supposition the decimal part of a logarithm 

is positive. 

7. Log405=log(81x5)=log^81x^=log?^H=41og8 + l-log2; 

therefore 41og3=log405 + log2-l=fc-908485; 

therefore log 3 = -477121. 

8. Log 98 =log (2 x 7 2 ) = log 2 + 2 log 7 = -301030 + 1-690196 = 1-991226 ; 

l0g (3i3) 4 = N44 l0 «? = ^ 2l082 - 81 ° g7) 
= -•966617=1-033383. 

9. Log (-0020736)* = | log -0020736 = | log ^? 

= 5log^- 8 = |{41og3 + 81og2-7} 
= -•89443 = 1-10557. 



11. 
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10 -?- = !-! ±-1 1 6 _ 1 i 

" £ \1~\1 9 LTli'lf E~J*~H' mmm 

thus we see that the series =7^- r-+ —+ =^-i 

[2 [3 [4 |5+--« • 

_1 1 1.2 1 
[2 2* [2 ""2' 

1+21 2. 31 1 
(£ 2' |3 ~2'1» 

1+2+3 ^1 3^4_1 1^ 

[4 2 - J£ ~2'[2» 

1+2+3+4 1 4.5 1 ^ 

_ „ 1 + 2 + 3 + .. .+w 1 »(»+l) 1 
andgenerally — r— = «• -ittt =s- 



n + 1 2 n+1 2 n-1" 



Thns we see that the series =5 |l+j + -^ + T3+-J = 



e 
2 m 



12. 4sin2sin(x-a) = 2oosa-l; 

therefore 2 {cosa-cos (2z-a)}=2cosa-l; 

therefore eos(2aj-a)=2> 

therefore 2x-a=2mr±- . 

o 

13. cos/3 v /(a 2 -x 1 )=xBin/3-asina; 

therefore cos s /3(a a -a; a )=* 8 Bin a /3-2a»sin/3sina+a s sin 2 a; 
therefore a£-2a»sin/3sina=a a cos a /3-a a sin a a; 

therefore (x-a sin/3 sin $) s =a a cos*/*- a a sin a a+a 9 sin a /3 sin a a 

= a a cos a /3 - a a sin a a cos* /3= a 9 eos a /3 cos 1 a ; 
therefore x— a sin /9 sin a = db a cos cos a; 

therefore *=a(sin/3sina;fccoB/3cosa)=acos(/3-a) or -acos(£+a). 

14. sina+sin(a5-a)+8in(2a!+o)=sin(a;+a) + sin(2x--o); 
therefore sin a=sin (x +a) - sin (x - a) +sin (2as - a) - sin (2sc+ a) 

= 2 sin a COB*- 2 sin a cos 2a; 



62 X. MISCELLANEOUS EXAMPLES. 

therefore 1= 2 cos x - 2 cos 2a; =2 cos x - 2 (2 cos 3 as - 1) ; 

therefore 4 cos 1 as - 2 cos £-1=0. 

By solving this quadratic in the usual way we obtain cosa;= —~— . 

Taking the upper sign we have cos x= cos ■= , and therefore x=2nir±- . 

5 5 . 

8r 3r 

Taking the lower sign we have cos a; = cos -=- , and therefore x=2ut± -=- . 

5 5 

15. cos ( «+n) a+oos (*+q) a=sino; 
therefore 2 cos (a +1) a cos -=sina=2sin- cos - ; 

therefore cos (as+ 1) a=sin - =cos ( ~ ~ q) • 

Hence all the solutions are contained in ^ 

(a J +l)«=2nr±^-g, 

16. x 3 cos o cos /a-£)+xcos(a-£)=2cos?; 

«v 2 cos £ 

., , ascosfa-fl) 2 

therefore ** + ; r -, / 8\ ; 

cos a cos I a - ^ J cos a cos ( a - ^ ] 

therefore U «"\-* V- _!Tl , «*«-<»> 

1 2cosocosf a-|jj cosacosfa-^J 4 cos* a cos 1 («-s ) 

cos , (a-/9) + 8cosaco8|cos (<*-§) 

4 cos* a cos 8 ( a-s) 

_ cos* (a - /3) + 4 oos a { cos a 4- cos (a - /3) } 

4cos I acosMa-^ J 
_ {cos(a-/3) + 2costt} 1 , 
4 cos* a cos* (a-s) 



cos 



therefore x + wg \ a "P ■ = ± 



(a -ft) . cos (a -ft) + 2 cos a 



2 cos a cos f «-?) 2oo8ocos(o-^j 
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Taking the upper sign we have 

2 cos a 



05 = ' 



2 cos a cob (a-s ) 

Taking the lower sign we have 

cos a + cos (a -B) 



= sec(a-f) 



cos a cos 



F5 



2cos(a-S^cos^ 



M 



2 fl 

= - 2 cos ^ sec a. 



cos a cos ( a - h ) 
Or we may write the proposed equation in this form 

a: cos a jxcosf a-|j-lj + 2 J a; cos (a-|j -if cos|=0; 

and then the two values of x which satisfy it are obvious. 

17. cot 2*- x a - cot 2*o = cosec 3o ; 

put y for 2* _1 a; thus cot y -cot 2y= cosec 3a; 

.. - cosy eos2i/ 

therefore - T — £ _ — /=cosec 8a; 

sin y sin 2y 

sin (2y — y) 1 

therefore -: — ^4— ^ =ooseo3a=-r— ^-; 

Sinysin2y Bin 3a' 

therefore sin2y=sin8a, that is sin 2*a=sin 3a. 

Thus the general solution is 2*a =tix + ( - l) n 3a. 

18. i»vers0=nvers(a-0); 

therefore fli(l-cos0)=w{l-cos(a-0)}; 

a — 

therefore 2m sin 8 5 = 2n sin 8 -y ; 

therefore sin^— ==(-] sin s ; 

2 \n J 2 

therefore BingOoss-cos^ Binjr = ( — J Bm^ 

Divide by cos-; thus we obtain a simple equation for finding tan- . 
2 2 
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19. cosn0 + cos(n-2)0=cos0; 

therefore 2cos(n-l)0cos0=cos0; 

therefore either cos 0=0, or cos(*-l)0=x. 
If cos 0=0, then 0=m*-+ ^ . 
If oob(w-1)0=s, then (it-l)0=2«Mr±£. 

20. sin 0+ sin 30= sin 20+ sin 40; 

therefore 2 sin 20 cos 0=2 sin 30 cos 0; 

therefore either cos 0=0, or sin 20= sin 30. 

If cos 0=0, then 0=iwr+ ^ . 

If sin 20= sin 30, then sin20-sin30= 0; therefore 2 sin -cos— =0; 

therefore either sin-=0, or cos — =0: taking sin- = we have s = nT > 

, . , . 50 A , 60 w 

and taking cos— =0 we have — =nr+ ~ . 



The seven values greater than and less than 2r are 

ir 3x 6r 7r 9r *■ , 3r 
5' 5' 5' 5' 5'2 ana 2' 

21. tan*=tanfltan(x+a)=^A ( ^ ± ^^; 
mu* «mpwuu.*-r«; i-tan*tana 9 



therefore tanz(l-tana;tana)=tan/3(tanx+tana); 

therefore tan' a; tan a + (tan -- 1) tan x+ tan a tan 0=0. 

By solving this quadratic in the nsnal way we obtain the values of tanas. 
It is known by the theory of quadratic equations that for the values to be 
real we most have (tan /3 - 1)'- 4 tan 9 a tan/3 positive or zero. 

And (tan/3-l)«-4tan*atan0. 

=tan*/3-2tan/3-4tan»atan/M-l 

= {tan/3-(l+2tan»a)}»+l-(l+2tan*a)« 

= jtanfi-I±^} f -i^ 
( r cos'a cos'a)( r cos* a cos* a J 
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This expression then mast be positive or zero, and therefore tan/3 must 

tot lie between ( — - ) and ( ^^ J . 

\ cos a / \ cos a / 



22. tan (?- $\ + tanf^ +*) 

8in (j-') Bin (i+ g ) 



Thus 



therefore 



CO8 (l"0 OO8 (i +d ) 



. T 

sin- 



008 

2 



(i-') cos (i + ') Bin (l+ e ) eoB (l +0 ) 



. . _ cos20* 
sin 



™(h 20 ) 



2 = /8 > /a\4. 

cos 2^ \1+V2/ ' 

cos 2d A+n/2\4 
2 ""V8V2 J J 



therefore cos* 20 = — — -Y - : 

2V2 ' 

therefore 2cos 2 20-l=^^-l = i-; 

V2 V 2 

therefore cos 40 = — = cosw ; 

therefore the least value of is given by 40=- . 

23. sin 3 (w + 1) 0=sin f n0 + sin a (n- 1) ; 

therefore sin* (n + 1) 6 - sin* (n - 1) = sin 3 n0 ; 

therefore sin 2n0 sin 20 = sin 9 n0. (Art. 83. ) 

T. T. K. TL 
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But (n + l)0 + (n-l)0 + n0=ir; 

therefore 3n0=*-; therefore n0= - ; 

o 

2t ir 

therefore sin 20 sin — = sin 2 - ; 

o o 

therefore Bin 20 = sin - ; 

o 

thus 20= 5 ; therefore = 5 « But n0 = s ; and therefore n=2. 
o o o 

24. cos* - cos 2 a = 2 cos 3 (cos - cos o) - 2 sin 8 (sin 0- sin a) ; 

.. - ,. . cos 80+ 9 cos 0. . . 

therefore cos 1 - cos 2 a = 5 (cos - cos a) 

3 sin - sin 30 , . _ 

(sin - sin o) ; 



2 

therefore 2 (cos*0 - cos* a) = cos 30 cos 0+ sin 30 sin - cos 30 cos a - sin 30 sin a 

+ 3 cos s 0-3 sin 2 - 3 cos cos a+3 sin sina ; 

therefore cos (30 - 0) - cos (30 - a) - 3 cos (0 + a) =3 sin 2 - cos 2 0-2 cos 2 a ; 

therefore cos 20 - cos (30 - a) - 3 cos (0 + a) = 3 - 4 cos 1 0-2 cos 1 a 

= 3-2(l + cos20)-(l + cos2a) 

= - 2 cos 20 - cos 2a ; 

therefore 3 cos 20-9 cos (0 + a) - cos (30 - o) + cos 2o = ; 

., , D . 30 + a . a-0 . (30 + a) . 30-3a A 

therefore 3 sin sin — — + sin-* — 5 — ' sin — 5 — = ; 

a A m a 

., , . 30 + a ( . 3(0-a) D . 0-a) n 

therefore sin — - — jsin — ^ — ' - 3 sin — —\ =0 ; 

therefore 4 sin — 5-^ sin 8 — ^ = 0. 

„ ... . 30 + a A . 0-a A ., . . 80+a 

Hence either sin — - — =0, or sin -5— =*0; the former gives — - — =nr % 

and the latter gives — — =wr. 

25. Let denote an angle having the same sine as a, so that 
sin = sin a ; thus cos ( - |j = cos ( ^ - a J ; therefore all the solutions 

are comprised in 0-^=2nr±f ^-a) , 



COS 
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26. Let denote an angle having the same cosine as a, bo that 
= cos a ; thus sinf^-^J = sin(a-^\; therefore all the solutions 

are comprised in 0-~=mr + (-l) w (a-£). 

27. By Art. 101 it follows that the upper sign ought to be taken 
if g lies between n 360° + 225° and n 360° + 405°; in this case A lies be- 
tween 2ti360°+450° and 2n360°+810°, and .4+270° lies between 2n360°+720° 

A + 270° 
and 27i360° + 1080°, and therefore _. n lies between 2n + 2 and 2n + 3: 

oo0 u 

thus the integral part of this fraction is an even number, so that denoting 

it by m we have ( - l) m positive. 

In precisely the same manner we find that the present example agrees 
with Art. 101 for the case in which m is odd. 

28. First suppose the number of degrees in A to lie between n360 and 

n 360 +90 ; then tan J. and tan - are both positive, and therefore the upper 

A + 90 
sign must be taken in the ambiguity. Also in this case lies between 

loO 

*360+90 , n360 + 180 .,..,. 1 , . - .. A 

— — and =^r , that is between 2n + ^ and 2»+l; so that m 

is even. 

Next suppose the number of degrees in A to lie between n 360 +90 and 

n 360 +180; then tan ,4 is negative, and tan ^ is positive; and therefore 

A + 90 
the lower sign must be taken in the ambiguity. Also in this case — — — 

loO 

lies between 2n+ 1 and 2n+ 2, so that m is odd. 

Similarly we may proceed if the number of degrees in A lies between 
n 360 + 180 and n 360 + 270, or between n 360 + 270 and n 360 + 360. 

It will be observed that in this and the preceding example the greatest 
integer in a certain expression means that integer which with a positive 
proper fraction constitutes the whole expression. 

Or we might treat the example thus : 

± V(l + tanM)= ± ^^ [ = ±c -i 1 ; 

1 



, . . 4 1-COBi C08ii 

but tan — = 



-1 



2 sin A tan A 

hence the ambiguity in =fc\/(l + tanM) must be so taken as to ensure that 
the sign is the same as the sign of cos A , and it is easy to shew that ( - l) m 
is of the same sign as cos A when m has the prescribed value. 
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29. tan (cot x) - cot (tan x) ; 

therefore tan (cot x) = tan j - - tan xi ; 

therefore, by Art. 68, all the possible solutions are comprised in 

cot x=nir+ 5 - tan x ; 

therefore cot x + tan x=nr+r; 

,, . cos a? sinaj tr 

therefore - — + =nt+r; 

sin x cos x 2 

therefore — = «-^— ; 

sin x cos x 2 ' 

therefore sin x cos x = 



therefore sin 2x = 



4 



(2»+l)ir - 
The value n= - 1 would make sin 2a? greater than unity. 

30. 2cos s -5=l + cos^; 
therefore 4 cos* -^ = 2 + 2 cos .4 ; 

therefore 2 cos -^ = V(2 + 2 cos 4 ). 

-4 A 

Again 2cos* T =l + cos I7 ; 

A A 

therefore 4 cos 2 — = 2 + 2 cos « ; 

4 2 

therefore 2cos-£ = ^f2+2cos~)=V{2+V(2 + 2cos;l)}. 

Similarly 2 cos g-=V[2 + V{2 + V(2 + 2cos^)}]; 

and this process may be continued to any extent. 

31. Change x successively to ~-x and -+«; thus 

4 4 

(,-f).*^|u».(s,-|)|-,yiIp, 



COS 



or 
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and cob (£+*) = * \/2 ji + o 08 (| +2x )| = * V "™ * • 

Then putting for cos (--a?} and cosf^+aj) their values we have 

1 1 . /l + sin2a; ,, x 

V2 COSaJ+ v2 SmaJ = =fc V — 1 (1) ' 

1 1 • /l-sin2aj 
and ^2 COSaJ -^2 8ma5==± V 2 (2} * 

Hence by subtraction we find the required expression for sins. In (1) tho 

upper or lower sign must be taken according as cos I x - j ) is positive 

r 11 

negative, that is according as a-j lies between 2»ir - 5 «r and 2nx + s x, or 

1 Sir 

between 2»t+^t and 2wr+-2-. Similarly we can determine the sign to 

be taken in (2). 

32. Let k denote the value which the expression retains for all values 
of 6, so that 

A cos(fl + a)-f,gBin(fl+/3) 
A'Bm(0 + a) + B'coB{0+p)~ ' 

then AcoB(6 + a) + BBin(O + p) = k{A'Bhi{0 + a) + B'cos(6+p)}; 

therefore cos 6 (A cos a + B sin p) + sin $ {B cosp-A sin 0) 

= k cos 6 (A' sin a + J?' cos p) + fc sin (A' cos a - i?' sin p) ; 

therefore cos0{4cosa+2?sinj8--ft(\4'sina+2?'cosj3)} 

+ sin {B cos/3- A sin a- k (4' cos a - 2?'sin/S) } =0. 

Now this is to be true for all values of 0. Put for in succession 

and 5 ; thus we obtain the following two results : 

■A gob a + B Bin p=k (A' Bin. a + B' cos p), 
B cos p - A sin a = & (4' cos a - J?' sin p) ; 

and it is obvious that if these hold the original expression does always 
retain the same value. 

By cross multiplication we obtain 

(A cob a + B Bin p) (A'cob a- B' Bin p) = (A' BW.a + B' cob p) (B cob p - A sma) ; 

therefore A A ' cos 3 a - BB' sin 2 p + (A'B - AB^ cos a sin p 

= BB' cob* p-AA'Bitfa+lA'B-AB^Bina cob P; 

therefore A A' - BB' = {A'B - AB') sin (a - p). 
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33. Let A denote the sum of the two angles x and y. Then 

o • x '+y x ~y e% • a. *-y 

sin aj+ sin y=2 sin -^--cos — -=2 sin — cos — ^ ; 



iOOlUU JUS TTJULUJJ. UUS 

greatest, that is when x-y=Q, that is when aj=y. 



and the numerically greatest value of this expression is when cos > y is 



. • ± ,x sin a; sin y sinte + v) 

Again tanar + tany = H - = * ^ 

cos a cosy cos x cos y 



bid. A 2 sin ^ 



cos x cos y 2 cos x cos y 

2sinil 2sin^ 



cos (a; - y) +cos (x+y) cos (a; - y) + cos J. ' 

and if cos A is positive the numerically least value of this is when 

cos (x - y) — 1, that is when x=y. 

34. By Art. 114 we have 

tan A tan B + tan B tan C+ tan C tan J. = 1 ; 

therefore tan 8 A + tan 9 B + tan 2 C= 1 + 5 (tan A - tan .B) 2 

+ 1 (tan jB - tan <7) s + £ (ton C - tan 4) 2 . 

Hence the least value of the expression is when tan A- tan B, tan 2?- tan C, 
and tan C- tan A all vanish ; and the value is then unity. 

35. By Art. 114 we have 

tan A + tan B+ tan C— tan A tan B tan C; 

therefore . . + — — = + 



cot A cotB cot 0~~ cot A cot B cotC ' 
therefore cot 2? cot C + cot .4 cot C+ cot .4 cot B = 1 ; 

therefore cot 2 A + cot 2 J? + cot 2 G 

= 1 + ? (cot 4 - cot £) 2 + 1 (cot J? - cot C) 2 + 1 (cot (7- cot A) 9 . 

Hence the least value of the expression is when cot^i - cot!?, cot B- cot C, 
and cot C- cot A all vanish ; and the value is then unity. 
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-»* xr. i« a cos B cos C 

36. cot2?+cot<7-cosecii=-; — - + 



sin 2? sinC Bin A 

s in^+ff ) _1 sln^ 1 sin 8 ,4 - sin £ sin (7 

~~BmBsmC buiA~~ smBBinC sinA ~~ sin 4 sin i? sin (7 

* 

Proceeding in this way we find that the difference of the two given 
expressions is equivalent to a fraction with the denominator sin A sin B sin (?, 
while the numerator is 

sin* -4 + sin 2 ^+ sin 1 (7 -sin 5 sin (7 -sin (7 sin ^1 -sin^sini?, 
that is -(8in4-smi?) 8 +5(sm2?-sin(7) 8 +2(8intf-Bin-4) 8 . 

This expression is never negative. 

37. Suppose A, B, C to be three acute angles such that 

cos' A + cos* B + cos a C= 1, 

then cosM=l-cos , C-cos a 5=sin a C r -cos a 5 

= - cos (C- B) cos {C+ B). 

This shews that C+B must be greater than a right angle. Now if we 
take A f = 180° - C- B we shall have cos 2 A' numerically equal to cos 8 (B + C), 
and therefore numerically less than cos {O-B) cos (<7+ B) ; for we may sup- 
pose C not less than B, and then C-B is less than 180° -O-B. Hence 
cos 9 A is greater than cos 3 A\ and A is less than A' t and therefore ,4 + B+ C 
is less than 180°. 

38. By Art. 113 we have sin .4 + sin B+ sin Q -sin (4 + B+ C) 

=sin.4(l-cosi?cosC , ) + sini?(l-cos C gob A) +&W.C {I- sob A cos 2?) 

+ sin A sin B sin C; 
and as -4, B, and (7 are acute this expression is necessarily positive. 

/ a \n* 

39. Let u = ( cos - J ; 

ft w* ^ tt\ 

therefore log u = n 9 log cos - = — log ( 1 - sin 2 - ) 

n & \ nj 

nM.-al.^al.-a, ) 
= - o jsin 8 - + 5 sin 4 - + 5 8in 6 -+....[. 
2 ( n 2 n 3 n ) 

. a 
sin- 

Now nsin- = a— , and this is equal to « when n is indefinitely 
n a 

n 

increased; and therefore » 8 sin 2 - is equal to a 8 . 

n 
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Then n , sin 4 -=n*sin , -xsin a -: and this vanishes when n is i 
n n n 

finitely increased. Similarly the other terms in logw vanish, and ai 
Art. 150 their sum vanishes also ; and thus log t* = - - ultimal 

Therefore u=e *' 

40. Let « = (cos- J ; therefore 

log u = n 3 log cos - = -jr log f 1 - sin 2 - ) 

= --jr Jsin a - + 5 sin 4 - + "Sin 8 -+ .... . 
2 ( n 2 n 3 n ) 

Now we have shewn in solving the preceding Example that n* sin s - 

n 

ultimately; hence n 3 sin 2 -=no a , and so becomes infinite. Thus the 1< 

n 

rithm of tt is negative infinity, and therefore u vanishes ultimately. 

41. sin0-(tan0- 5 tan 8 0) = sin0-tan0+ s tan 3 

sin 1 sin 8 sin , 1 

= sm - + s — ^ = — ^ { cos 3 - cos* + s sn 

cos 2 cos 8 cos 3 * 2 

= S1P m / , {2 cos 8 0-2 cos 2 + 1 - cos 8 0} 
2 cos 3 ' ' 

sin (1 - cos 0) _ „ . .„, 

= ^ — ,-s — - {1+ cos - 2 cos* 0} 

2 cos 3 * ' 

__ sin (1 - cos 0) (1 - c o s 0) (1 +2 cos 0) 
~~ 2~cos jr 



sin0(l-cos0)«(l + 2cos0) , . , . 
= J ir^aza » which is positive. 



2 cos 3 
42. Let « = (^— -) ; then 



log 14 = 05 log = flfl0g (l--) 

(1 1 1 ) 

-~ X \x + 2x~* + Sx 3+ ""\ 



Thus the logarithm is always negative, and as x increases the logari 
diminishes numerically, and so u increases ; when x is infinite log u= • 
and therefore u=e~\ 
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1. 

this gives 
therefore 

2.. -0288558 
-0288152 

•0000406 

this gives 

therefore 
3. 



4-0948553 
4-0948204 

•0000349 



CHAPTER XI. 

1 : -35 :: -0000349 : *; 
x =-0000122; 



log 12440 -35 = 4-0948326. 



•0288355 
-0288152 



•0000203 

a=-00005; 

log 106865 =-0288355. 



0000406 : -0000203 :: -0001 



*; 



4-3702725 
4-3702540 

•0000185 



log 23456 =4-3702540 
add for 3 555 

8 1480 



1 
2 
3 

4 
5 
6 
7 
8 
9 



185 

370 

555 

740 

925 

1110 

1295 

1480 

1665 



4-370261030 
therefore retaining 7 places of decimals 

log 23456-38 =4-3702610, and log -2345638=1-3702610. 

- (1-8753145) = 2-1246855. 



4. 



•1246998 
•1246672 



•1246855 
•12466Y2 



•0000326 



this gives 

therefore 

therefore 

5. 

his give* 

herefore 

berefore 



•0000183 

x =-000056; 

log 1-332556 = -1246855, 

log -01332556=2-1246855. 



•0000326 : -0000183 :: -0001 : x; 



•5860356 
-5860244 

•0000112 



•0001 : -00004 :: -0000112 : x; 
x= -0000045; 
log 3-85504 = -5860289; 
log -00385504 =3-5860289 ; 



herefore log (-00385504)* = ~ (3-5860289) = ^ ( - 4 + 1 -5860289) = 1-3965072. 
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6. log (24)* = ^ log 24 = -6901056. 



•6901074 -6901056 
•6900986 -6900986 



0000088 : -0000070 :: -0001 : * 



•0000088 -0000070 
this gives x =-000079; 

therefore log 4-898979 = -6901056 ; 

therefore • (24)* =4-898979. 

7. log (142 -71)* = ^ x 21544544 = -3077792. 

•3077954 -3077792 

•3077741 -3077741 ^^ ; ^^ js 



•0000213 -0000051 
this gives se=-24; 

therefore log 20313-24=4-3077792; 

therefore log 2*031324 = -3077792 ; 

therefore (142 -71)* =2031324. 

8. log (-07)* = ^ log -07 = ^ (2-8450980) = g ( - 5 + 3-8450980) = 1-7690 



•7690227 -7690196 
•7690153 -7690153 



•0000074 : -0000043 :: 1 : *; 



•0000074 -0000043 
this gives a*=-58; 

therefore log 58751-58=4-7690196; 

therefore log -5875158 = 1-7690196 ; 

therefore (-07)* = -5875158. 

,. w(W-w(ft)»-*.(S)»-i«(£)« 

= log(iV= -glogl6= -| log 2= - -2408240 

= 1-7591760= log -5743491 ; 
therefore ( -0625)* = -5743491. 

10. log (27) " * = - hog 27 = - ^ (1-4313638) = - -2862728 
= 1-7137272 = log -5172818 ; 
therefore (27)"*= -5172818. 
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11. log 71968-6 =4-8571394+^ of -0000060= 4 -8571430 ; 

log. (-0719686)* = I (2-8571430) =3 ( - 8 + 6-8571430) =r-8571429. 

But log -719686=1-8571430; therefore (-0719686)*= -719686. 

12. log (l-03)~ w = - 10 x -0128372 = - -128372 *= f-871628 = log -7440942 ; 
therefore (1-03)- 10 = -7440942. 

13. log (1-05)-*°= -20 x -0211893= - -423786 = 1-576214= log -37689 ; 
therefore (1-05)-*° = -37689 ; 

therefore 64 {1 - (1-05)- 80 } = 64 { 1 - -37689} 

= 64 x -62311=39-87904. 

14. Denote it by «; then logte=v51og5=2 V51ogV5; 
therefore log (log u) = log 2 + log ^/5 + log (log V5). 

Now log y/5 =^ log 5 =^ log — = - (1 - log 2) 

= ^ (1 - -301030) = ^ (-698970) = -349485, 

log (log V5) = log -349485 = 1-543428. 

Therefore log (log u) = -301030 + -349485 + 1-543428 = -193943. 
Therefore log «= 1 -562944. 

•563006 -562944 

-562887 -562887 . 00 oil9 : -000057 :: -001 : ,; • 



•000119 -000057 

this gives x =-00048; therefore u- 36*5548. 

15. logl44=log 12 a =2 log 12 = 2-1583624 ; 

log (l-44)-« = - 6 log 1-44 = - 6 (-1583624) = - -9501744 
= 1 -0498256 =log -1121568 ; 

therefore (l-44)-« = -1121568. 

log (1-44)-"= - 12 log 1-44= - 12 (-1583624)= - 1-9003488 
=2-0996512 =log -01257915 ; 
.^-therefore (l-44)~ w = -01257915 ; 

therefore (1 -44)-« - (1 -44)- u = -1121568 - -01257915 = -09957765. 



i - 
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16. log n-7^ = - 13 log 105= - 13 (-0211893)= - -2754609 

=1-7245391= log -5303214; 
1 



therefore 



(l-05) ia 



= -5303214 ; 



log mgrfc = - 20 log 1 -05 = - 20 (-0211893) = - -423786 
= l-576214=log -3768894 ; 

theref ° re (l4p = ' 3768894; 

therefore ^ j^ - ^| = 20 { -5303214 --3768894} 

= 20 x -153432=3-06864. 



17. 


•7431448 






•7313537 
•0117911 


60' : V :: -0117911 : x; 


this gives 




x ='0001965; 


therefore 


sin 47° 1'=' 


7313537 + -0001965 = -7315502. 


18. 


•1270646 






•1267761 
•0002885 


60" : 25" :: -0002885 : x\ 


this gives 




s= -0001202; 


therefore 


sin 7 e 17' 25" 


= -1267761 + -0001202 = -1268963. 


19. 


9-4663483 






9*4659353 
•0004130 


60" : 12" :: -0004130 : a-; 


this gives 




sc= -0000826; 


therefore 


L sin 17° 0' 12": 


= 9-4659353 + -0000826 = 9-4660179. 


20. 


9*6482582 






9 6480038 
•0002544 


60" : 12" :: -0002544 : *; 


this gives 




x =-0000509; 


therefore 


L sin 26° 24' 12" = 9 -6480038 + -0000509 = 9-6480547. 


21. 


9-5052891 






9-5048538 
•0004353 


60" : 35" :: -0004353 : *; 


this gives 




x =-0002539; 


therefore 


L cot 72° 15' 35" = 9*5052891 - -0002539 = 9-5050352. 
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22. 9*1604569 

9 'wwl * 000W86 : ' 0001076 - :10: ^ 

this gives se=7; therefore the required angle is 81° 46' 7". 

23. 9-9713383 

9 -0000032 '0000079 : -0000032 :: 10 : x; 

this gives x=4; therefore the required angle is 20° 35' 20" -4", that is 
20° 35' 16". For as the L cosine increases the angle diminishes. 

24. 60" : 26" :: -0000865 : x; 
this gives a-= -0000375 ; 

therefore L cos 34* 24' 26" =9 9165137 --0000375= 9-9164762. 

Again 9*9165646 

-0000509 '0000865 : -0000509 :: 60 : x ; 

this gives as = 35; therefore the required angle is 34° 24' -35", that is 
34° 23' 25". 

25. Since sec x cos = 1, we have log sec + log cos = ; 
therefore L sec + L cos - 20 = ; therefore L sec = 20 - L cos 0. 

We shall first find L cos 37° 19' 47". 

60" : 47" :: -0000963 : x; 
this gives s= -0000754; 

therefore L cos 37° 19' 47" = 9-9005294 - -0000754 = 9-9004540. 
Then L sec 37° 19' 47"= 20 - 9-9004540 = 10-0995460. 

Next find L sin 37° 19' 47". 

60" : 47" :: -0001657 : x; 
this gives *= -0001298; 

therefore L sin 37° 19' 47" = 9 -7826301 + -0001298 = 9-7827599. 

Then tan — . ; therefore log tan = log sin - log cos ; 

cos0 ° ° © > 

therefore Ztan0-lO=Zsin0-lO-(Zcos0-lO)=£Bin0- J&cos0; 

therefore L tan 0=lO + £sin0-Z cos 0. 

Thus L tan 37° 19> 47" =10 + 9 '7827599 - 9-9004540 =9-8823059. 
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26. 60" : 24"-6 :: -0001998 : as; 

this gives as=-0000819 j 

therefore L sin 32° 18' 24"-6 = 9*7278277 + -0000819 = 9 -7279096. 

60" : 24"-6 :: -0000799 : x; 
this gives s= -0000328; 

therefore Z cos 32° 18' 24" 6 =9-9269913- -0000328=9-9269585. 
And L tan 32° 18' 24"-6 = 10 + L sin 32° 18' 24"-6 - L cos 32° 18' 24"-6 

=98009511. 

CHAPTER XII. 

1. Let A BCD denote the rectangle. From A draw AP perpendicular 
to the diagonal BD ; and from P draw PM perpendicular to £C, and PN 
perpendicular to CD. 

Let the angle DBA he denoted by a ; then 

AB=c cob a, BP=AB cos a=c cos 8 a, 
PM=BP cos BPM-BP cos a=c cos 8 a. 

Thus denoting PM hy p we have p = c cos 8 o. 

Similarly AD=CBxn.a, P2) = XD sin PAD= AD an a=e sin 51 a, 
PN=PD sin PDN=PD sin a=c sin 8 a. 

Thus 5=csin*o. 

Therefore p* + g* = (c cos 8 a)* + {c sin 8 a)* = c* (cos 8 a+ sin 8 a) = A 

2. Let a denote the radius of the larger circle, and b the radius of the 
smaller circle. Let x denote the distance of the point of intersection of the 
two common tangents from the centre of the larger circle; therefore z-a-b 
denotes the distance of this point from the centre of the smaller circle. 

m . a , . . * 

Then sin - = - , and also sin - = 



x' 2 x-a-b* 

therefore as = — — ;, and x-a-b= ; 

. 

Bm 2 ""j 

therefore, by subtraction, a + b = ^—- ; 


sin- 

., t . a-b ., £ 2y/(ab) 

therefore sin- = r ; therefore cos s = . ; 

2 a+b 2 a+b 

and ginfl=2sin 5 cos 5 = v . '?* ' . 

2 2 (a+b)* 
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3. sec a sec + tan a tan = sec 0; 

therefore sec a sec = sec /3 - tan a tan ; 

therefore sec* a sec 3 = (seo /3 - tan a tan 0) s ; 

therefore sec* a (1 + tan* 0) = sec 3 /3 - 2 sec /3 tan a tan + tan* a tan 5 ; 

therefore (sec 2 a - tan 8 a) tan 2 + 2 sec p tan a tan = sec* /3 - sec 2 a ; 

therefore tan 2 +2 sec/3 tan a tan 0= sec 2 /3- sec 2 a; 

therefore (tan + tpn a sec /3) 2 = sec 2 /3 - sec 2 a + tan 8 a sec 2 /3 

= sec 2 /3 sec 3 a - sec 2 a = tan 2 /3 sec 2 a ; 
therefore tan + tan a sec /3 = ± tan /3 sec a ; 

therefore tan = - tan a sec /3 ± tan /3 sec a 

_ sina sin/3 __ -sina±sin/3 

cos a cos/3 cos/3 cosa cos a cos p * 

a /? ft ft 

sin -cos 20 sin 5 cos 20 sin 2 sin 2 5 cos 5 cos 20 
m A 2 2 2 

vers cot ~ vers cos (1 - cos 0) cos 

OB & 

2 sin 2 - cos jr cos 20 cos - cos 20 

n . ,0 „ ~ COS0 

2 sin 2 h cos 
and the value of this is unity when 0=0. 

tan 2 sin 2 (9 sin 2 cos 20 



sec 20 - 1 cos 2 (sec 20 - 1) cos 8 (1 - cos 20) 

_ sin 2 0cos20 _ cos 20 
~ 2cos*0sin 2 ~0 ~ 2 cos* ; 

and the value of this is - when 0=0. 

2 



cos - 

c x * /i . x m x # lai 2 COS ., 

5. cot H - (1+ cot 0) =cot s - cot - 1 = — — - — — „ - 1 
2 * 2 . sin0 

8m 2 



sin cos = - cos sin ^ 



in ^ sin i — I 



. . a . . a sin0 

sin 5 sin sin = sin 

2 2 

iff 

now this is always positive as changes from to t, except when 0=5 > 
and then it is zero. 
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^ . tan0+e-l 

6 ' tan 2 = wT^+i ; 

therefore tan 5 (tan0+c+l)=tan0+<:-l; 

^/2tan| \ 2tan? 

therefore taiizl — — - + c + l ! = — — — — +c-l; 

\x-^\ ) l-tan'< 

/ 0\ 

therefore 2tan*5+(e+l) ( l-tan'vj tan- 



=2tan?+(c-l)(l-tan»Q; 





therefore (c+l)tan s g-(l+c)tan s £ + (l-c)tan5+(c-l)=0; 

therefore (c+l)tan»|(tan|-l)=(c-l)(tan|-l); 



therefore either tan --1=0, or (c+l)tan* 5 =<:-l. 



tc— 1 

Thus tanjr=l, or ±./ — -. 

2 ' V c+1 



7. asec 2 0-&cos0=2a, therefore a-&cos 8 0=2acos*0; 
therefore b cos 8 = a - 2a cos* ; 

again 6 cos* 0- a sec 0=26, therefore J cos 8 0=26 cos 0+ a; 
thus a- 2a cos* 0=25 cos 0+ a; 

therefore - a cos = 6 : therefore cos = — . 

a 

Substitute this value of cos in either of the given equations, for instance 

the first; thus — +-=2a; therefore a 4 +6 4 -2a 5 J*=0; therefore a* =6*. 

or a 

8. a a +&*=(sin a cos /3 sin 0+ cos a cos 0)*+ (sin a cos p cos - cos a sin 0) 1 

= sin' a cos' p + cos* a ; 



. , =sin* a sin 2 fl ; 
sin'0 r 
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therefore a 2 + 6 s + . 2 = sin 2 a cos 3 /3 + sin 9 a sin* £ + cos 1 a 

;=sin 2 a + cos*a=l. 

9. 6+ccosa=i*cos (a-0), & + ccos/3=ttcos(/3-0), 

therefore 26 + c(cos a + cos£) = ttcos(a-0) + t*cos(/3- 0) ; 

therefore 6 + e cos — jp- cos — ^-= m cos f —~- - ) ««° — " . 



cos 



therefore &sec^p- =ttCOS ( ^«p- -0) -coob^-~ (1). 

Again from the first two equations, by subtraction, 

c (cos o— cos P)=u cos (a - 0) - u cos (/3 - 0) ; 

therefore c sin r —^— sin ^ u sin *-^— sin f — ^- -01; 

therefore 0=wsin( -«p--0 ) - csin P (2), 

Square and add (1) and (2) ; thus 
*s«*3=u*+<*-2ttfjcos(^ 

=u s +c a -2ttccos0. 

2a tan tan 2a tan 2a' 



10. atan*0-a;=- 



a-x= 



tan 2a + tan 2a' 
2a tan 



tan2a+tan2a" 
therefore, by subtraction, 

/- ^ • „» 2a tan (1 - tan 2a tan 2a 7 ) 

a(l-tan s 0) = — -* : — <w '* 

' tan 2a + tan 2a' 

tan 2a + tan 2a' 2tan0 

therefore 



l-tan2atan2a' 1- tan 9 ' 
therefore tan (2a + 2a 7 ) = tan 20. 

11. Bin 0+ sin = a, Cos0 + cos0=6; 

square and add ; thus 

2 +2 (cos cos 0+ Bin Bin <f>) =a 2 + 6* ; 
therefore 2 + 2cos(0-0)=a 2 +&*; 

therefore 2 + 2c=a 2 +&*. 

T. T. K. 
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12. xcos0+y sin0=a, xcos(0+2tf>)-y sin(0 + 2<p)=a; 
therefore, by subtraction, 

x[<so60 -cos (0 + 20)} +y{sin0 + sin {0+24)} =0; 
therefore xBhi(d+<p)8in<p+y Bin (6 +<p) cos <p=Q; 

therefore xsin^+y cos£=0 (1). 

Again, by addition, 

as{cos0+cos (0 + 20)} +y {sin 0- sin (0+20)} =2a; 
therefore £CO8(0+0)oos0-ycos(0+0)sin0=a; 

therefore zcos0-ysin0= (2). 

^ 9 * cos (0 + 0) v ' 

Square and add (1) and (2) : thus 

« t a a _ a' a 8 

+ y co8*(0+0)~~l-sin«(0+0)~ a* . . ; 

therefore (x*+ y*) f 1 - *j sin* J =a*. 

But from (1) je t sin , 0=y*oos > 0=y*(l-Bin*0); 



therefore sin 8 4 = -v — -„ . 

^ a^+y* 

Therefore (s*+y») jl- p ^^j=a«; 

therefore ai , +y a =a a +-^- . 

. tanz+tany 

13. tanc=tan (a;+y) = 1 — 7- — *-. 

x 9I 1 -tan x tan y 

Now tanas+tany=a, and cotx+ooty=fr; 

therefore 7 + 7 =6 ; 

tanse tany 

therefore tanx+tany=6 tana tany ; 

therefore «=6tan*taaj,; therefore tenxtany=? ; 

therefore tan c — « 



- a b-a* 
b 

±t * ft — CL 1 1 

therefore cot c= — r- = — r . 

ao a b 



14. 
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ag_ sec*0-coB 8 1 - cos 4 
a ~ seo^T+cos 5 ^ ~ l+cos 4 ^ ' 

26 ,. ,. 1+cob 4 



y cos a ' 

*u * ** ^V* /l-cos^N 8 4cos 4 /l + COS^V * 

therefore - a + ^ = (^^^ j + (1 + ^^ = [j—^ j =1. 

15. (0+6) tan (0-0) = («-&) tan (0 + 0), 

therefore (a+ 6) sin (0-0) cos (0+0) = (a -b) an (0 + 0)cos {$ - 0) ; 
therefore 6{sin(0+0) cos (0-0) + sin (0-0) -cos (0+0)} 

= a { sin (9 + 0) cos (0 - 0) - sin (0 - 0) cos (0 + 0) } ; 
therefore 6 sin 20 = a sin 20, 

and ftcos20=c-acos20; 

square and add ; thus 6 2 =c 3 +a s - 2oc cos 20. 

_ 2sin(0+0Q _tjrin_(0-0O 

b * *"" sin 20 » y "" sin 20 " 

Square and substitute in the first given equation ; thus 

« 8 sin a (0 + 0O * s 8 sin a (0-0O . s 8 ^ 
— a . t L 00s 0= — „ .* „ cos + r - cos / ; 
a* sin 8 20 a a sin 2 20 6* 

, sin 8 (0 + 00 cos 0- sin* (0-00 cos 0__ cos 0\ 

therefore „ — : — ^7^ a — 5 

a 8 sin- 20 cr 

(sin cos & +cos sin 0O 8 - (sin cos 0' - cos sin 00* „ cos 0' 

therefore - . g . .. , — r^ : cos = — — ; 

4a 8 sin- 4 cos' 6-* 

4 sin cos* sin 0' cos fl^ cos 0' 



therefore 



therefore 



4a 8 sin 2 cos 3 6 8 ~ 

sin0 / «* 



sin0 &»• 

17. y cos 0-05 sin 0=a cos 20 (1), 

ysin0+accos0=2asin20 (2). 

Multiply (1) by cos 0, and (2) by sin 0, and add ; thus 
y=a cos 20 cos 0+ 2a sin 20 sin 
= a cos (cos 20+4 sin 8 0) = a cos (cos 8 0+3 sin 8 0). 
Again multiply (2) by cos 0, and (1) by sin 0, and subtract : thus 
x=2a sin 20 cos 0— a cos 20 sin 
—a sin (4 cos 8 - cos 20) =a sin (3 cos 8 + sin 2 0). 
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Thus x + y=a (Bin* <p + cos 3 <p + S sm 2 <p cos <p + 3 cos* <p Bin <p) 
=a(sin0 + co8 0) 3 ; 
and x - y — a (sin 8 0-3 sin 8 <p cos + 3 cos* sin - cos 8 0) 

=a(sin0-cos0) 8 . 

4 4 4 * 

Therefore (a: + yy + (as - y)* = a* { (sin + cos 0)* + (sin - cos 0)* } = 2a 11 . 

18. cos cos + sin sin = sin /3 sin 7; 
therefore sin 2 sin 3 0= (sin /S sin 7 - cos cos 0)* ; 
therefore (l-cos*0) (l-cos*0)=(sin/3sln7-cos0cos0)*; 

., . /., sin*i3\ /, sin*7\ / . _ . sin/3sin7\ a 

therefore ( 1-— , r ) ( l--r-=- L ) = ( smfisiny £-= — -); 

\ sin*a/ \ sin* aj \ * m ° / 

therefore (sin* a - Bin* /3) (sin* a - sin* 7) = sin* sin* 7 (sin* a - 1)* ; 

therefore sin 4 a - sin* a (sin* /3 + sin* 7) = sin*/3 Bin 1 7 (sin 4 a - 2 sin* 0) ; 

therefore Bin* a - sin*/3 - sin* 7= sin* /S sin* 7 (sin* a - 2); 

therefore sin* a (1.- sin* /3 sin* 7) = sin*£ cos* 7 + cos* /3 sin* 7 ; 

therefore *L*—^'*"". y ? 1 ?*f ""% 

1 - sin* /3 sin* 7 

., , „ l-sin*/3sin*7-sin*/3 cos* 7- cos* fl sin* 7 

therefore cos* a = - J . Jl . ' - 

1 - sin 8 /3 Bin 5 * 7 

(sin* fi+ cos* /3) (sin* 7 + cos* 7) - sin' ft sin* 7 - sin* /3 cob* 7 - cos* /3 sin*7 
^ l-Bin*/3 8in a 7 

_ cos* ft cos* 7 
"" 1 - sin* ft sin*7 # 

m , . . , sin* ft cos* 7 + cos* ft sin* 7 

Therefore tan* a = £ ^ r-£ '- 

cos* ft cos* 7 

sin* ft sin* 7 , m n . _ 
= — «£ + — -^=tan*/3 + tan*7. 
cos* ft 008*7. r ' 

in * • n * • n l-8in*0 COB*0 

19. m=cosec0-sin0=- — --sin0= — — - — = — : — -, 

sin0 sin0 sintf' 

1 A l-cos*0 sin s 

n = sec0-coB0 = --cos0= — - — _— = _; 

cos cos cos 

., . cos* sin* _ . A 

therefore TOn= ___^ =cos0sin0; 

sin cos 

therefore einfl-J^L and oog^-.^j 

cos0' sin0 
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therefore 

therefore 
therefore 

therefore 

20. 
therefore 
therefore 
therefore 
therefore 

therefore 



cos 3 j sin 3 

to= , and n= ; 

mn van 

i i 

cob 0=(m 2 n) , and sin0=(m» 8 ) T ; 

cos 8 + sin 8 = (m*n)* + (mm?)* ; 

l = (mn)*{m*+n*}. 

(x sin - y cos 0)' = ac 8 + y 8 ; 

a^+y 1 - (as sin0-y cos 0)* = O ; 

a* cos 8 + 2a;y sin cos + y 2 sin 8 0=0; 

(as cos 0+y sin 0) 2 =O ; 

as cos + y sin 0=0; 

as 
tan0=--. 

V 



Hence we obtain cos 8 0= /, » and sin 8 0=- 1 — -x. 

ar+y 3 « 3 +y 8 

Substitute in the second given equation : thus 

a?+y 8 \«" &V a^ 8 /"" 

a 8 + 6* * 



therefore 

21. 

therefore 

therefore 
therefore 

therefore 



a sin 8 0+a' cos 2 0=6; 
asin 8 + a'(l-sin 8 0)=6; 
6-a' 



Similarly we find 



Bin 8 = 
cos 8 = 

tan 8 = 

tan 8 4' 



>> 



a- a 
o-6 

_ • 

a-a" 

h-a! 

a-b * 

b'-a 



Bat 
therefore 



a 8 tan 8 0= a' 8 tan 8 0'; 



b-al 



a-b 



1 = «'2 



=a' 



b'-a 
a'-b 



i » 
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therefore a 2 (b - a') (V - a 1 ) = a" {V - a) (6 - a) ; 

therefore a*{bV-a'{b+b / )}=a"{W-a(b+b')}; 

therefore W(a 1 -a'«)=aa'(a-a') (b+V); 

therefore 66' (a+a) = ad (b + V) . 

Divide by aa'W; thus -7 + - = v- / + r« 

a' a a 6 

22. w 1 cos 1 + a? sin 8 =-;:- = , =& 8 sin 8 a; 

9 a 2 a* 

therefore ^ (1 + cob 20) + ^- (1 - cos 20) = S 8 sin 1 a ; 

2 2 

therefore a? + y 8 + (y 8 - a 9 ) cos 20 = 26 s sin 8 a ; 

therefore a 8 + J 8 + {(y 8 + re 2 ) 8 - 4^}^ cos 20= 2J» sin 8 a ; 

therefore a 8 + 6 9 + {(a 8 + ft 8 ) 8 - 4a«6 8 sin 8 a}* cos 20 = 26 2 sin 8 a ; 

., , .. 26 8 sin 8 a -ft 8 -a 8 
therefore cos 20 = 



{(a 8 + 6 8 ) 8 -4o 8 6 a 8in 8 o} i 



therefore sin 8 20= -^ 9 Bin 8 a + 46 8 sin 8 a(6 8 + a 8 )-4^sin^ 

(a a + 6 a ) 8 -4a a 6 a sin a a 

4& 4 ein a a(l-sin 8 a) _ 
~(a* + & a ) 2 -4a 2 6 a sin a a ; 

., - . . na 26 8 sin a cos a 
therefore ± sin 20 = - . 

{{a 8 +6 8 ) 8 -4a 2 6 8 sin 8 o} 4 
Hence by division 

2& 8 sin 8 a-b*-a* a* + 6 s cos 2a 



±cot20= 



26 2 sin a cos a 6 s sin 2a 



a 8 



= -cot2a-^cosec2a, 



which we may also express thus 



a 8 



rfc cot 20= cot 2a + To cosec 2a. 

ao T . cos a; cos 2a; , cos 3* , , , . 1 ., 

23. Let , , and each be equal to j ; then 

o 1 = A;cosa;, a s =fccos2x, and a 8 =ft cosSa;. 

Therefore ^ 8 "" ** "* *"* = 2 cos 2g? ~ C08a? ~ cos 3as 
4o s ~" * 4 cos 2* 

2 cos 2x - 2 cos 2a; cos x 1-cosa; . „x 

Bin 8 -. 



4cos2as 2 2 
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sins sin Sx , sin 5s , , . , 1 ,, 

24. Let , , and each be equal to T ; then 

a 1 =isina;, a 3 =Jcsm.dx, and a 6 = k Bin 5x. 

_, . 0,-20. + a K sin as - 2 sin 3se + sin 5x 2 sin Sx cos 2ac - 2 sin 3as 

Therefore -^ -2 — 5 = ^-s = — 6 

Og sin 3a: sin 3a; 

= 2(coa2aj-l)= -4sin 2 a;; 

a. -3a, sin3a;-3 sina; 3 sin x- 4 sin 8 x - 3 sin x . . . 

and — * = ■. = : =a-4sin 1 aj. 

o 1 sin a; sin a; 

Xta, ■ «i-2o3 + o 8 = o lZ 3o, t 

25. Let r denote the value of the fractions which are given equal ; thus 

o 1 = *cosic, o,=fccos(a; + 0), O8=fccoste + 20) f o 4 = ft cos (as +80); 

<h+<h cos a: + cos (as + 20) 2 cos (x + 0) cos _ 

therefore n_J3 = * — i = 1_^ — ^ — =2cos0, 

a, cos(aj + 0) cos(a;+0) ' 

o. + o 4 cos (a? +0) + cos (a; +30) 2 cos (x + 20) cos _ 
md ^ co g (s + 20) = co B (x + 2g) — =2coBg ' 

thus the required result is established. 
. _ cos 2a cos 2a' 

36. «» , *=-^ 6l( — -; 

, ^ cos 8 (a+a')- cos 2a cos 2a' 

therefore cos* <f> = ' , , 

cos 8 (a + a ) 

1 + cos 2 (a + a') - cos 2 (a + a/) - cos 2 (a - a 1 ) _ sin» (a - a') 
831 2 cos 2 "(o + a') "" cos* (a + a') ; 

sin (a - a!) 

therefore cos = ± ——7 — —7; . 

cos (a + a ) 

Take the upper sign ; then cos 4= ; 1; therefore 

r * ^^ ^ cos(a + a / ) 

/ . fx • / i\ Binf J-a-a' |-sin(o-a') 
1 - cos <f> _ cos (a + a') - sin (a - a') _ \2 / v ' 

1 + cos ~" cos (a + a') +sin (a - a') ~" . fx A . 

^ Bin( jr-a-a J+sin(a-a) 

2 sin (j-<*) eog (j~ a ') tan (j" a ) 
2Bin^-a'Jcos^-aJ tan^-o'J 
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tan ' 



— ft 

therefore tan* ^ = ^ 



-A 



Take the lower sign ; then cos #== -. ;- : therefore 

e ' ^ cos(a + a') 

i ^ / a • / a sin( J-a-aM+sinfa-aO 
1 - cos <f> _ cob (a + a') + sin (a - a') _ \2 / 

1 + cos d> ~~ cos (a -J- a') - sin (a - a') "" . (ic A . . A 

2 sin ( j-a'j cos ( £-a) cotfj-a) tanfj+aj 
2ain(£--a)cos^-a') cot^-a') tan^ + a'J 



therefore tan 8 % = 



tan (i +a ) 



tan 



(H 



sin (0- ft) cos a cos (a+0) sin ft _ 
sin (0- a) cos ft cos (0 - ft) sin a ~" ' 

... sin (0 - ft) cos a sin (0 - a) sin ft _ 

therefore 7—^ - + V. ' . r = 0; 

cos(a + 0)cosft cos (0- ft) sin a 

(sin cos ft - cos sin ft) cos a , (sin cos a - cos sin a) sin ft 
(cos a cos - sin a sin 0) cos/3 (cos <f> cos ft + sin £ sin ft) sin a~ ' 

(tan cos ft- sin ft) cos a t (tan cos a - Bin a) sinft _ A 

tnereiore —. ; ; ^ ~ t ■; n , , ~. : ^ m ~~ ** » 

(cos a - sin a tan 0) cos ft (cos ft + tan <f> sin ft) sin a 

tan 0- tan ft tan cot a -1 ■ 

therefore ^ — 1 j— ^ + — . V. , . — — = ° J 

1- tana tan cot ft + tan 

therefore (tan - tan ft) (cot ft + tan <p) + (tan cot a - 1) (1 - tan a tan0) =0 ; 
therefore tan (cot ft + tan a) + tan (cot a - tan ft) = 2. 

But tan0=-tan0.^ COS / (a "f| ; therefore 

r tana cos(a+ft) 

-tan0.(cotft+tana)^££ P^?^ + tan (cot a -tan ft) =2; 
^ * r 'tana cos (a+ ft) 

therefore - tan <f> (cot a + tan ft) cos (a - ft) +tan $ (cot a - tan ft) cos (a +ft) 

=2.cofl(a+ft); 
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therefore tan { cot a [cob (a + /3) - cos (a - /3) ] - tan /3 [cob (a + /3) + cos (a - /3)] \ 

=2 cos (a+/3); 

therefore tan <f> { cot o sin a sin /3 + tan /3 cos o cos /3} = -cos(a+/3) ; 

« m j. cos(a+/S) 1., ... 

therefore tan0=- s * — ."-*- = - (tan a - cot £) ; 

2 cos a sin /3 2 x r/ 

x n x ^ tan/3 cos(a-/3) 

and tand=-tan0-r — " ; ^ 

tana cos(a + /3) 

cos (a - /3) 1 , , . m 

= 75-r-^ ^ = 5 (cota + tan£). 

2 sui a cos £ 2 r 



28. 



sin £ gin sin/3 sin 



1 + x cos(/3-0) cos £ cos 0+ sin £ sin cot/3 cot + 1' 

1+0! 



therefore cot /3 cot + X =- 



2 



X + 35 97 X 

therefore cot/3cot0=-g 1= ~2~~ W« 

. 2 • _ tan (0 - o) __ (tan - tan o) tan /S # 

A 8 ain X + sc~ cot/3 ~ X + tan0tana ' 

therefore 2 (X + tan tan a) = (1 + x) (tan - tan a) tan /3 ; 

xi. m * /, 2 + (X + a;)tanatan/3 

therefore ■ tan0= ., 7 _ — £» (2). 

*■ (l+oc) tan /3- 2 tan o w 

From (X) and (2) by multiplication 

2 + (l + as) tana tan/3 x-1 
P ~(l + x) tan/3-2 tana * ~~2~ ; 

therefore 2 cot/3{(X + a;) tan/3-2 tana} =2 (a; - 1) + (as* - X) tan a tan /3; 

therefore 2 (X+a?) -4 cot/3 tana=2 (x - 1) + (x* - X) tan a tan /3 ; 

therefore as* tan a tan /3 =4 -4 cot /3 tan a + tan a tan /3; 

therefore aj*=4cotacot/3-4cot 3 /3+X 



=2 foot | -tan | J cot/3-4cot f /3+X 
= (cot|-2cot/3 j rtan|+2cot/3^ . 



./»-,• . fl ,, . rt . sinasin/3 

29. sin Bin d»= sin a sin /3; therefore 2sin s cos s = . — — -; 

^ r 2 2 sin 

„ . . . ,0 . . A sin s asin a /3 

therefore 4Bin^-4Bin^ = ** ; ^ 



/ 
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.. . A . A . . 9 , , , sin a asin a fl 

therefore 4sin 4 s -4 8iii a - + l = l . « „ » 

2 2 Bin 3 tf> 

cot»| 
but pin 2 0=- 



a 
COt* 5 + COS* /3 



8m a afcot*|+cos a /3^sin»£ 

therefore 4Bin 4 5 -4Bin*^ + l=l~ ' ( 

2 2 ..a 

cot*^ 

= 1 - 4 sin* | f cot 2 | +wflfi\ sin*/3 
=l-4sin*| rcot*^+l-sin*^ sin*/3 
=l-4sin*5sin s i3+4siii 4 ^sin 4 /3; 

a a 

therefore 2sin*|-l=±^l-2sin a ^sin*i3y 

a 

Taking the lower sign we have sin* «=sin a ^ sin*/3. 

30. sin = » sin ; therefore cos <p = V(l - » a sin* 0) ; 

therefore tan <p = — ^ a . am . 

^ ^/(l - » a sin 8 8) 

XT x. »sin0 . . 2sin0 

Hence we have -^ ., . «^ =2tang= — ; 

V^l-^sin 8 ^) cos0 

therefore w cos = 2 V(l - n* si 118 #) ; 

therefore w a (1 - sin a 0) =4 (1 - » a sin 8 0) ; 

4-n 8 
therefore 3n 8 sin 2 0=4-n 8 ; therefore sin a fl= , . 

Ofl a 

This must lie between and 1, so that 4-n a mnst lie between and 3n a , 
therefore 4 must lie between n* and 4w a ; therefore n a must lie between 
1 and 4. 

31. Assume a?= tan A and y = tan B ; then by Art. 114 we have z— tan C, 
where 4 + £ + (7= 180°. 

Therefore 24+2JB+2(7=360 ; therefore tan(24+2J3+2C)=0; 

i 

and therefore, as in Art. 114, 

tan 2A + tan %B + tan 2(7= tan 2A tan 2 JB tan 20 ; 
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., . 2 tan A 2tanJ3 2 tan (7 

_ 2tan4 2tanJ3 2 tan C 
-"1-tanM ' l-tan 2 J3'l-tan 2 <r 

32. v sin e=sin z=sin (2*- -x-y)=- sin (x+y) 

= - sin x cos y - cos as sin y = - v Bin a cos y - 1; sin b cos x. 
Therefore either v=0; or sin <;= - sin a cos y - sin b cos x. 
Take the latter, thus sin a cos y= - sin c- sin J cos x ; 

but sin a sin y = sin 6 sin x; 

square and add, thus sin 2 a = sin 2 6 + sin 2 <; + 2 sin 5 sine cos x; 

., . sin* a -sin 2 6- sin 2 c 

therefore cos x = rt . , . . 

2 sin o sin c 

Similarly cosy and cos 2 may be found, and then v. 

If v=0, we have sinx=0, siny=0, and sinz=0. This will give us three 
solutions; x=0, y=T, 2=tt; x=ir, y=0, z=t; x=w, y=7r, 2=0 : and also 
three solutions, x=0, y=0, z=2rr; x=0, y=2ir t 2=0; x=2r, y =0, 2 = 0. 

33. Let i«= (cos ax) CO8ec *0 x ; therefore 

log 1* = cosec 2 px log cos aas = ^ cosec 2 #c log (1 - sin 2 ox) 

= — ^ — : — ; — i8in 2 ax+-sin 4 ax+-sin e ax+.. t. 
2sin a /3x ( "*t-2 T 3 «t...j. 

__ sin ax a sin ax fix 
Now ^ * 



sin /3x " ax " sin fix ' 

when as is zero the value of is unity, and so also is the value of . • 

ax J sin^x' 

.« sin ax a ,, , sin 2 ax a 2 
thus . , = B ; therefore . ... = -„ . 
sin/3x /3' sm J /3x 2 

__ sin 4 fffff 

The limit of .-«-=- is zero, and so also the other terms in log u vanish. 
sin 3 Bx ° »•-****"*» 

a 2 

and as in Art. 150 their sum vanishes also. Hence log u = - ^ , and 

a* 

therefore «=e~2jp. 

34 By Art. 188 if h is very small we have tan (0 + &)-tan0=Asec 2 0; 
thus if $ be nearly equivalent to 60° we have approximately 

tan(0+A)-tan0=4A. 
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Since the tables extend to 7 places of decimals it follows that we can 
discriminate angles which are near 60°, by means of their tangents, when 
the circular measure h of the difference is such that 4h= -0000001. Thus 

11 11 180 

h=j of — „ ; the corresponding value in seconds is T x -— x — x 60 x 60, 
4 10 7 4 10 7 t 

that is . that is about — ^— • 

lOOOOn-' 200 

35. By Art. 196 if A is very small we have 

Zsin(0+A)-Zsin0:=jLi&cot0 = ;= ^^-r — -„; 

K ' ^ (log # 10) tan $ f 

thus if be nearly equivalent to 64° 36' we have approximately 

Zsm(0+A)-Z8in0=£g^. 

Since the tables extend to 7 places of decimals it follows that we can 

discriminate angles which are near 64° 36' by means of their L sines, when 

h 
the circular measure of the difference is such that ——— = -0000001. Thus 

4*8492 

. 4-8492 ., ,. . . _ . 4-8492 180 „ ^ 

h = ,„. : the corresponding value in seconds is —=-,=— x — x 60 x 60 : 
10« 10 7 x 

this will be found to be about — . 

cos a - - sin* s 

36. l-tan'? 2 2 = oos« 

2 9 a 9 a 

cos 8 5 cos o 

cos 8 -r - sin s 7 cos jr 
- . ,a 4 4 2 

1 - tan 8 T = = , 

cos 8 T cos 8 T 

4 4 

and so on. 

In this way we find that the proposed expression 

ft ft ft 

COS a COS jr COS ^| COS rj ... 





COS 8 


a , a 
2 0OS 2> 


cos 3 


° 
2 3 


» • • 








cos a 












a 
cos g 


cos - 9 cos 


a 
2 3 ' 


• • 




*M» 


coso- 


sin a 

• ^ t 


a 


* 


See Art. 


129. 
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37. We have universally 

Bin 8 (A + B) = (sin A cos B + cos A sin B)* 

=sin 3 ^ cos a 5+ cos 9 j4 sin 8 B-y 2 sin A cos A sin B cos B 

= jrinM (l-sin 8 ^) + sin 8 i?(l-sin 8 ^)+2sin^ eos^ sin^cos^ 

= sinM + sin a -B+2sin^ sin^ {cos^ cos JB-sin^ sin B\ 

=sinM+sin 8 .B + 2sin^sini?cos(il + -B) (1). 

Also in the present case 

sinM + sin 8 5=l-sin 2 C r =cos 2 C r (2). 

If A +B is greater than 90°, then a fortiori A +B+ C is greater than 90°. 

If A +B is less than 90°, then sin 3 (A + B) is greater than sin 8 J +sin a B 
by (1), and therefore greater than cos 2 (7 by (2); and therefore A + B is 
greater than 90° - C, so that A + B + <7 is greater than 90°. 

38. Take the diagram of Art. 71. Let a be the angle PAB. Suppose a 
circle having its centre O within the space bounded by PB, BT, and TP; let 
it touch the arc PB, the tangent BT, and the secant APT. Let p denote the 
radius of this circle, and r the radius of the original circle. 

OT will bisect the angle ATB, and OA will pass through the point of 
contact of the circles, which we will denote by N; thus 

NT=p coil (?- a y, 0A = r+ P'> 
therefore AN= *J{r+p)*-p li =y/{r i + 2r/>). 

Hence y/(r*+2rp)+pcot (? - |j=^T=r sec a; 

therefore V( r> + ^ r P) — r sec u ~ P cot ( I ~ q ) • 

By squaring we obtain a quadratic equation for determining p. The 
reason why we have a quadratic equation is that another circle can also be 
drawn, which may be said to fulfil the conditions. For produce PA through 
A to meet the original circle again at p ; then we may have a circle outside 
the arc Bp, touching this arc, touching TB produced through B, and touch* 
ing Tp produced through p. The corresponding equation would be 



pcot ( ^ - £) -y/ir 2 + 2rp)=r seo a; 



this differs from the former only in the sign of the radical, and therefore 
leads to the same quadratic equation. 
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1 ^(I'l) 
Suppose p=r; then ± V3 = ) f 

~" (I-i) 



oosa 

Sin 



cos^+sin| 



cos a a . a 

cos a .a . . a 

cos s 5-sin , 5 

1 1 + sina . 

= — tan a. 



cos a cos a 

Hence taking V$ =tan a we have a=- . 

89. Let x denote the value of I sin (0-/3) -m sin (0 -a); so 
I cos (0 - /3) -» cos (0 -<*)=»> isin(0-/3)-OTsin(0-a)=a5. 

Square and add ; thus 

P + m* - SMm j cos (0 - 0) cos (0 - o) + sin (0 - p) sin (0 - o) [ = n« + a? 

that is P+m , -2Zmcos(a-/3)=» J +a5 l ; 

therefore x = V J* + m* - n 2 - 2lm oos (a - /3) . 

40. 0-sin0 is less than tan0-0 if 20 is less than sin0-f 
that is if 20 is less than tan (1 + cos 0), that is if 20 is lese 

2 tan » tan — 

■ x , that is if ^ is less than : and 1 

1-tan'? l+tan»| 1-tan*? 



obviously the case, because ^ id less than tan » . 



xm. 

1. The greatest angle is opposite to the greatest side; thus the coi 

^ (qe*-l)» + (2a;+l)»-(x*+a; + l) a 
2(fle*-l)(2* + l) 

x*-2x* + l + 4x*+4x+l-{x*+x* + l + 2x*+2x*+2x) 

2(3*-l)(2*+l) 

_ -2a ?-g»+2a;+l __ 1 
~"2~(2s 8 +a a -2a;-l)~~V 
Therefore the angle is 120°. 
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2. 2 an C oob B= Bin A— Bhx(B+ C)= Bin B cob C +OOB B Bin C; 
therefore sin C cos B= sin B cos C ; 

therefore Bbi(C-B)=0; therefore B=C. 

3. We have cos,4=- f sin A=~; 

c c 

*l . 1 + cosJ. e+b ., . .A c + b 

therefore — = — r- = ; therefore cot - = . 

sin J. a 2 a 

A + B 

4. atmA + btaxLB=(a+b) tan — =— ; 

therefore a (tan .4 - tan — ^ — ) = b (tan — ~ tan ^ ) J 

/ . . A + B . . A+B\ 

aiBinA cos — ^ cos A sin — ^ — J 



therefore 



, A+B 

COB A C08 ^ 



, / . A+B A + B . .A 

o (sin — - — cos 2?- cos — - — sin 2? J 

= A+B ; 

cos B cos — - — 

. A-B . . il-S 
a sin — s — J sin — s — 

., . * * , , - a cos a 

therefore ■ , = „ : therefore r = _ . 

cos J. cosi? ' b cobB 

-> . a Bin A ,, . sin .4 cos 4 

But r= — — „; therefore - — 25= i>J 

b .emB buiB co&B 

therefore tan A— tan B; therefore A=B, 

5. Let 2a denote the least angle ; then the other angles are 4a and 8a 
respectively: therefore 2a+4a + 8a=x; therefore a =^7. 

Then by Art. 214 the ratio of the greatest side to the perimeter 

_ sin 8a 

sin 2a + sin 4a + sin 8a 

sin 8a 2 Bin 4a cos 4a 



sin 2a + sin 4a + sin 6a 2 sin 3a cos a + 2 sin 3a cos 8a' 
but 4a + 3a =5 , therefore cos 4a = sin 3a ; hence this expression 

sin 4a 2 sin 2a cos 2a sin 2a rt . 

= 2 sin a. 



cos a + cos 3a 2 cos a cos 2a cos a 
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6. 25c vers A'+2ca vers 2?'+ 2db vera & 

=2Ml-<»s4')+2ca(l-coBjB0 + 2a&(l-cos<7') 

=2&c(l + <50s4) + 2ea(l + cos J B) + 2a&(l + co8C7) 

ABO 
=4bc cob* ^ +4<» cos* -^ +4a6 cos 3 - 

=4*(* - a) + 4* (* - 6) + 4* (*- c) 
=4«(3«-a-&-c)=4*» = (2«) 8 =(a+& + c) s . 

7. Let AD— p. Suppose the angles B and C to be acute, as in the left- 
hand diftgrftm of Art. 214. Then 

AE=p cob (90° - B)=p sin 5, 

2)#=2> sin (90° - .&) = p cos 5, 

EB=DE cot 5=p cos 5 cot B ; 

therefore -4.E . EB —p* cos 5 5. 

Similarly AF . ^C^p* cos* (7. 

Therefore AE.EB cos* C=AF.FC cos» 5. 

Next suppose one of the angles B and (7 to be obtuse, say the angle C, as 
in the right-hand diagram of Art. 214. 

Then AE . EB =jp* cos* B as before, 

^i^=p cob (C7- 90°) =i> sin <7, 
D2?=2> sin ((7- 90°) =-p cos (7, 
2^(7= Di^ cot (180° - C ) = - DF cot <7=jp cob (7 cot C ; 
therefore AF. FC=p* cob* C, as before. 

_ sin20+sin40 a+c .. , _ a+c .. m „ a+c 
sin 30 = ~" h~ ' * nere ^ oro 2cos^=-^- ; therefore cos0=-st-; 



therefore tan»^=-^ ¥ --l = / r — V-l. 

cos a \a+cj 



9. Since C is obtuse, A+B is less than 90°; therefore eon(A+B) u 
positive, therefore cos .4 cos 2?- sin <4 sinB is positive; therefore sin A an B 

is less than cos A cos 2? : therefore 8m , ^-« is less than unity, that is 

C084 cos 2? J 

tan A tan B is less than unity. 

10. Since a, b, c are in Arithmetical Progression, so are sin A, sin 2?, sin C; 
hence sin .4+ sin (7 =2 sin 2?; 
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, , . A+C A-C . B B . B . A + C 

therefore sin cos — — =2 sin — cos ^ =2 sin ^ Bin — «- ; 

th3refore cos — = — = 2 sin -r • 

Again ocos 8 ^ +ccos 8 ^ =|(l+cos <7)+ ^ (l+cos.4) 

= -(a+«) +-(acos<7+ccos.4) = 2(a + c) + 2» by Art. 216, 

= 6 + 2» b y hypothesis, = -jf 

11. From the triangle -42?D we have 

sin ili), 8_ .iff _ 2c 
sin ,B42> ~ BD~ a * 
Put for BAD; thus 

sin (0 + B) __ 2c 2 sin C m 

~~ a 



therefore 
therefore 

therefore 



siii<p a Bin. A ' 

sin <f> cos B + cos <f> sin 5 __ 2 sin (7 # 
sin0 "~ sin -4 ' 

2 sin C7 2 sin (A + B) 
cot jB + cot = - — j—. — = = — : — t 1 -. ' 
^ sin A sin i? sin A sin 2? 

=2 cot-4+2cot£; 

cot <f>- cot I?=2 cot -4. 



12. Let the angle ^ of a triangle be divided into two parts by a straight 
line AD ; denote BAD by <f> and CAD by ^, and suppose that -?— ? = t • 

sin (4 - \p) __ c _ sin C \ 
sin^ ~6~sin^' 



Thus 

therefore 
therefore 



. . . , ; sinC 

sin A cot\b-eoBA=-. — =; 

T sin B 

cot 0= cot A + S . , . —2=2 cot 4 + cot 2?. 
r sin A sin i? 



Similarly coj 4>— 2 cot .4 + cot (7. 

Therefore cot ^ - cot = cot B - cot £7, 

13. Suppose cot .4 + cot (7= 2 cot 2?; 



thus 



cos A cos C 2 cos B 

L, — • 

sin ,4 sinC sini? * 



T. T. K. 



Qi 
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therefore m(A + C) M 

Bin A sin (J sin 2? 

.1 • sin*i? 

therefore .- — — .- — ■ = 2 cos B : 

sin A sin C 

,, • b* at+c'-b* 

therefore — =* — ; 

ojc ac 

therefore 26* = a 8 + c 8 . 

Thus a 8 , 6 s , c 8 are in Arithmetical Progression. 

14. Let a perpendicular AD he drawn from the angle A of a triangle on 
the base BO. Let BAD=<f>, and CAD=ip, Let m denote the ratio of the 
base BO to the perpendicular AD. 

Then in the case of the left-hand diagram, of Art. 214 we have 

. ■ BD . ' CD 
tan^=— , tan*=^; 

^ t 4. ^* / BD+CD BG • m 

therefore tan0+tan^= — --= — = — =m (1). 

Also <p + \f/ = A; thus 



Un.i-t M (» + »)- 1 to »+* n » - (2). 

xir r/ 1 - tan tarn/' v ' 



Hence from (1) and (2) we can find tan and tan \p. 

Similarly in the case of the right-hand diagram of Art. 214 we have 

tan0-tan^=m, 

a * a x /^ m tan0-tan0 

and tan A= tan (0 -^)=q — . ■ ^ . — L r. 

v ^ . r/ l+tan0tan0 

15. Let the base BC of a triangle be divided at D and E, bo that 
BD=DE=EC. Let the angle BAD be denoted by ^ , the angle DAE by S , 
and the angle EAC by 8 . 

Then from the triangle 4£B we have — ^-=r„ - = Td = « • ~ » *&<* fr 001 

sinAoz) AH 3 c 

the triangle AEG we have --; — ^~ = -77- = « • z » 

bui AEG AC o 

therefore by division \^ _?»'- = — , 

sin 03 c 

In the same manner we see that 

sin(0 8 +0 s ) _ 2c 

Bin^ "" 6 

Therefore $*& + ^-$L«t±.*> = 4 = 4 (Bin* fc + cos» fc) ; 

Bin 0j Sin 03 v ira ira/ ' 

therefore (cos 0,+ sin 2 cot 0J (cos a + sin a cot S ) =4 (sin 8 0, + cos 8 0,) ; 
therefore (cot 0, + cot 0J (cot 0, + cot 0j) = 4 (1 + cot 8 J . 
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16. Suppose that sin A + sin (7=2 Bin B, 

., . A + G A-G . , B B . A + C . A + G 

then 2 sin — jr— cos — -= — =4 sin - cos ^ = 4 cos — ^ — sin — — ; 

«, -4-a 4 + c 

therefore cos — 5 — = 2 cos — ^— ; 

« . -4 C t . A . C a A G n . A . G 

therefore cos -= cos « + Bm o sin ^ =2 cos ^ cos ^ - 2 sin ^ sin ~ ; 

AG AG 

therefore 3 sin ^ sin ^ = cos =- cos ^ ; 

!4 CI 
therefore tan - tan - = s ; . 

17. Denote ^Li>J9 by 0. From the triangle 4I?Z) we have 

Bin BAD BD a 



therefore 



sin ABB" AB 2c' 

sin(0+Jg) _ a m 
sin 4> ~~ 2c ' 



therefore cos 2? .+ sin B cot A = — ; 

2c 

a T> 

=- - cos i? 
2c 
therefore cot <£ = 



therefore tan = 



sin^B ' 
2c sin B 2ac sin 2? 



a-2ccos.fl a*-{a*+c*-W) 
2ac sin i? 26c sin A 



AG B 

18. Here cot ^ + cot ^ =2 cot 5 ; 

cos-5 cos-5 2C0S-5 2 sin — ~ — 
therefore _.+ _ = -_= __ ; 

8m 2 Sm 2 m 2 C0S ~2~" 



therefore 



. A + G . A + G 
sin— j- 2sm -2- 



. 4 ; (7 -4 + C" 

sin g sin ^ cos-g- 



therefore cos — - = 2 sin ^ sin -^ ; 



aa 
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therefore 
therefore 



A C . A . n . A . C 
cos g cos-^-sin -^ sin ^=2 sin ^ sin ^; 

cos g coBgrrSflingBin^; 



therefore 






cot— cot s =3. 


19. First 


suppose 


that 


sin DAO 1 
sinDAB - *' 


and that 






sin DBO 1 
sin2).&4~"n° 


We have 






sinDCfl BD 
amDBC~ DC 


and 


■■• 




an DBO 1 
sin2) J &4~"n , 


therefore 






sin DOB BD 1 
rinI>£4~~.Z><7'fi' 


Similarly 






Bin DOA AD 1 

Bin ZU£ "" DO ' n ' 


Therefore 






Bin DOB Bin DAB BD 
Bin DG4 ' sini)2?k "" 2X4 • 


therefore 






Bin DOB DB BD 
BwDOA* DA" DA 9 


therefore 






Bin DOB - 

Bin DOA ~ 


In this case the angle is bisected by DO, 


Next suppose that 




sin 2UC 1 
BinDAB~~n' 


and that 






Bin DBA 1 

• T\ -»*^V "— ft 



sin DBO n 

thus the angle B is divided into two parts equal to the two former, but dif 
ferently situated. 

Then proceeding as before we have 

sin DOB BD 



and 



BinDBO~DO* 

sin DBO 
BiaDBA**" 1 
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tanDCB n.BD 



ureiuro 


Bin DBA DC * 


Also 


Bin DC A AD 1 
tanDAB~ DCn' 


Hence we find that 






fan DOB , 

n — ir^-7 = n\ 



mi DC A 

20. Let the straight line which bisects the angle A of a triangle meet 
the base at D. Then 

the angle XD(7=the angle B+ the angle BAD ; 
thus sin0=sin (-#+o )• 

Henee .(*•-*,£) = . jdn (*+£) -sin^j 

= 2* cos — 5 — sin -jr = 2« sin -jr sin tj ; 

C B 

pat for sin - and sin j? their values by Art. 217 ; thus we have 

L L 



n , C . B 2s. v /(«-6)(«-c) 

2* sin «=• sin — = — (s — d\ ▲ / — 

2 2 a v ' V 6c 



2s(8-a) .A 2bc .A . A 
= — - sin- = — cos 8 jr sin Tr- 
et 2 a 2 2 

be A . . 
= — cos Tr-sin^l. 
a 2 



Again I em 9 = the perpendicular from A on 2K7 

= b sin C. 

.4 -4 

Therefore Z sin cos 5- =6 sin (7 cos ^ 

= — sin-4 cos j? , by Art. 214. 

Therefore a ( sin0-8in- J=Z8in0cos-^ • 
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21. The third angle of the triangle will be x - - <f> ; and as the sines c 
the angles most be in Arithmetical Progression, we have 

sin + sin <f>=2 sin (r - - <f>) =2 sin (0+ <j>) ; 

therefore 2 sin —^- cos — ^- =4 sin — ^ cos —~- ; 

+ 0-0 
therefore 2 cos —~ = cos —^- ; 

... / . . 0\ 0^ . * 
therefore 2 I cos 5 cos ^ - sin 5 sin ^ J =cos 5 cos ^+ sin 5 sin ^ ; 

therefore cos 5 cos £ = 3 sin - sin 5 ; 

therefore cos* 5 cos* ? = 9 sin* 5 sin* £ 

= 9(l-cos*|^l-oos»|); 

therefore 8 ML - cos* s) (l-cos*|j 

=oos f -cos 8 |- (l-cos's) f 1 - 008 2) 
=cos f h + cos*^- l=cos*g -sin*^; 

therefore Ssin'sSin* J=cos — ^cos — -^-\ 

0+0 — 
therefore 4(l-eos0)(l-cos0)=2cos — ^-cos— ~^- 

=cos0+eoe0. 

^_^ * a*+ft t -c 1 , . a+e x1 . 

Or thus, eos0= — 5-r — , and b=—^; therefore 

a-e b a-e a+e 5a -3c 
a 2a a 4a 4a 

«••« «• « 5tf~"3a 

Similarly eos0 = — xr- • 

Hence 4(l-eo60)(l-eos0) = ^ = ^ ; 

and oog0+oos0= 4a 4g ' = 
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22. Draw from A, B, C respectively straight lines to meet the opposite 
sides at D, E, F t so that the angle BAD = the angle CBE= the angle ACF—a.. 
Let LM.N be the triangle formed by the straight lines thus drawn : so that 
A, L, M t D are in one straight line ; B, M, N, E on another ; and C t N, L, F 
on a third. Then will the triangle LMN be similar to the triangle ABO. 

For the angle MLN= the angle MAC + the angle LCA-=*A -a+a=A ; 
similarly the angle NML = B, and the angle LNM=C. Thus the triangle 
LMN is equiangular to the original triangle, and therefore similar to it. 



Again 
therefore 
and 
therefore 

Hence 



BN sin BCN _ sin (C-a) sin((7-q) m 
BO ~ sin BiVO~~ 8in{ir-C)~ sinC ' 

a Bin (C-a) 



BM 



BN = 
sin BAM 



sin 6' 
sin a 



sin a 



BA BinBMA Bin(ir-B) siniT 

c sin a 



BM = 



BW.B ' 



,„_ a sin (C- a) c sin a 

MN= A-~ — '- : — - 

sm C sin B 

— a cos a- a cot C sin a - 



= acos a - a cot C sin a - 



asinC 

sin 4 sin 2? 

a sin (A + B) 



sin a 



sin 4 sin i? 
= acos a - a sin a (cot (7+ cot i?+ cot<4). 
The ratio of this to a is the same as the ratio of 

cos a - sin a (cot A +cot i?+ cot (7) to unity. 

23. a6 cos (7- ac cos 2?= ^ - =6 2 -c s . 

24. a (cos i? cos C+co&A)—a {cos B cos (7- cos (i?+ (7)} 



sin a 



= a sin i? sin (7= 



a 



bid. A 



sin J. sin B sin C. 



Similarly 6 (cos J. cos C+cos B) = - — =, sin-4 sinl? sin C; 

* V ' BW.B 



and 



c(coSil cosi?+cos<7) = - — 7= sin A sin i? sin (7. 

' sin <7 



Thus the three expressions are equal by Art. 214. 

25. (6+c-a) tan^=2(*-g)tan4=2(*-a) a/ ( *~ 5)( *T C) 

2 2 ' *V * (* - a) 



2j(3-a) (8-b) (s-c) 
y/8 



Similarly the other two proposed expressions reduce to the same sym- 
metrical form* 
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^ a sin 5 _ a sin £7 ~ 
26. b cobB+ccobC= — — j- oobB+ . , cos (7 

Bin .4 Bin J. 

a (sin2B+Bin2<7) 



2 sin 4 



J_a^n(B + C)^OB(B-C) . c 

2 sin (B + C) «™»V^ w 

27. By Art. 216 

c cos B + 6 cos. G- a, acos (7+ccos4 = &, &cos4 + acos.B=c; 

therefore by addition 

c (cos .5+ cos A) + b (cos A + cos (7) + a (cos (7+ cos B) =a+ b + <?. 

28. Let & stand for - — 7 , ^-^, and ^— ^ which we know are all 

sin A sin B Bin C7 

equal. Then 

(a 2 - & 2 ) cot (7+ (6 s - c 2 ) cot 4 + (c 9 - a 2 ) cot B 

= ft 2 { (sin 2 A - sin 2 £) co t C + (sin 9 £ - sin 9 G) cot it 

+ (sin 8 <7- sin 2 4) cot 5} 

=fc 9 {sin (4+1?) sin (A - £) cot <7+sin (B+ C) sin (5- C7) cot A 

+ sin (C+4) sin (C- A) cot 5J' 

= ft 2 {sin (it - 5) cos C+ sin (B - C) cos .4 + sin ((7- 4) cos 5} 

= - ft 2 {sin (A -B) cos (A +B) + sin (5- C7) cos (5+ (7) 

+ sin(<?-4)cos(C+4)} 

% 9 
= -^{sin24-sin2.B + sin2I?-8in2C r +sin2a-sin24} 

=0. 

29. Let k have the same meaning as in the preceding solution ; then 

O B A 

[a - b) cot 2 + (c - a) cot ^ + (b - c) cot jr- 

{OB A) 

= & j (sin A - sin 5) cot - + (sin (7 - sin A ) cot - + (sin B - sin C) cot ^ 

_,( . A-B . 4 + 5 . C-A . (7+4 . 5-C7 . B+C) 
= 2& jsin — g— sin— — + sin— — sin— ^— + sin— — sin — g — j 

= 2A; jsin 2 1 - sin 2 | + sin 9 ^ -sin 9 ^ + sin 2 |- sin 2 ^j 



a+b+c a+b+c* 
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31. (a + o+c)(cos-4 + cos.B + cosC) 

—a cos A+b cos B+c cos 

+a cos B +b cos A + a cos C + c cob A +b cob C + c cos B 

=acoBA + bcoBB+ccoaC+c+b + a t by Art. 216, 

=a (1+ cos A) +b (1 + cos B)+ c (1 + cos C) 

ABC 
= 2a cos 8 - + 26 cos 3 - + 2c cos 8 s . 
A & 2 

32. Let & have the same meaning as in the solution of Example 28 ; then 

cos A cos B cos A cos C cos 5 cos C 

r + + 1 

ao ac be 

__ 1 (cos ,4 cos i? cos A cos C cos J9 cos £7) 
"~fc 2 (sin A sini? sin J. sin (7 sin i? sin (7 { 

=Tg {cot ,4 cot B + cot .4 cot C+ cot 5 cot (7 } 

_1 tan A + tan B + ta n (7 _ 1 , . , --. 
~F« tan4tanJflan~0 " J? ' Dy ***' ii4 ' 

sin 8 .4 



" a 8 ' 

* , *, ^ . a sin 2? _ a sin (7 ^ 

33. a 000 A + 6 cos J5+ e cos <7=a cos -4 +—. — — cobB+ — — — cos 

sm ,4 sin A 

A a{am2B+fiin.2C) . 2a sin (B + (7) cos (B - C) 

=a cob A + — — «— ^ — a = a cos^i + —o— a 

2smi 2 Bin 4. 

=a cos ii + a cos (B- C) = - a cos (£ + (7) + a cos (2?- C) 

= 2a sin I? Bin 0. 

2a sin 5 sin C 2 sin J5 sin C 2 sin JB sin C 

a + 6 + c - 6 c sini? sin 6 r 

1 + -+ — A + r« — i" + 



a a sin A bid. A 

2 sin A sin 5 sin (7 2 sin 4 sin 5 sin 



'UnS+dnB+rinO ^J^J 



, by Example vm. 16, 



ABC 
=s4sins & 1 o sin ^ = cos .4 + cos 5+ cos (7-1, by Art. 114; 
2 « ** 

„ _ - 2a sin B sin (7 

therefore cos A + cos 5 + cos (7= 1+ — a + 5 + c — • 
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35. a 9 - 2db cos (60° + C) = a 8 - 2ab (cos 60° cos C- sin 60° sin C) 
=a?-ab cos C+ 2ab sin 60° sin C 

=a »_fJL£_l + 2c& sin60<> sin^ 

r 9 4. 7>« - /7 s 
=c *~ 2 +26c Bin600 Sin ^ 
= c 8 - 6c cos A+2bc sin 60° sin -4 

=^-265 008.(60°+^). 
b + c-a sin 5 + sin (7- sin A 



36. 



2a 2 sin J. 



. B + C B-C a . A A 
2 sin — — cos — - 2 sm - cos ^ 

a a & a 

= . . A A 

4 sin — cos -^ 

B-C . A B-C B+C . B . C 

COS x 8m o cos "" o cos — o — Bm 2 Bm 2 

sm -^ 2 sin — 8m o 

cos — .. 2 cos 2 — 1 cos - 
.4 .4 4 1 4 2 

Again co ti -oo.eo2=— j-— 2=— 7- = — 3; 

6in T sin-r sin — sin - 

4 2 2 2 

5 C . 5 + <7 ii 

* t C C0S 2 C ° 8 2 Bm -2- C0B 2 

and cot 77 + cot „ = „ + 



therefore 



2" r 2~~ . 5 . <7~~ . i* . C7 . B . C 
sm 2 Bm 2 BU1 2 Sin 2 8m 2 Bm 2 

A 4 A . B . Q 

cot 4- COSeC 2 Sm 2 Bm 2 _ & + c-a 

x £ .(7 ~ .J. 2a ' 

cot^ + cot^- sin^- 



37. 42 f S - cos 5- J f S - cos 5- J f S - cos ^ ) -the product of 

1/ A , J?, C\(B C A\ 

i^ COS 2 +COS 2 +COS 2j ^osg+cos^-cos 2J 

/ A A , tf B\f A B C\ 

into ( cos ^ +00*2— cos^J ( cos-g + cos^- cos-^ J . 
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Tow substitute for the trinomial expressions results given by Examples 
20 and 21 ; thus we obtain 

( v-A ir-B t-C t + A w+B ir + <7)* 
<8 COS — -. — COS — -r— COS — , — COS — r— COS -T - C08 



<■ i 

is jsi] 



4 4 — 4 ™ 4 — 4 — 4 |. 

Q t-A t-B v-C . v-A . ir-B . ir-Cl* 
8 cos — t- cos — - — cos — 5 — sin — - A — sin — - — sin — : — \ . 



v-A . ir-B . r-C)* 
is isin „ sin — rr — sin — r — > 



-A 9 B ,C 
IS COS 3 — COS* -jr cos* -^ . 
A & & 



,o rm. -x .x. csm^ c sin 2? 

18. The perimeter =a + 5+c=— — rr + — • — rr + c 

sin 6 T sin C 

ABO 

i • -i . • » . • ™ * COS -_- COS - COS -jr 

_ c(sinul + sm^ + sinC) _ 2 2 2 

= iHrc = sure • by Exam P le TO - 16 » 

4 5 A B 
2 cos -5 cos -^ 2 cos -^ cos £■ 

. 6 7 A + B 
^2 cos -2" 

A 5 A + B 
= 2 cos ^ cos ^ sec — 5 — . 

19. Let ft=ysinM+a;sin , 2?=2sin s 2?+y sin 5 C r =ajsin , C7+2sin , i. 
Chus A(sin»C7-sin»i4)=xsin s i9sin s a-zsin 8 ^Bin a i9, 

h = aj sin* C + z sin* .4 ; 
efore A(sin»(7-sinM) + Asin 8 J5=2a;sin s 5sin 1 (7, 
efore Asin(<7-4) sin (<7+^) + ft sin 2 .B=2a;sin».B sin 9 C; 
efore A sin (C- A) + A sin (<7+ A) = 2a; sin B sin 2 C ; 
efore x sin 2? sin' C- h sin (7 cos A, 

_ A cos -4 _ A s in 2, 4 
ef0re ^""'sin.B sinC" 2sin4sin2? sin C 

,. ., . Asin2.B , Asin2<7 

Jimuarly #=«—: — 3—: — ^-j — 7,9 and l —^r~- — ; — • — b~ = — 71 • 
J * 2 sin A sin 2? sin C 2 sin -4 sin B sin (7 

ABC 
=0. Since -4+2?+C=ir, we may shew that 8 sin-^ sin -5 sin ~ has its 

test value when A 9 2?, and (7 are all equal. 
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_, . A . B . {A+B , A-B\ . fA+B A-B\ 
For Bin ^ Bin ^ ^sm^- +-^ J Bin ^ j-j 

. ,4+B . .A-B 

=Bin* — i Bin* — j— ; 

4 4 

thus, whatever may be the value of C, it follows that sin ^ sin -jr has its 

A + B 
greatest value when A=B; for sin — - — does not change while A and B 

4 

change in such a manner as to leave C unchanged. In this way we see that 

the greatest value of the expression is when all the angles are equal, and the 

it 
value then is 8 sin 3 3 , that is 1. 

o 

41. * Let k have the same meaning as in the solution of Example 28 ; then 

a sin (B - C) cos {B + C- A) = k sin A sin (B - C) cob (180° - 2A) 

= -kBm(B + C)sm{B-C)coB2A = k(Bm*B-Bm*C)(2Bm*A-l) 

= 2k sinU (sin 2 B - sin 2 C) - k (sin 2 B - sin 2 (7). 

Similarly the other two terms of the proposed expression may be trans- 
formed ; and then the whole vanishes because 

sinM (sin 2 5 - sin 2 C) + sin 2 B (sin 2 C- sin 2 4) + sin 1 (sinU - sin*£) =0, 
and sm 2 £-sm a <7+sm 2 £-sm 2 4 + sm 2 4-sin 2 £=0. 

._ Bin A sinB sin A cos A + sin B cos B sin 2A + sin 2B 
42* 4- = -~ — ~~ == * 

cos B cos A cos J. cos B 2 cos -4 cos B 

2 sin (4 + B) cos (X - -B) sin C , . m „ . . . . „ 

= j- ^ = - A h (coBAcoBB+BmA BinB) 

2 cos A cos if cos A cos i? ' 

=sin (7+ cos C tan -4 tan 2? tan (7. 

a . ., . sin B sin (7 . , . . . . , „ . _ 
Similarly ^ + ^ = sin it + cos -4 tan ^ tan J5 tan (7, 

* cos (7 cos 2? ' 

, sin (7 sin 4.^ «, , A « * ^, 

and ; + — 7= = sin 2? + cos 2? tan .4 tan Z? tan C 

cos A cos G 

Hence by addition we obtain the required result. 



CHAPTER XIV. 
1. sin^=jsin^=— «25=2; therefore JL= 30° or 150°. 
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* 1 

2. Suppose c=o&> and A = 60°; then, by Art. 229, 

+ 2 
therefore 1{B-C)=&0»; sn&hB+C)=&y>. 

Hence 5=90° and 0=30°. 

3. Let a } b t c denote these sides in order. Then 

, &»+c a -a' ^ 6 + (l + N /3) a -4 _ 6+2y3 

26c 2(1 + V3)V^ ~2(1 + V3)V6 

_ \/3(l+V3) _ J^ m 

" (1 + V3) V6 " V2 ' tnereIore ^~ 45 ' 

_ a* + c 8 -& 2 4 + (l + V3) 8 -6 2 + 2<y/3 1 
SJac 4(1 + V3) ~4(1 + V3)~2* 

therefore 5=60°. 

a'+y-c* 4+6-(l+V3)» _ 6-2V3 _ 3-y3 
008 °~ 2a6 " 4V6 " 4V6 " 2V6 

= ^i X ; therefore 0=75°. 

4. sin 2? = - sin A = -nr .«=-;; but this is impossible, for a sine 

a 40 2 4 ' 

cannot be greater than unity. 

5. sm5=^sin^==^±^^sinl8 a =(l+V5)sinl8° 

JlWy-l) al; therefore 5=900. 

Thus (7=72°; and c 2 =B s -a s ={4+ N /(80)}«-16 

= 80 + 8 V(80)=16 (5 + 2 V5); 
therefore c=4 y/{5 + 2V5). 
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6. sini?=-sin.i=— ^ 6 ml5o=(l+V3)^2-= 7§ ; 
therefore 5=45° or 135°. 

If *=45., then 0.1W, and ,-tg^-4.^.^ 

= ^_ = 4V6M ± 1) =2V6(V8+1) , 

If £=1350, tten c=3 oo ; ^ c= ig£ =4 .^ . J 

= i^ r= iViM ± i) =2V2{v3+1) . 

7. With the first diagram of Art. 234 we may put c = AB and </=AB' ; 
thus 

c=&cos.4-acosC , 2?i? / , and c'= ft cos .4+ a cos C^i?'; 

therefore c + c' = 26 cos ,4 , 

and cc , =&» cos 2 -4 7 a 2 cos 2 CBB'=W cos 9 A - a 2 cos 2 J3 

=6 2 (l-sin 2 il)-a 2 (l-sin 2 5)=6 2 -a 2 . 

Hence (c+c0 2 = 4ft 8 cos 2 -4, 

4^ cos 2 J. =4 (ft 2 - a 2 ) cos 2 ;! ; 
therefore c 2 + 2cc' + cf* - 4cc' cos 2 ,4 = 4a 2 cos 2 A , 

that is c 1 - 2a/ cos 2-4 +c /2 =4a 2 cos 2 A. 

8. With the notation of the preceding solution the area of the smaller 

c d 

triangle is 5 ft Bin A, and the area of the larger triangle is - b sin A ; hence 

the sum of the areas ^(c+cOft sin 4= ft 2 sin .4 cos -4. 

9. With the notation of the two preceding solutions we have 

sin C x __ c , sin C % __ </ m 
sin jB x "" 6 sin i? a ~" 6 ' 

x , . sinfr sinC- c+& 2ft cos A _ 

therefore - — ~ + - — ^ = — =^- = — r =2 cos A. 

sin 2?} sini? a b b 

* 

10. As in the solution of Example 8, we have 



2 c'ft sin A =s cb sin -4 ; 



therefore cf=nc. 
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And as in the solution of Example 7, 

cf+c 26 cos ^. 



&-c 2acoBCBB" 

., , b n + 1 cos CBB' 

therefore - = ., • — ; 

a n-1 cos A ' 

cds /*"/?/?' 

bat the angle CBB' is greater than A, and therefore 2 — is less than 

cos J. 

unity. Hence - is less than T . 

a »-l 

11. sin2?=-sin,4 ; therefore L sin B -10= log b ±L sin A- 10 -log a. 

Thus if loga+10=log&+Zsin4 we have Zsini?— 10=0; therefore 
L sin B =10, therefore log sin 5=0, therefore sin 2?=1, therefore -8=90°, 
and the triangle is not ambiguous. 

, . . 2sin5(^ + 5)cos^(^-ff) 

q+ft sinJ+sinl? 2 V ' 2 X 7 

1- ' T~"~ sin~(7 . C C 

2 sin — cos ^ 

COS^-£) 

sin^c? 

x (a + 6)sin^ 

theref ore cos 5 (-4 - B) = — — i— — . 

Now assume cos0= ; therefore 

c 

. •* c 3 -(a-5)« a 2 + ft 3 -2o&cosC-(a-5) 2 



c 3 c* 

2a5(l-cos(7) 4a5 . n C 
c* - c» 2 ' 

therefore sin = — *■-*—* sin - ; 

., 1/i nx (a +6) sin 

therefore cos - % (A - ^ =L_^-_ . 

m - . z, 2V(a&) . C 2y/(ab) 1, ' „. 

And sin0= — ^— - sinjr=— ^ — cos 5 (-4 f 2?) ; 

c & c z 

1 / j . m c sin 
therefore oos^ (A+B) = g-ypy. 
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13. c*=a* + W-2abG08C=a*+V-2a&(l-2BW i ^\ 

= (a-&)* + 4a&sin*i?=(a-6) 8 +(a-&) 8 tan 2 

= (a - &)* {1 + tan 8 <f>] = (a - 6) s sec 8 0. 

14. Here s=30, «-a = 12, «-6 = 10, s-c=8. 

4_ / (s^W& ^cj _ /lOxT_ /8__ /2 
2"V «(*-"<*) "" V 30x12"" V 3 6~ V9 J 



4 

therefore L tan - = 10 + log 



»/!-»♦* 



log 2 -log 3 =9-6733937. 



15. The greatest angle is opposite to the side 66; denote this angle 
by C. Then 



Here 
therefore 

therefore 



.C I «(*-c) 
cot 2 = V (*- a)0^6) ' 

* = 69, «-a=37, *-6=29, *-c=3; 

C_ /69x3 _ /207 
C 2 ~ V 37x29" V 1073 ; 



L cot -=10+ log 

A 



•J 



207 
1073 



= 10 + ~ (log 207 - log 1073) = 9*6426853. 



9-6426853 
9-6424342 

•0002511 



•0003431 : -0002511 :: 60" : x"; 



O 



this gives * ~ 44 ; therefore £ = 66° 18' - 44" = 66° 17' 16" ; 



therefore 



16. Here 



C= 132<> 34' 32". 

15 7 x 5 3 

,=_, «-a=2» «-&=2, «"C=^. 



5 /*(*-6) /I5x5 /25 /l00 

C0S 2 = V ~^~ = V 8^l2 = V 32 = V 27' ; 

therefore L cos ^= 10 + log ssj^r = 10 + ^ (log 100 - log 2*) 



= 10 + 1 - - log 2 = 9-9463950. 
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9*9464040 
9*9463950 
•0000090 ,0000669 : "0000090 :: 60" : x" ; 

this gives a;=8; therefore ^=27° 53' 8"; therefore 5=55° 46' 16". 
17. Here a =7, «=9, »-a=2; therefore 



cos 



i- / 9x2 - /?_ /± 
2 V 5x6"" V 5~V 10 ; 






A / fi 1 

therefore Z cos - = 10 + log a/ — = 10 + - (log 6 - log 10) 

= 10 + * log 6 - ^ = 9-8890756. 

9-8890756 

9 'Sf -0001032 : -0000112 :: 60" : x" ; 

•0000112 

this gives x = 6-5 ; therefore ~ = 39° 14' - 6"-5 = 39° 13' 53"-5 ; therefore 
4 =78° 27' 47". 

18. As in Art. 229 we have 

1 18 — 2 A ft 

to 2< 5 -°>=ii?2 cot f=nj cot27 ° 30 ' ; 

therefore Ztan 5 (5- C)=L cot 27° 30'+ log 8 -log 10 

A 

=Z cot 27° 30' + 3 log 2 -1=101866133. 
10-1866133 
10 -0002364 '0002763 : -0002364 :: 60" : s"; 

this gives *=51; therefore \ (B -0=560 56' 51". 

A 
And l(B+C)=G2°Z(y; therefore ^=119° 26' 51", C=5°33'9". 

A 

19. tan|(B-C)=|^|oot^=ioot32»6'; 

therefore £tan5(£-<7)=Zcot82°6'-log8 

= L tan 57° 54' - 3 log 2 = 9-2994355. 
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9-2999804 9-2994355 

9-2993216 9-2993216 ™™ ft ™ M , nn ^„ 

^00US688 ^0001139 '0006588 : -0001139 :: 60": x- 

this gives x = 10 ; therefore £ (5 - C) = 11° 16' 10". 

And ^ (5 + C) = 57° 54' ; -therefore B= 69° 10' 10", 6 y = 46° 37' 50". 

20. tani( 4 - jB )=^ootf=^goot 2 C = lcotl8.2G'6»; 
therefore Z tan \ (A - B) = L cot 18° 26' 6" - log 3 = 10 ; 
therefore log tan - (A - B) = ; 

therefore tan - (A - S) = 1 ; therefore ~(A-B) = 45°. 

And ^ (4 + 5) = 71° 33' 54" ; therefore A = 116° 33' 54", 5 = 20° 33' 54". 

21. tan^(^-C r ) = ^— Jcot^ = ~ cot 23° 42' 30"; 

therefore Z tan \ (B - C) =L cot 23° 42' 30" - log 8 

= L tan 66° 17' 30" - 3 log 2 = 9 -454D042. 

9-4543042 
9-4541479 



•0001563 



•0004797 : -0001563 :: 60" : x" ; 



this gives x = 20" ; therefore i (B - C) = 15° 53' 20". 

And J- (2? + 0) = 66° 17' 30" ; therefore B = 82° 10' 50", C= 50° 24' 10". 

x 1/i n . a-b .C 30-20 .0 2 .__ 
22. tan - (A - B) = — h cot ^ = 3 ~- ^ cot - = - cot IP - 

therefore L tan i (J. - B) = X cot 11° + log 2 - log 10 

= L cot 11° +log 2 -1 = 10-0123777. 

10-0123821 100123777 

10-012189* 10-0121294 . .. . 

-0002527 "6002483 °°' -t>27 ' ° 2483 " C ° s x ; 

this gives x = 59 ; therefore ? (.4 - B) = 45° 48' 59 '. 
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And ~{A+£) = 79°; therefore A = 124° 48' 59", £=33°11'1". 

23. tan|(5-C)=|^cot^=A co t30«= 3 -^; 
therefore £tani(5-C) = 10+log?^=10+ 5 log3-log25 

= 10 + |log3-log-^=10 + -log3-2 + 21og2 = 9-31774; 

therefore \ (B - C) = 11° 44' 29". 

And ?(#+O=60°; therefore 5=71° 44' 29". 

24. Let a=7, 6 = 8, e=9 ; then s = 12, s-a = 5, *-6=4, *-c=3. 

A A /{s-b)(s-c) /T7T /I /T 

taU 2 = V s{s-a) = VI275 = V5 = V 10 ' 

Xtan^ = 10 + log y^ = 10 + |(log2-logl0) 

= io + 1 (log 2 - 1) = 9 -6505150. 

9-6505034 9-6505150 

9-6505069 9-6505069 . QQmQ5 . . Qom81 „ 10 „ s ^ 



•0000565 -0000081 

A 
2 



this gives x = 1-5; therefore ^ = 24° 5' 41"-5 ; therefore -4=48° 11' 23". 



x J5 /(*-a)(s-c) /5x3 lb /10 

tan 2 = V~7^-Z>)~ = V 12x4-V 16 = V 32' 

Ztan|=10+log^/^=10 + g(loglO-lQg32) 

= 10 + ^-5 log 2 = 9*7474250. 
2 ^ 

9-7474677 9-7474250 

9-7*7418 3 9-7*74183 , Qmm . mm7 ,, 10 * . ^ . 
•0000494 -00000C7 

this gives x = 1-5 ; therefore | = 29° 12' 21"-5 ; therefore B= 58° 24' 43". 

Hence C = 180° - 48° 11' 23" - 58° 24' 43" = 73° 23' 54". 
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25. As in Art. 238 we have 

*(--f) -J^-JfcS) 

/I 6950 _ 7 3475 
"V2 X 695B"" V 6953 ; 



therefore L sin f 45° - - J = 10 + log a/ • 



3475 
6953 



= 10 + 2 l0g (3475 " l0g 6953 ^ 

= 10 - ^ (-3012174) =9-8493913. 
9-8493913 

9 '^n?f '0000021 : -0000011 : 1" : x"; 

•0000011 

s ■ s 

this gives a; ='5; therefore 45° - ^ = 44° 59' 15"*5 ; therefore ^ =44" '5; 
therefore 5=1' 29". 

26. Let 6=100, c=80; 

therefore Ztan^ (5- C) = 10 +log3~*= 10- 1 log 3=9*28432; 
therefore \(B-C) = 10 ° 53' 36". 

And \ (B+ C) = 60<> ; therefore 5 = 70° 53' 36", C= 49° 6' 24". ' 

27. Let &=5, <?=3; 

therefore L tan 5 (-B -C) = 10+ log -77-^ = 10-5 log 48 

« V\4vj) « 

= 10 - » (1-6812412) = 9 -1593794. 
9-1593794 
9 -0007088 ,0008940 : '0007088 :: 60" : *"; 

this gives <c=48; therefore £(£-C)=8 12'48". 
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And ?(B + C)=30°; therefore B = 38° 12' 48" and C= 21° 47' 12". 

28. Let ABCD denote the square base, P the vertex. From P supposo 
a perpendicular PQ drawn to the ground, and from Q draw QR perpendicular 

PQ 
to AB, Let <f> denote the required inclination ; then tan 0= ^r D • 

QK 

Now Q22=100. Also PQ* + QB*=PR*, and PiP + ^iiP^P 8 ; thus 

PQ 9 = Pi? - QiP= AP* - Alt 2 - Qi2 3 = (150) a - (100) 2 - (100) a = 2500 ; 

50 1 
therefore PQ = 50. Therefore tan <j> = ^7. = s . 

Hence Z tan = 10 + log 5 = 10 - log 2 = 9-69897. 

9-69900 9-69897 

9*9868 9-69868 . .. . 

•00032 -00029 °™ ' 000i * * ' 

this gives x=54; therefore 0=26° 33' 54". 

29. taniu-£)=^|cot? = H^cot30«=icot30o=^ i 
therefore itan| (A -.B)=10 + log^l=10+slog3- 1=9-2385606. 

« 10 <a 

Nbw Z cot 9° 49'= 10-7618797; and as tan 0x cot = 1, we have 

log tan + log cot =0 ; 
therefore Z tan - 10 + Z cot - 10= ; 

therefore Z tan = 20 - Z cot 0, 

Thus Z tan 9° 49' = 92381203. 

9-2385606 
fwwZl -00075U : -0004403 :: 60" : x" ; 

this gives *=35; therefore jj (4 -.8)= 9° 49* 35". 

And 1{A+B)=G0°; therefore A =69° 49' 35", B= 50° 10' 25". 

30. 8inC r =-8in^; Z sin (7= Z sin ^i+ logo -.log a 

=Z sin A +log 3 -log 2 

=9-5228787+ -4771213 - log 2 = 10 - log 2 ; 
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therefore log sin G = - log 2 = log - ; 

therefore siu(7=H; therefore C=30° or 150°. 

31. Let c be the given base and let h denote the given height. With 
the left-hand diagram of Art. 214 we have 

, _ BD , . _ CD 
cot^=- r - and cotC=-r-; 

*, x« JSD + CD c ,,, 

therefore cot jB+cot C= -, =v (1). 

Also B - C is supposed given, so that cot (B - C) is known ; call it m : 
thus 

c ot B - cot C _ 2 

l + cot.Bcottf .* l '" 

From (ly and (2) we can find cot A and cot B. 

32. Let a, ft, c denote the sides ; and I, m, w. the perpendiculars on them 
respectively from the opposite angles. Then aZ=bm=cn ; for each of these 
expressions denotes twice the area of the triangle. Hence the sides a, 6, c 
are respectively inversely proportional to Z, m, ». Thus the ratios of the 
sides are known ; and hence the angles of the triangle can be calculated by 
Art. 217. Then the actual lengths of the sides can be found; for 1—cbw.B, 
and I and B are known, so that c can be found ; and then a and b can be 
deduced as the ratios of the sides are already known. 



CHAPTER XV. 

1. Take the diagram of Art. 240. The angle PBC=60°, the angle 
PAC=30°; therefore the angle APB=30°. Also .4.8=40 feet. 

Since the angle PA B = the angle A PB, we have BP =AB=4cO. Then 

P<7=£Psin60°=40^=20V3; 

and BC= BP cos 60° =t 40 . \ = 20. 

2. Let AC produced through C meet the horizontal plane which con- 
tains B at D. Then the angle ABD- 60°, and the angle CBD =30° ; there- 
fore the angle ABC=30°. The angle ACB = 135°. Hence 

the angle BA C= 180° - 30° - 135° = 15°, 

AB sin ACB sin 135° 1 . V3-1 2 



BC miBAC sinl5*» V2 ' 2V2 V^-l* 

^ * An 2x1760 , 

therefore AB = —— — — yards. 

V o — 1 
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The height of the mountain = AB sin 60°= AB V 

_ 1760 V 3 1760 x /3 (y3 + 1) 
" V3-1 "W'S-1) (V3 + 1) 

= 1760V3JV3 ± 1) = 880(3W3)< 

3. Let h denote the height of the tower in yards ; then 

i4 =tan30 ° = N 73 : therefore *=vi- 

4. Let h denote the height of the tower, x the distance of the foot from 
A, and y the distance of the foot from B. Then 

se=7icot30 , and y=7icotl8 . 

But y* - x* = a 2 ; therefore K 2 (cot 3 18° - cot 2 30°) = a 2 ; 

therefore V {^±f^- 3 |=a 2 ; 

therefore fc 2 jlj^j - 3 J = a 2 ; 

therefore W (y/o - 1) = a 2 (3 - V5) ; 

therefore 7* 2 - 3 ~ V5 a .__ P - V5) (8 + >/5) 

therefore /* - 4 (>/6 _ 1} « - 4 (%/5 _ i) (3 + V5) 

4a 2 a 8 



4(2 + 2V5) 2 + 2V5' 

5. Let ^4 denote the eye of the spectator, and B the centre of the 
balloon. The angle a is formed by straight lines drawn from A in the 
vertical plane which contains B, so as to touch the balloon. Hence 

-7-= = sin 5 ; therefore AB — r cosec s . 

And the height of the centre of the balloon —AB sin /3=r sin j8 cosec ^ . 

6. Let denote the station which is in the same straight line as A 
and 2? ; let P be the station which is in the same straight line as A and C ; 
and let Q be the station which is in the same straight line as B and C. 
Then 0, P, and Q are in a straight line which is at right angles to AB. 
Let OP=p t OQ=q; let AP0 = a, and BQO=p. Then 04=ptana, and 
OB=qtsai J3. Thus ,42?=2tan/3-jptana. And the angles of the triangle 

ABC are known; for ABQ=?~p, and OAPJ*--a. Hence AG and BG 

can be found. 
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7. The tangent of the angle which AB subtends at E is *^f ; 

AE 

tangent of the angle which CD subtends at E is - A - ; therefore — \ 

CE At 

therefore CE= AE ^ D ; therefore CE*=—°—; 

AH A B* 

AEK CZ> 9 



therefore CA* + AE*= 



but CA*=AB*; therefore AE 2 = 



AS* ' 

AB* 



CD*-AB* 



a • tm>a EA ^ nrvr EB* + EC*-BC* 

Again cobDEA = - EI) ; and oobBEC^—^^-^— 

EA* + AB 2 + EA*+AC*-(AB* + AC*) EA' 



2EB . EC EB . EC ' 

But by hypothesis the cosine of BE A is equal to the cosine of Dl 
ia m~m>> therefOTe SA.SD^SB.SO; therefore ^L. = g 

8. Let A be the top of the flag staff, B the top of the tower, C 
of the tower, E the eye. From E draw a perpendicular ED on the ho 
plane which contains C, Then the angle BEC is to be equal to tl 
BEA. 

sin BEC BC , sin BEA AB 



therefore 



sini^tf JSC* sin ##4 AE' 

BC AB 



EC AE 
This coincides with Euclid vi. 3. 

Let CD=z; then EC=<s/(h?+x*), EA = ^(a+b-kyi + x*; 
therefore — - = . ; 

therefore {(a + b - h)* + a 2 } 6 2 = (ft 2 + s 2 ) a* ; 

therefore a 2 = — = — ^ ; 

a 8 - b* ' 

therefore ^y^-yi^M-ff-W 

a 8 -6 s 

^ 6 2 {(q+&-^) 2 -/t 2 } = 5 a (g4-5)(g+5-2^) _ 5 2 (g + ft-2fe) 
a a -6* " a a -6 a " a-6 ; 

therefore E C=b(^^)\ 
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9. Let P denote the top of the tower; from P draw PQ perpendicular 
to the ground; then PQ=k. Let x denote the distance of Q from the base 
of the tower; x+a is the distance of Q from one point of observation, and 
i x+bia the distance of Q from the other point of observation. 






rm Ln x , x+a . . x + b 

Thus cot0= r , cota=— — , cot3 = —— 

h k r k 

therefore hcota=x+a, hcotp=x + b; 

b — a 



therefore h = 



cot /3 - cot a ' 



ftM , , , (b - a) cot a 6 cot a - a cot 8 

ana sc=Acota — o= •- — a — - 

cot p- cot a cot/* -cot a 

Thus tan0=-= ~ 



x b cot a - a cot /3 " 

10. Let z denote the required height ; and suppose 6 the angle which 
the tower subtends : then 

x=&tan0, z+a=&tan(0+7); 

therefore s+ *(^^* = i±»*2S2 ; 

1 - tan tan 7 x tan 7 

thus we have a quadratic equation for finding x. 

11. Let x denote the breadth of the river in feet; let a denote the angle 

subtended by the column, and the angle subtended by the column and 

statue. 

200 , x * 230 
Thus tana= — , and tan 0= — ; 

x x 

230 200 
x x SOx 

therefore tan (/?-»)= — ^7230 = ^ - 4(K)00 ' 

But, by hypothesis, tan (/5 - o) = - ; therefore 

x 

6 30x 

- = -,— ; fi? ^r ; therefore x* - 46000 = 5x 9 ; 
x x 9 - 46000 * 

therefore as 8 =11500; therefore 3=10^115. 

12. The part of the house above the horizontal straight line subtends 
an angle of 60°, and thus the height of the top of the house above the window 
is 30 tan 60° feet. The part of the house below the horizontal straight line 
subtends an angle of 30°, and thus the depth of the foot of the house below 
the window is 30 tan 30° feet. Hence the distance from the foot of the house 
to the top of the house in feet 

=30 (tan 60°+ tan 30°) =30 (\/3+ Jo) = — 30=40 y/S. 
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13. Let x denote the height of each chimney in feet, and y the distance 
between them. The distance of the first point of observation from the 
nearer chimney is x cot 60°, and therefore the distance of the second point 

of observation is V(80) 2 ~+**~ccT*W # Thus 

— ._ * =tan45°=l; 

^(80)* + ar< cot 2 60° 

therefore x* = (80) 2 + a; 2 cot 2 60° = (80) 2 + % ; therefore 2a; 2 = 3 (80) 2 ; 

therefore x 1 = 6 (40) 2 ; therefore x = 40 V6. 

The distance of the first point of observation from the further chimney 
is y - x cot 60°, and therefore the distance of the second point of observa- 
tion is «/(80)» + (y -xGotm )' 2 . Thus 

X ■= tan 30°= -4; 



J (80) a + (y -'x cot 60 ) 2 \/3 

therefore 3a; 3 = (80) 2 + (y - x cot 60 ) 2 ; therefore 14 (40) 2 = (y - x cot 60 ) 2 ; 
therefore y = x cot 60° + 40 >Jl£=40 ( yJ2 + *JU). 

14. Let P be the object, PQ the perpendicular from P on the horizontal 
plane which contains A, B, and C. 

Let PQ=x, CQ=y. Suppose the angle PAQ, then P£Q=20, and 
PCQ=S6. Thus 

tan0= r, tan20= — r , tan30=-; 

y + a+b' y + b' y' 

therefore y + a + b=x cot 0, y+b = xcot20 t y=xcot30; 

therefore a—% (cot - cot 20) t b=x (cot 20 - cot 30) ; 

sin {20 -0) x 



A . . /cos0 cos20\ x si 

therefore a=x ( - — . — .—^ ) = — — 

\sin sin 20 J sin 



, , /cos 20 cos30\ a; si 

and b—x[ . nn — : — -)=-; 

\sin 20 sm 60 J sir 



sin sin 20 sin 20 ' 
sin (30 -20) a;sin0 



sin 20 sin 30 sin 20 sin 30 

x 



sin 20 (3 -4 sin 2 0) 



Thus sin20=-, and 3-4sin 2 0= r -A^ = ?; 

a 6 sin 20 6 

therefore 3 - 2 (1 - cos 20) = £ ; therefore cos 20 = -■ ( £ - 1\ . 

Hence S+ift- 1 ) 1 " 1 ' 

therefore *'-! * f * ^ . 46 2 -(«-5)y 36 a + 2«6-a 2 == (35-a ) (q + 6) , 
a 2 4 V6 / " 46* ~ 46* 46* ' 

therefore » x = ^ \/ (a + b) (36 - a). 



XV. MEASUREMENT OF HEIGHTS AND DISTANCES. 123 

2 

• _ 

T *x * ! xi • «/, 2 tan 3 3 , . njk x ,, 

If tan0=-, thenBin2d=j— ^ s - = — ^- = v, and 8in20=- ; thus 

S_ J{a + b )( 3b-a) 

5 "" " 26 ; 

therefore 3G6 2 = 25 (a + 6) (36 - a) = 25 (36* + 2a6 - a 2 ) ; 

therefore 396* + 50a6 - 25a 2 = ; 

therefore (136 - 5a) (36 + 5a) = ; therefore 136 - 5a = 0. 

15. Let x denote the height of the tower in yards ; then the distance 
from A to the foot of the tower is x cot 15°. The observer moves so that 
the tower always subtends the same angle, hence he must describe the arc 
of a circle having its centre at the foot of the tower ; and as the bearing of 
the tower changes from north to north-east he must describe one-eighth 
part of the circumference; therefore 

2jrscotl5° ,__ A . , 400 tan 15° 

=100: therefore x— . 

8 x 

16. Let A denote the object which is further from the road, B that 
which is nearer to the road, C the point where AB subtends the greatest 
angle, D the second point of observation. 

It is known that the point C is such that a circle described round A, B, 
and C will touch CD at C; see Notes on Euclid, page 308. Therefore the 
angle BCD is equal to the angle BAG; denote it by 0. Then the angle 
ABC=*0+p, and aJso = ir-0-a; therefore 20=ir-a-£. 

__ BC sin/3 ,, . -„ csinfl , AB sin a 

Now ,-77-= . < r ,. , therefore BC= . ._ ^ . and 73- = — ; 
CD sin(0 + j8) Bin (0 + 0)' BC sin 6 y 

.__ c sin a sin /S __ 2c sin a sin jS 
therefore AB - sint7sin(t7H j^y - cos j3 - cos (20 + p) 

__ 2c sin a sin /? _ 2c sin a sin jS 
"~ cosjS - cos (t - a) ""cosj3 + cosa" 

17. Let A denote the fortress, B the first position of the ship, C the 
second ; produce BC through C to any point E. Then the angle ABC= 22 4°, 
and the angle A CE-Q7{°; therefore the angle #4(7=45°. 

AB sin A CB _ sin (180° - 67£°) V(2 -ty2) . 1__V(2+V2)_ /2+VJf 
BC~~amBAC~ sin45° 2 * V2 V 2 " V 2 * 

therefore ^B=4^/?^H=V(16 + 8 >/2). 
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. , JC r _ sinilJg(7 _sin22i _ V(2-V2) . 1 _ 1 2 - V2 
£C~~BmBAC~ Bin 45°" ~ 2 ' y/2~ \ ~~2~~ ; 

therefore 4(7=4 a/ ~» =V(16-8 V2). See Example til 18. 

18. Let P be the first position of the ship, A the nearer lighthouse, and 
B the further lighthouse ; let Q be the second position of the ship. Then 
the angle BQP = 45°, and the angle AQP = 22±°; therefore the angle 
Q4P = 67J°. 

BQ zmBAQ^ sin (180°- 67£°) _ sin67£° _ coa22^ _ 
~BA~BinBQA sin224° ~Bin22i ~sin22|°- * 

=V2 + 1, by Example vn. 18; therefore BQ=Q(>/2 + l). 
And,/ PQ = ^Qsin450=?^tll=8 + 4 N /2. 

19. Let A denote the top of the lighthouse, P the top of the mast at 
the first observation, C the centre of the earth. Draw a straight line from P 
to A and let it touch the earth at B. 

Let r denote the radius of the earth in feet; then 

PB= JPC*~BC* = 7^+04)*-^= V2rx64 + (64) 2 = v/urx 64 very nearly, 

for r is very large compared with (64) 2 . 

In precisely the same manner if Q denote the deck of the ship at the 
second observation, QB = J2r x 16. 

Now, since PCB is a very small angle, we may, by the principle that 
tan is nearly equal to when is very small, consider the straight line 
PB to be equal to the arc which measures the distance of the ship from 
B at the first observation ; and similarly we may consider QB to be equal 
to the arc which measures the distance of the ship from B at the second 
observation. Thus between the two observations the ship has sailed over 

fj2rxQi- J2r x 16, that is, 4 *]2r\ that is, in half-an-hour it has sailed 

over 4 /y/8000 x 5280 feet, so that the rate is 8 ^8000 x 5280 feet per hour, 

x , A . 8 J8000 x"5280 .. , ,, , . /800 .. , 

that is, v Q miles per hour, that is, 8 j^ — - miles per hour, 

that is, 8 a/ ^ miles per hour ; this is very nearly 8 a/ ^ miles per hour. 

20. Let A denote the summit of the mountain, B the base, BO the first 
part of the path, CA the second part. From A draw AE perpendicular to 
the horizontal plane which contains B ; then AE=n. 

The following are the angles : 

BAE=^-y, CBE=a, CAE=^~P; 
therefore BAC=p-y, ABC=y-a, ACB=v+a-p. 
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SU17 8^17' 

BC emB AC sin (p-y ) 
AB ~ buiACB ~ gin (0- a) ' 

<4(7 _ sin -4 i?C _ sin (7 - a) < 
AB " sin4C£ ~ sin (ft^i) ; 

therefore gg+jjg M *MP - y )+.fai( 7 -a) 
.4.5 sin (/3 - a) 



2sin^-cos^-/-7J co«(- 2 --7) 

Sin (fl - a) ~~ 8 - a 

^ ' cos^ 



therefore BO+AO=-±- . 



2 

cos 



(^-) 



sin 7 j8 - a 

' cos^-^— 



21. Let denote the foot of the object; and let A, B, and C denote 
the three points of observation. Let x denote the height of the object ; then 
OJ.=xcota, OB —x cot )3, and OC=x cot 7. 

From the triangle AOC we have 

3 s cot 2 a = * 9 cot' 7 + a 8 - 2ax cot 7 cos .4(70, 
and from the triangle BOO we have 

a? cot 8 /3 = x 9 cot 2 7 + & 2 - 26a; cot 7 cos BOO. 
Multiply the first equation by h and the second by a, and add ; thus 

a? 9 (b cot 2 o + a cot 2 ft) =a& (a+ I) + a; 2 (a + &) cot 8 7 ; 

therefore 

o& (a+ b) sin 3 a sin 2 ft sin 3 7 

~~a(cos 2 /3sin 8 7-cos 2 7 sin 2 ft) sin s a + 6(cos 2 asin 2 7-cos 2 7sin 2 a) sin 2 ft 
1 

o5 (a + 5 ) sin 2 a sin 2 ft sin 2 7 • 

= o(sin 2 7-sin 2 /3)sin 2 a+6(sin 2 7-sin 9 a)sin 2 j3 # 

22. Let P be the summit of the lower hill, Q the summit of the higher 
hill; let A be the first point of observation, B the second, C the third. 
From P and Q drawPif and QN t respectively perpendicular to the horizontal 
plane which contains A, B 9 and C. 

Let PM=h, and QN=h'. 

Then AM=hoota t ml AM=AB+BC+CM=c+l + hcotp; 
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therefore A cot a — c+ 1 + h cot /3; therefore ft(cota-cot/3)=c+l; 

therefore h J^±V-^-"^. 

sin (£ - a) 

And by similar triangles 

W QX _BN _ AN-AB ft' cot a'-c . 
h ~ PM~ BM~ AM - AB~ fccota-c '' 

thus since h is known we can find h\ 

23. Let h be the height of the tower in feet, a the altitude of the snn 
at noon. The distance between the foot of the tower and the edge of the 
moat is ft cot 60°; hence the distance between the foot of the tower and the 
extremity of the shadow is h cot 60° + 45 at noon, and h cot 60° +120 when 
the sun is dne west. The directions of the shadows include a right angle; 

therefore {h cot 60° + 45) 2 + (7i cot 60° + 120)« = (375)'. 

Therefore ^ + ^ .165 + (45) 2 + (120) a =(375) 2 ; 

2/t a 2k 
therefore ~ + -£ 165 = 124200. 

By solving this quadratic in the usual way we obtain h = 180 y/S or - 845 V3 ; 
only the positive value is applicable. Then ft cot a - ft cot 60° =45 ; 

45 1 45 1 "» K 

therefore cot a = cot 00° + -.- = — + — - — - = — r + 



ft V 3 180 V 3 V3 4V3 4V3' 

therefore tan a = - >— . 

5 

24. Let P denote the top of the tower. Then <f> is the angle between 
PA and CA produced through A. Thus the angle CPA=<p-a, and the 
angle DPC= a -£. 

Then -° - sin DP C _ sin fc - ft) 

CP &mCDP~ ' sin/3 ' 

CA _ si n CPA _ sin (<£ - a) _ sin (0 -a) m 
CP ~ sinCAP ~ sIu(t"£) ~ "~7in0 — ' 

therefore **£-- & = !* &Z* . 

sin /? sm <f> 

therefore sin a cot jS - cos a = cos a - sin a cot $ ; 

therefore cot <f> — 2 cot a - cot £. 

Now let a', £', and <f>' correspond to observations made in another straight 
line AC'D'\ then cot 0'=2 cot a'- cotjS'; but by supposition 2 tan ^= tan a ; 

therefore cot0'=O; therefore #'=£. Thus ACD' makes a right angle with 

AP; and therefore ACD' is a horizontal straight line. 
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From D draw DM perpendicular to AD', and from M draw MN perpen- 
dicular to the horizontal plane which contains Z>; and prodnce PA through 
4 to meet the same plane at Q. 

m. . a MN . DM ^ AQ MN 
Then sin 0= . 8^.^=-=: — . cos<&= — ^-= : 

therefore cos <f> = sin sin 7. 

25. sini?=- sin.4=-^-sinil=V3sin-4 : 

a 6 

x 1 ir 2ir 

thus if .4 = a- we have sin B=\/3 . s ; therefore 2?=- or -5- . 
o & 6 6 

IT 

Suppose however that A = «-±A, where ft is the circular measure of 2"; 
then sin B = \/S sin ( ^ ± h J = \/3 j sin ~ ± A cos ^ f very nearly. Suppose that 
2?= - ±&; then approximately sin^±&cos^=V3 Jsin^iftcos^j ; 

T IT IT 

therefore =fc & cos — = ± /i \/3 cos - ; therefore 7c = h y/B . cot y = 3 A. 

00 o 

4 2ir 

In the same way if P= — =fc& we find that & = - Zh. Thus the approxi- 

6 

mate error in B is 6 seconds. 

26. Let A and P be the two objects on the opposite bank of the river ; 
and suppose P and Q two points on this bank, such that PQ=AB ; and let 
P correspond to A and Q to B, so that AP is equal and parallel to 2?Q. Let 
AQ and 2?P intersect at C, 

Then a=the angle -4PP, and /S=the angle 4QP=the angle PAQ. 

Therefore PC - sin ^ ^ C sin « - 
±neretore ^-g^^. p^- Bin(a+i3) ' 

but PQ?=PC* + QC*-2PC . QC . eoaPCQ; and QC=^C; 

. « , sin 2 j3 + sin a a-2sinasin/3cos(a+/3) 
therefore ^-W-2 gp ^ 

Ijet a; denote the breadth of the river; then the area of the triangle 
APB=^xc\ and this area is also equal to 

1«. «« . ,«„ ^, . «^v . P-4 a sin asin/S 

xP.4.PPsin,4PP=P.4.PC r s;ina= ^-: — -£- 

2 sin(a-t-/3) 

_ . c a sin a sin /S sin (a 4-/3) 

"" Bin*/* + sin 2 a - 2 sin a sin cos (a + 0) ' 
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27. Let AB denote a side of the fort, C the position due south of A; 
D be the second position, so that (72)= a, and the angle AC D= 90°; al 
A y B, D, and C will lie on the circumference of a circle. Let E be t 



third position, so that E is on CD produced through D, and DE—b; andtl : 
angle BED is a right angle. 

Let <f> be the angle between AB produced through B and CE produi 
through E % Then a + b = A B cos <f> ; therefore J.2? = (a + 6) sec 0. 

And BE=ECtanBCE, and =JEZ)tan JB2)j£; 

therefore (a+&)tan(9O°-a)=&tan#4<7=&tan(9O o -0). (Euclid in. 22 

28. From .4 draw AM perpendicular to the horizontal plane 
contains the road, and draw AN perpendicular to the straight road. 

on, . AM . . a AN 

Then sina=- r ^, and smfl=- 7 -3 7 . 

AB AB 

Similarly from A' draw A'M' perpendicular to the horizontal plane, BSLd 
A'N' perpendicular to the straight road. 

A'M' A'N' 

Then smaW^andsin/3^ 



Thus we have to shew that 



A'B' * £B • 

AM A'N' A'M' AN 



AB' A'B' A'B''AB 9 



AM A'M r 

or that AM . A'N' = A'M . AN, or that ~ = ^r . 

AN A'N' 

Now if A is just hidden by A' at some point of the road, the straight line 
A' A if produced through A will intersect the road; and then AA! and the 
road will lie in one plane; the sine of the inclination of this plane to the 

horizontal plane is expressed by -j-^ and also by --—^ ; so that these are 

equal. 

29. There are two cases. Suppose the angles APQ and BPR to be 
on the same sides of AP and BP respectively; then the angle QPB= the 
angle APB=a. Suppose the angles APQ and BPR not to fall on the same 
sides of AP and BP respectively; then the angle BPQ=ir-a. In both 
cases AB=BQ ; for the diameter of the circle which goes round the five points 

A. B, P, Q, and J2= - — — — - and also = - — ^H* 
' ' sin APB BmJRPQ 

In the former case AB=zy/{a? + b*-2ab cob a), and in the latter ease 

ul5=V(a 2 + & 2 +2a&cosa). 

30. Suppose both straight lines 00 and O'O to fall within the angle 
ACB. LetAC=a t ACO=<f>; then from the triangles AGO and BOO we get 

asin(0 + o) ^ aooBJt-f) 

sm a sin £ 
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therefore 00 sin a = a (sin <j> cos a + cos sin a) , 

00 sin /3 = a (cos <f> cos )3 + sin <f> sin /3) . 

_ . ^ 0(7 sin a (cos 8 - sin B) 

Hence asin0= —. — ^ — , 

^ cos(a+j8) 

00 sin fl (cos a - sin a) 

acos<£ = ^-^ £. 

^ cos(a+£) 

Square and add; thus 

a* cos* (a + jS) = 00* { sin 3 a (cos /3 - sin /3) 3 + sin 9 /3 (cos a - sin a)*} 
= OC 8 {sin* a+ sin 2 /3 - 2 sin a sin/3 sin (a + /3)}. 

Thus 00«= *W(«+ffl 

sin* a + sin 2 £ - 2 sin a sin /3 sin (a+/J) 

A similar expression will be found for O'C* in terms of a! and fl'. Then 
0'C*=0C* + d a . This finds a ; and then AB= a y/2. 

Similarly the problem may be solved for any other positions of the 
lines 00, O'O. 

31. Let a denote the Son's altitude; then tana=-— -=2; 

75 

therefore L tan a =10+ log 2 =10-3010300. 

10-3013153 10-3010300 

10-3009994 10*3009994 nnM .- n ™™^ »*,, 
■0003159 -0000306 '° 003159 : '°° m ° 6 ll 60 : 

this gives «=6; therefore a=63° 26' 6". 

32. Take the diagram of Art. 240. Here PBO =55°, PAO=4Q°, 
45=30 feet. 

PB zmPAB sin 48° ., , „ 30 sin 48° 
BA = **IPB = IETt* ; theref0re M — ET^ ; 

^=^cosP^=JPcos550=JPsm350= 30sin48 ; B inB5 ° ; 

Bin 7° 

log^C=log30+Xsin48°-10+Zsin35 -10-(J&sin7 -10) 
= 1-47712 + 9-87107 + 9*75859 - 9*08589 - 10 =2*02089 ; 
therefore BO= 104-93. 

33. Let a denote the inclination ; then sin a = ^x = -. — 777 ; 

' 196 4x49 

therefore L sin a = 10 + log 100 - log (4 x 49) = 12 - 2 log 2 - 2 log 7 = 9-70774. 

9-70782 9-70774 
9^0761 9-70761 

•00021 -00Q13 V 

this gives *=37; therefore a=30° 40' 37". 

T. T. K. \ 
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84. Let A be the point of intersection of the hills, B the point o 
vation on the hill, P the top of the object, C the bottom. Prod 
through B to meet at D the horizontal straight line which contains . 
duce DA through A to any point E. Then .4 2? =64 feet; and the fc 
are the given angles : 

CAE=W, BAD=40 , BDA=70», .#PO=90 ( >-70 =20 . 

Therefore BAG =80°, BCA =20°, PBC =30°. 

BC sin BA C _ sin 80° 
BA ~~ sin BCA ~ sin 20° ' 

PC7_s inP.gC _Bin30 , PC sin 80° sin 30° 

BC ~ BmBPC ~ sln"20 ; theiei0T6 B A " sin 2 20° ; 

♦li * i>n 64 sin 80° sin 30° _ 64 sin 40° cos 40° 128 cos 40° 
therefore PC g^^ - -^qo - ^w J 

therefore log PC= 7 log 2 + L cos 40° - L tan 20° = 2-4303981 ; 
therefore PC= 269-40031. 

35. Let A, B, C be the three successive positions of the ship froi 
the observations are made; let P, Q, R be the corresponding posi 
the other ship. 

Then the straight line ABC is parallel to the straight line PQ 
AB=BC, and PQ=QR. 

Let be the angle between the North direction and the direction of 

From B draw a straight line parallel to AP, meeting PQ at M; tl 

QM = BmQBM sin QBM sin (fl-q) 
BM tmBQM" Bin£QP~Bia(d-p)' 

Again, from C draw a straight line parallel to AP, meeting QR at 

RN = sm R CN_ sin RCN _ sin (7- a) 
CN~ sin CjRiV*" sin CJ2£ " sin (0-7) " 

But BM=CN; and 222V=2Q2lf, for RN is the difference of the 
the ships in two hours, and QM is the difference in one hour. 

Therefore 2smy-a) = sin(7--a) 

sin (0-0) 61^0-7)' 

therefore 2 sin (B-y) sin (/3- a) = sin (7 - a) sin (0- 0), 

therefore 

2 (sin cos 7 - cos sin 7) sin (fi - a) = (sin cos j8 - cos sin /J) sin (- 
Divide by cos ; thus we obtain the value of tan 0. 



36. 
tan^ 



L If a+j8+(7=ir, then x+y=ir; therefore sin«=siny; t 
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We might as in Art. 242 say that 

. . sin x- sin y , ( , v\ 

- , . 9 = tan ( # - - ) , 

anx+siny \^ 4/ 



. x-y x+y 
2 sin — - cos — - 

thatis 1 — =tan(*-jV 

. x + y x-y \J 47 

2 sin — jr?- cos — j~ x y 

X + 11 

But as cos -j~ is now zero we cannot divide both numerator and de- 
nominator of the last fraction by it, and thns we cannot proceed farther, 
hi fact in this case a circle would go round P, A, C, and B t and P may be 
at any point of the arc between A and B. 



XVI. 

1. Here s=36, «-a=12, *-6=6, *-c=18. 

The area of the triangle= N /36 x 12 x 6 x 18 = ^36 x 36 x 36=6 8 =216. 

2. The third angle of the triangle = 180° - 60° = 120°. 

* , xi. x.- m 10 x sin 15° , ., .. 10 x sin 45° 

One of the containing sides = — . 1OA0 , and the other = — . « OAI r- • 

° sin 120° sin 120° 

Hence the area 

1 (10)» sin 15° sin 45° . , 50 sin 15° sin 45° _ 50 (ytt - 1) _1_ *L 

~ 2 sin a 120° BUX " sin 120° 2V2 * >/2 * V 3 

25 (V3 - 1) 

— V3 

1 36 

3. The area of the triangle = s x 3 x 12 x sin 30°=-^=9. 

di 4 

Let x denote the hypotenuse of the right-angled triangle; then each of 
the equal sides is — , and the area is ^ x ( —5 J , that is j- . Hence -j-=9; 
therefore x 9 = 36 ; therefore x = 6. 

4. From the angle C of a triangle draw a perpendicular CD to the side 
AB, or AB produced. 

First suppose A and B acute, so that D Is between A and B. Then 

1 1 

CD=bBinA t AD^beosA; thus the area of ACD = s& a su* -4 cos -4= 7 & 9 sin 2-4. 

Similarly the area of £(72>=~a s sin2?cos£=-ra 9 sin2£. 

2 4 

Therefore the area of the whole triangle = -7 (a 2 sin 2B + 5 s sin 2A). 

\1 
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Next suppose the angle B obtuse, so that D falls on AB produced, 
through D. Then as before the area of ACD=j b* sin 2A. And the area of 

CBD=l a 8 sin (180°- B) cos (180° -B)=%- sin (360°-2£). 

Therefore the area of ABO 

=|{6 2 sin2^-o*sin(360°-2jB)}=^(6 t sin21+a s sin25). 

This mode of solution shews the geometrical meaning of the two parts 
of the expression. We may proceed more briefly thus : 

^ (a 8 sin 25 + 6 8 sin 2^) 

= = (a sin 2? <* cos 2? +6 sin 4 &cos^) = 5asinJ5(acos2?+&cos.4), byArt.214, 

=5 ac sin B, by Art. 216, ^=the area of the triangle by Art. 247. 

- q 8 - 5 8 sin A sin B _ sin^lsini? (c 8 sin 8 J. c?bw*B) 

~2~sin(^-B)~2sin(^-,B) { sin 8 C7 sin 8 !?} 

_ c*BinAsm B(am*A-f fa*B) _ c*BmABmBBm(A+B)sm(A-B) U* 
2sin(i-2?)sin 2 C " 2 sin (A - 23) sin 8 C 

c 8 sin ^ sin 5 
= — . — =area of the triangle, by Art. 247. 
A sin 

c 2abc ABC 2dbc /sis -a) /*(*-&) A(*-c) 

6. , COS-COS ttCOStt = -^— - A / -^ — - x a / — - * a / -L_— / 

a + 6+c 2 2 2 2s V 6c Vac V a& 

= *Js (8 -a) {8- b) {8 - c) =<Sf =the area of the triangle. 

7. Here 2s =£& (P + Z 8 ) + H for 8 + ft 8 ) + (A* +gl) {hi - £&) 

=£& (# + P) + %Z (g* + A 2 ) + A 8 fcZ + $AZ 8 - hg& - klg* 
= 2ghP + 2h?M; therefore s=ghP + Mh*=hZ (gl+hk); 
therefore * - a = KA 8 - ghl? = hh (Ih - gJc) t 

8-b=ghP-Jdg*=gl(lh-gk) t 
s-c = hgh* + Bg* =kg(kk + Ig). 
Thus 8 («-a) (s-b) (8-c)=gW&I*(lh-gl:)* {hh+lg) 7 ; 
therefore S=ghhl (ZA - gh) (hh + Ig). 

Therefore by Art. 218 the sines of the angles of the triangle are rational 
quantities; and by Ait. 215 the cosines of the angles are rational quantities. 
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8. Let a, 6, c be in Arithmetical Progression; then 26 =a+c. Thus 
the perimeter =36, and the side of an equilateral triangle of equal perimeter 

is 6. 

Thus A y«( 8 -a)(«-6)(s-c)=|.|6 2 sin60 = ?^6', 

__ 3 ^3 

thatis */(a + b + c) (b + c-a) (a+c-b) (a+b-c) = — |-6 2 , 

thatia * a/36 2 (6 + c-a) (a+b-c) = ?^?6 2 ; 

g 

therefore *J{b + c-a){b + a-c) = ~b, 

,, , /3c -a 3a -c 3 . , x 

therefore ^/ — g- x -^- = ^ (a+ c) ; 

9 

therefore (3c - a) (3a - c) = ^ (a + c) 2 ; 

a 
therefore lOac - 3 (a 2 + c 2 ) = ^ (a 3 + 2ac + c 2 ) ; 

therefore 84 (a 2 + c 2 ) - 232ac= 0, 

therefore 21 (^ + 1 J = 58 - . 

a 7 3 

By solving this quadratic in the usual way we obtain - = 5 or - . 

Co I 

a 7 

Take - = « ; thus a, 6, and c are proportional to 7, 5, and 3 respectively. 
C 6 

Thencos4=— ^— =-^ r ^ F =-2; therefore ^=120». 

9. Let A, B, (7, D, ^ be five consecutive angles of the hexagon ; draw 
AC, BJD, CE\ let AC and BD intersect at P, and let BD and CE intersect 
at Q. Then PQ is the side of the second regular hexagon. 

The angle BBC is half of the angle which DC would subtend at the 
centre of the circle circumscribing the regular hexagon, and is therefore 

- . Similarly the angle ACB is ^ , 
o o 

rm. PO Bi °6 ^e 1 .. , _- SO 

111611 m<= ■ ■ ;■/ 2.N = -27 =r^ ; therefore w= r^ 

Bin(ir--g-J Bin-g- 2coS£- 2cost» 

And PQ=2P<7 sin i PCQ=2PC r Bin £ =£CM»n J . 

a 
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BO 
Thus PQ = -^ . And the areas of similar polygons are as the squares 

of their homologous sides ; so that if 8 denote the area of the first hexagon 

a 

the area of the second is - . In like manner the area of the next hexagon 

*> 

1 *? S 

is - of - , that is x ; and so on. Hence the sum of the areas of all the 

o 6 y 

derived figures is ^ + - + 07 + •••» that *s 5 — ^ » that k 5* • 

1- 3 

10. Suppose that the original figure instead of being a hexagon is a 
regular polygon of n sides. Proceed as before and we have 

ryn sin- sin- ., 

PC n to 1 



B'C 



. / 2ir\ . 2ir ft x 

Bin ( ir ) sm — 2cos- 

\ nj n n 



Then PQ = 2PC sin | PCQ ; 

and the angle PCQ={n-4)Z ; therefore PQ=2PC sin (n- 4)-- 

' n v ' 2n 

2w- 

=2PCsin f J - ~) =2PCcos ^"= Z?tf!!li . 

v cos- 

n 

£cos s — 

__ TO 

Thus the area of the second polygon is ; 

COS 3 - 

n 

cos* — 

TO 

and 2=£{m+m f +m 8 + ...} where m stands for — i— ; 

cos a - 
n 

Scos 3 - Scos 3 - Scos 3 - 

thusS=^ m n 



I— m „x ,2ir . ,2w . 9 v . 8t .» 

cos* — cos* — sin 3 sin 3 — sm — sin — 

to n n n n n 

If n=3 this becomes infinite; for sinir=0; in this case the original 
figure is a triangle, and the second figure is the same triangle, and so on: 
thus the sum of the areas is infinite. 
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If n=4 the expression vanishes ; for cos — =0 ; in this case the original 

figure is a square, and the second figure is only a point, and so on : thus the 
sum of the areas is zero. 

11. Let ABC denote the right-angled isosceles triangle where C is the 
right angle. Let F be the middle point of AB ; let D be on BC y and E on 
AC, such that DE is parallel to AB, and the triangle DEF is equilateral. 

Then the angle DEC =45°, and the angle DEF= 60°; therefore the angle 

aw mro xr FE naFAE sin 45° 
AEF=75°. Now r=- t —■ 



therefore FE= 



FA ~ sin FEA sin 75° ' 
FA sin 45° a sin 45° a 1 a sin 15° 



sin 75» V2 " cos 15° 2 cos 15° 2 cos 15° sin 15° 

• *f ETA 

as ? . „_- = 2a sin 15°. Therefore the area of the equilateral triangle 
Bin 30° 

= 5 (2a sin 15 ) 2 sin 60° = 2a a sin 8 15° sin 60°. 
therefore ^£ 8 = ** 



(«-a)(s-6)(s-c;' 



and cot»icot^ co t^= * ( *- a > --•<-»> -- *(*-<> 



2 2 2 (s-6)(*-c) (s-a)(s-c) (*-a)(s-6) 

~(s-a)(«-6)(«-c) ; 
therefore 52j& = cot 2 ^ cot 2 1 cot 2 ? . 

13. Let C?A' intersect AB at E and ££ at .F. 

The angle A'FO is equal to the sum of the angles FCC and FCC, that 

is to the sum of the angles A' AC and FCC\ that is tori+^C; the angle 
jB£4'=the angle BAA'=^A. 

• 1 A ' X A 

°* &ji±{A+C) coq^B 

Let B be the radius of the circle; then 

t 222sin»^ 

A V= 2R sin ^ A ; therefore W = p . 

COB g 
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2J2sin 2 £ 
In the same manner EC'= R • 

C08 2 
And A'C'=2RBml(A + C)=2RooB?. 



2RUm*^ + Bm*~\ 



Therefore EF=2Roob^ g — 

cos 2 

= -H- jcos 8 |-sm 9 ^-sin a ^j =-^5 {1 + cos5-(1-cob^)-(1-cob(7)} 
cos ^ cos g 

■n 07? a z? /y 

= ■ (cos ,1+ cos 1?+ cos (7-1) = ^ x2 sin - sin— sin^-, by Art. 114. 

cos 2 cos - 

14. Let a denote one side of the right-angled triangle, and a+h the 
other side; then the hypotenuse = k Ja' i + (a + hj*= k Jh* + 2a (a + h). 

But £=half the product of the sides =~ a {a+h) ; therefore 48= 2a (a + h). 

Thus the hypotenuse = V(^ 2 +4£); and- the hypotenuse is a diameter of 
the circumscribing circle. 

„- 8 ^ abc ., , i2 «aJc 

15. r= Jf 22=^-; therefore ~ = — . 

Now 8=7, «-a=4, «-6=2, *-c=l; therefore £=^7x4x2; thus 

12 7x3x5x6 45 



» • 



r 4x7x4x2 16 

16. The angle ABO— the angle BAO=^-C; and therefore the angle 
B0D=rr~2C; the angle OBD=£-A; 

therefore the angle BD0=2C+ A -?-=A + C+B+C-B-£='£+C-B. 



_, DO BiiiDBO \2 J cob A 

Thus 



Bing-^) 



BO smMDO . (* - _\ cos (G-S)' 

sin, '»'»»■»» » # 



and BO=AO; therefore DO cos (£- C)=40 cos A. 
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17. Take the diagram of Art. 248; draw FD, DE, and EF. 

1 1 

The angle FDB = ^{r-B) t the angle EDC= ^ (ir-C); therefore the 

angle FDE=^(B + C). Similarly the angle DEF=^ (C+A), and the angle 

EFD=~(A+B). 

Suppose A, B, C in ascending order of magnitude; then 

\(A+B), \(A + C), l(B+C), 

are in ascending order of magnitude ; and 

\(B+O-\(A+B)=\(0-A). 

Thus the difference between the greatest and least angles of the first 
derived triangle is half the difference between the greatest and least angles 
of the original triangle. In like manner the difference between the greatest 
and least angles of the second derived triangle is half the difference between 
the greatest and least angles of the first derived triangle, and therefore a 
fourth of the difference between the greatest and least angles of the original 
triangle. Proceeding in this way we see that the triangles thus formed 
ultimately become equilateral. 

18. a cot A +o cot B+c cot <7=- — - cos A + - — =r cos B + ^— ^ cos C 

hid. A sini? sin O 

=2J2 (cos A +cos B+ cos C) =222+ 2R (cos A +cos B+ cos C- 1) 

ABO 
=2i2+8i2 sin -jr sin — sin — , by Art. 114, 

Ik & a 

= 2B+^ -=2J2+-=2i2 + 2r. 
aoc 8 8 

19. From A draw AD perpendicular to BC, and produce AD to meet 
the circumference of the circle at L. 

Then the angle A LB = the angle ACB=C; 

a=DL=BD cot ALB=BD cot C 

c cos B cos O a cos B cos C 
sin (7 sin -4 ' 
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^ m a Bin A sin(2?+C) . „ . . i - 

therefore - = = ^= ^ £=tanJB+tan(7. 

a cos B cob C oobBoobC 

b e 

Similarly -= tan 4+ tan (7, and -=tanC7+tan^i. 

P V 

Therefore - + t; + -=2 ItaaA +tan£+tan(7). 

« 7 

20. The area of the inscribed circle is to the area of the triangle as *r* 

a 

is to S, that is, as t is to 3 . Thus we have to shew that 



8 .A .B .0 
j^cot^cot^cot^. 



Now 



.A .B ,C / 8{s-a) I t(s-b) / $($-e) 

coW coW cot^- = a/ -. — v . ' x \/ - — \, ' v x a/ , — \ , ' • 
2 2 2^ (i-6)(«-c) V (8-a)(ji-c) V («-a)(«-6) 



*V« 8* a 8* S 

= T;= S £X 7^=-i. 



21. Let the triangle constructed on BC have its vertex at L, let that 
constructed on CA have its vertex at M, and that constructed on AB have 
its vertex at N. 

Take the diagram of Art. 252. The triangle GLB will be equal to the tri- 
angle COB in all respects; therefore the angle BCL= the angle 0CB=^-A. 

2 

In the same manner the angle A CM= 5 - -B ; 

therefore the angle LCM-- -A+^-B+ C— 2(7. 

Then (LM)*=B*+ I* 2 - 222 2 cos 2(7= 2i2* (1 - cos 2<7)=42P sin 8 (7; 
therefore LM =2R sin C=c. 

In a similar manner we find that MN=a, and NL=l. Thus the triangle 
LMN is in all respects equal to the triangle ABC. 

22. a cob .4 +5 cos .B+c 0080=2.88^1.4 cos^+2£sm2?co8JB+2J28inG r oofi0 

=J2(Bin2il + Bin25+8in2C r )=4J2 8inulBinBBin(7, by Art. 114 
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a 2 „ . a 2 



23. OIP^IP cos 8 A= A , t A cos a ^ = -7 cot* A, 

4 sin-* A 4 

OE*=B* cos 2 B =2-?-n cos 2 I?=? cot 2 B, 

4 sin 2 B 4 

0F*=& cos 8 <?=—?—- cos 2 C =t cot 2 (7; 

4 sin 2 (7 4 

therefore 4 (0D 2 + 0-ff 2 + OF 3 ) = a 2 cot 2 4 + 6 2 cot 2 5 + c 2 cot 2 C. 

24. Take the diagram of Art. 248. The circle which is to be drawn 
will have its centre, and its point of contact with the circle already drawn, on 

the straight line OA. Thus the length of OA =r+r a + r 4 cosec ^ ; and this 
distance also=r cosec - ; therefore 

r. ( 1 + cosec ^ ) =r( cosec - -1 J ; 

r ( 1 " Bin ^) r ( C0S I- sin l) 3 

^cos I+ sin- 4 -j 

25. By Example 24 we have 

(A A\* { B B\* 

cos-.-sin-j ^cos-^-sin-^j 

7"™3 . Ayr b . bx ' 

^cos-j+sin^j ^cos^+sin-^J 

/ A . A\/ B . B\ 
r ^cos^ - sin ^cos j - sin j J 



therefore . . . 

1 + sin- 






JTV' 



therefore V(**«n) = 



^cos-j + sm^J^cos^+sni-jJ 

/ J. . A\f B . B\S C , . C\ 
r^cos^-sin-j^cos^-sin-j^cos^+sin-^j 

= / A . A\/ B . B\ ( d . C\ 
^cos 4+sm^j (^cos- +sin jj (*>s -j+sm- j 



4+w .£ + *• C-w 
r cos — ^ — cos —. — cos —. — 
4 4 4 

A-v B-v C-v 

cos — -. — cos —. — cos — i — 

4 4 4 



A B C\ 
3 2 +COS 2" COS 2) v 



rlcos^- 

7 h ^3 b y Examples vni. 20 and 21. 



COB -jr +008^+008- 
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Similar expressions can be found for \/(r b r t ) and y/(r,r u ); and the Bimi 
of the three expressions ~r. 

26. Suppose A to be acute; then AB=c cos -4, AG'—h cos -4, and 

(B , C'p=AB*+AC"-2AC'. AB' cob A 

=QOB*A(<? + h*-2bccoBA) 

=a a cos' A ; 

therefore B'C = a cos A = 2R sin A cos A = R sin 2-4 . 

If 4 is obtuse we find that AB=c cos {v- A), AC'=b cos(ir-4), MM 
(B'C)*=a* cob 2 A as before. 

27. Let P denote the point of intersection of AD and BE. 

Then since PEG and PDC are right angles a circle would go ronn 
PECD; therefore the angle PDE = the angle PCE=^-A. Similarl 

PDi^ \-A. Therefore FDE= w - 2A. 

FE FE Rsm2A , _ . no l n 

^=2^FlTE = ^i^A^2Bin-2A' ^ Example 26, =^. 

. „ areaof.F.Z)# FD.EDb\ji2A 

Andr, = 



1 semiperimeter of FDE R (sin 24 + sin 2B + sin 2C) 
R*m2A sin 27? sin 2(7 



sin 2.4 + sin 2B+ sin 2(7 



, by Example 26, 



J2 sin 2.4 sin 2 7? sin 2(7 , . . ,,. oa . . _ _, 
4 sin -4 sin B sin C Y 



28. 



29. 



r 2 r 8 s(8-a) ' (s-b)(*-c) 8 (s -a) 2 # 



rr l _ 



\/A \/{rrr*) yjir ' r yjv " S* 



Q . ,. . 1 1 «-a 1 _ 1 s-6 1 _ 1 8-c 

similarly - i --—.-^-, __--._, ____.___; 

therefore 



1 1 1 __!/*-« » - & * ~ c ^ _ * 



Ss-a- b-e __ 1 « 

30. Suppose a, &, c to be in Arithmetical Progression; so that 2b=a+ 

The perpendicular on the mean side from the opposite angle 

. „ a&sinC 2S 
=asin<7=— j— = y . 
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The radios of the circle which touches the mean side and the other two 

, , S 2S 2S 

produced= — =- = = = — - . 

*-6 a+c-o b 

The radius of the inscribed circle = - = ; — = «.- . 

8 a + b + c 36 

The first and the second of these are each three times the third. 

31. Let denote the centre of the inscribed circle, and P the centre of 
the escribed circle which is opposite to the angle A, Then and P are both 
on the straight line which bisects the angle A, 

The angle OBP=1b+±(w-B)=%. 

^ __ OB OB OB 

Thus OP- 57^ = - = — — ; 

cos-BOP 1,. _. . a 

coa-^U+B) sin- 

ABsm-A cshi-A csin-A 

and 0B= l 2 2 



77 A B\ . A + B C 

Bm { 7r '2"2j Sm "T" C0S 2 



111 

c sin s -4 2c sin - A 2a sin -= A 

Therefore 0P=— -* 77= 1 n = «— -— = — 1-. 

. C (7 sinC srn-4 A 

sin- cos- cos- 

32. Let Oj, &!, c a be the sides of one triangle, S x its area ; let a 2 , ft,, -c 2 
>e the sides of the other triangle, S. 2 its area. 

S Sf 
Then, by hypothesis,. = * = ? — =- ; therefore 

^l + ^l" -05 ! «2 + c s — o 2 

sin B a^ sin (7 
£ x _ &i + <?i - flj _ * sin A sin ii ^ 
£ 2 ~~ a 2 + c 2 - 6 2 — a 2 sin G a 2 sin i? 

A sin J. smi 

_a L sin 5 •+sin{7-sin.A 
— a 2 "sin 4 + sin(7-Bin B* 

But the areas of similar triangles are as the squares of their homologous 

S <u* 
ides; thus «- = - i 2 ; therefore, finally, 



So a. 



<&!_ sin 2?+ sin (7 -sin ,4 
o 2 ~~ sin A + sin C- sin 5 ' 
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33. The points 2 , 3 , and A are in a straight line; similarly O s , lt 
and B are in a straight line ; and 1 , a , and G are in a straight line. 

The triangle 0^0^ consists of four parts; namely ABC, OiBC, O^CA, 
and O z AB. 

The area of O x BC= ^ar, = ^ — 7 = j-^ . 

1 2 1 2(«-a) b + c-a 

Similar expressions hold for the areas of OJJA and O s AB. 

Thus the area of O.O.O^sfl +v-^ — +— : t+ J, ). 

123 \ b+c-a a+c-b a+b-cj 

34. Here we have another expression for the area of the triangle con- 
sidered in the preceding solution. 

We hare ^ =__ = _.; 

em^[B + C) cob^A 

acoa^B 2R sinJ. cos „ B - - 

therefore 0,(7= t = - = IB sin 5 A cos 5 B. 

cos - J. cos 5 A 

Similarly 0,(7=48 sin 5 B cos ^ A. ; 

therefore 1 2 =4Bf si»o^ cos ^ -B + sin ^ -Boos 5 -4 ) 

=4B sin|(4+JB)=4J2 cos|(7. 

In like manner 1 8 =4B cos 5 J?. 

Then area of O^aO,^ X % x 0^3 x sin % X 0^ 

=aR a cosiccos|^ sin|(J?+(7)=aR a cos^ 0OSg5 cos^tf. 

_ 8B?sS _ abcs _o5c 
"""a6c 2# 2r * 
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35. We have 



r>= 



abc 
•area of A1BC ~2r 



semiperimeter of A'B'G' 



2R ( cos - + cos ^ + cos g J 



by the solution of the preceding Example, 

abc S 



71/ A B C\ ( A B C\ 

4jRr(eos5-+cos g +cos^ J r( cos ^ +cos-s +cos ^-J 



ABC 

COS g +COS^ +C0S-5 



,A X B ,0 * a * 
Also cot^cot-^cot^^-; 

(see the solution of Example 20), 

* A * B *o 
root -^ oot^ cot — 

therefore /= a B 6 * 

COS-£ + cos g + cos -J 

n , m , , area of A'B'C ,, , 

36. We haver's -? ; therefore 

rV=areaoMW=f. by Example 34 

Again, r« = area of A BC= S. 

_, , r« 2rS 2£ a 

Therefore -r, = -^- = -r~ . 

rV a&c aba 

Ar^ * m' n ^ ™ * «in a - 9 / (*-*>)(*-<>) ^ (8-c)(8-a) „ {8-a)(8-b) 

Ana 3s sib— sin— sin 7; = 2 \ / 7 x x 7 

2 2 2 V be ac ab 

25 a rs 
abes ~" rV * 

37. We have a=r cosec^, o^rj cosec-3, 

|8=r cosec -^ , A =9*1 cosec -^ , 
(7 (7 
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ABC 

therefore apya 1 p i y 1 =r*r 1 r i r s cosec 5 -jr cosec 2 ^ cosec 2 — 

a a a 

JS* S z be ca ab 



j 3 (*-a)(«-6)(«-c) (»-c){8-b) (t-a)(8-c) («-a)(i-&) 



5c sin 2 — ca sin 2 -^ a5 Bin* ■=■ 

3 8 . * + £+* r J + __l + __ r i 

«i a ft" 7i f 'i* *V »s 



= -3 j&c cos 8 ^ +ca cos a -£ + o6 cos 2 ^| , by Art. 251, 
= -(3«-a-6-c)=l. 



,,. ,g_}) + ,g_!U,Q_I) 



r 2 (6-c) r*(c-a) , ^(a-J) 
= ^ + g + C 

be sin 8 — ca sin 2 — o& sin 2 — 

2t a 2 

_ r 2 f a (ft — c) 6 (c - o) c (a-b) 



t [ a [o — c) o\c-a) c \a-Q) \ 
abel . 9 A . 9 B . .<? > 

\ Bm2 2 fim 2 "sj 



= -^T |(6-c) cot^ + (c-a) cot j +(a-6) cot^j 
=0, by Example mi. 29. 



An b-c c-a a-b 



oaf bpf cyj 

1 

6-c . „A c-a . „2? a—b . ,(7 

= — j sin 2 -5 + r - T sin 2 - + — r- sin 2 -jr 

ar^ 2 6r 2 2 2 cr 8 a 2 

1 (6-o 9 A c-a n B a—b 9 C) ^ . A ««,- 
~? |-^- C0S 2 + "T" C0S 2 + ~ C0S 2} ' by ** 251j 

= 47& 2 | (6 " C) ** 2 + (<? " a) COt 2 + (a " 6) **?) 



=0, by Example ziii. 29. 
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41. In order that it may be possible to inscribe a circle within a quadri- 
lateral the sum of one pair of opposite sides must be equal to the sum of 
the other pair. Now if we take the point of the diagram of Art. 248, we 
see that the condition is satisfied for OFAE, OECD, and ODBF; since 
0E+AF=OF+AE, and so on. We have then to shew that no other point 
but can be taken. 

Take any other point P ; from it draw PM perpendicular to AC and PN 
perpendicular to AB. The centre of a circle inscribed within PMAN must 
be on the straight line which bisects the angle A ; and also on the straight 
line which bisects the angle NPAf; but unless P is on AO, the latter straight 
line will be parallel to A 0, the former straight line, and therefore cannot 
meet it. Thus P must be on A 0; similarly it must be on BO and on CO. 

Then take the circle inscribed in OFAE, and draw perpendiculars from 
the centre on the sides of the quadrilateral. Thus we have 

p 1 {AF+FO+ 0E+ EA) = twice the area of OFAE ; 

!A) A 

p+p cot g j =/> 9 cot -s ; 

A A 

poot- x 1+cot- 

therefore p 1 = ' ; therefore - = A . 

1 L A Pi X 4 

1 + cotg n pcot-g 

1 1 + cot 2 



Similarly — = p 



• 



/>C0t^ 



In this manner we find that the proposed expression 

l\.A jL B x B'c i _C i A\ 
=^l tan 2 tan "2 +tail 2 taJ1 2 +tan 2 tan 2) 

=-*, by Example vm. 25. 



42. As in Example 24 we shall find that the radii of the circles succes- 
lively inscribed in the angle A are lr, l*r, £ 3 r } ... where 



1-sin-s 
l + sin-g 



T. T. K. 
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' Hence the sum of the areas of all these circles is «-(^V a +J*r*+l R r s +..-)5 



»(x-rin|)V 



that is = — „, that is 3 , 

4sm a 

that is x , r . that is xr'sin 4 — j— oosec 7 . 

4sin 2 

Similarly we find the areas of the circles inscribed within the angles 
B and C. Thus the sum of all the areas is 

,{ . A B+C A . A G+A B . A A+B C) 

xr* jsin 4 —j— cosec -5 + sin* —7- cosec-^ + sin 4 -^— cosec -g j . 

43. *.= ; BC 



2 am BOO 2 sin 2A' 
similarly A-^^, and *.-?£&• 

Thus -I-+ *- + -~= 2 (sin 24 + sin 25 + sin2tf) 
iv a Kb Ji c 

abc abc 
=8 sin A sin B sin C, by Art. 114, =-^ x 15 x "5 = ]5i • 

Again, 

5(7 a a a 



r„ = 



a 2sin50'C 



2sin(T-^-^j 2sin|(5+(7) 2008^' 



6 , c 



similarly r b = n , and r, = r ,. 



Therefore 
T a r b r e 



2 cos -5 .2 cos - 



abc Z A B C 2 (sin 4 + sin 5+ sin C) 

8 COS - 6 COS -rr cos -3 v 7 

AAA 

J2 5 



, by Example vni. Id 



2£sin4 + 2i2 8^5+2/2 8^(7 a+b+c' 

44. Since the angles at B' and C are right angles it will follow that J 

will be on the circumference of the circle which is described round Pffd 

and that PA is a diameter of .the circle. Let 0, denote the centre of the 

1 
circle, then P0 1 = 5 Pi. 

A 
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In a similar manner if 0, is the centre of the circle round PC'A\ and 
#s the centre of the circle round PA 'B y we have 

PO^PB, and PO^PC. 

Then in the triangle P0 t % we have 

O s 0, 2 = POf + P0 8 2 - 2POtPO z cos 0,P0 8 ; 
and in the triangle PBO we have 

BC*=PB 2 + PC*-2PB . PCoobBPC. 

Hence O a O s =-BC. Or this might be obtained by Euclid vi. 2, and vi. 4. 

Similarly O^O^^CA, and O x O % =^AB. Thus the area of x 0j0, is one- 
fourth of the area of ABC. 

45. Let **! , r 3 , r 3 denote the radii of the circles ; then the sides of the 
triangle are respectively r^+r^, r z +r lt and r^r^. Thus 

iss^ + rj + rg, s-a=r lf *-6=r,, «-c=r s . 

Therefore 5 a = (r x + r, + r 3 ) r^^ . 

46. Suppose a, 6, c in Geometrical Progression, so that b*=:ac; let 
Pi, Pi, p 3 denote the perpendiculars from the opposite angles on a, 6, c 
respectively. 

rm. 1 o *v * 25 ... , 25 , 25 

Then ^p 1 a=S f so that j^ — ; similarly p a =-j-» and jj 8 = — . 

Let A 1% B lt C x be the angles opposite PuP^p^ respectively in the new 
triangle. 

1 1 _ 1 JP+c 1 _ 1 

to, i ttt'+Ps'-JPi' ^ + c J a 8 &'c* a* 

Then cos -ii ^* rt r3 — ^i- = _ = x 

be be 

_ a*{b*+c*)-b*c* = b*(a*-c*) + a?c* _ a*-c* + ac 
~ %Mc ' 2a*bc ~ 2ab • 

a*+b*-c* 

=cos0. 



2ab 

Thus^C. Similarly C X =A. Therefore B X =B. 

a Bin A 



47. Here o= 



c bin B sin B sin ' 



Similarly B= . „ —. — 7 , and 7=- — -: — : — s 
J r 8in0sin4' ' sin A sin B 



TJ°L 
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Therefore 2(/3y+7a+a/3)-a s -/3*-7«=theprodiict of — 



ErfnM frin'£ sin»<7 
into {2Bin a ^Bin*C+2Bin s C , BinM+2Bin a ^Bin i 5-sin 4 ^-Bin 4 ^-Bin 4 (7}. 

The expression within brackets is equal to 
(sin4+sinl?+sinC r ) (sux4+sinZ?-sin(7) (sinJ. - sul8+ sin (7) (sini?+sinC- sini), 
as we know from a similar process in Art. 218. 

Then, by Examples Tin. 16 and 17, we obtain 

A B C A B C ' 
4 4 sin 2 g sin* « sin * o C08 * o cos * o cosl o » * na * **, 4 sin *^ «» f -B m* 1 0. 

Hence 2(£7+7a+a£)-a*-/3 3 -7 J =4, 

and therefore a 8 + /3 s + -/ 8 - 2 (£7 + 7a + a£) + 4 = 0. 

48. Let P, Q, R be the centres of the equilateral triangles described on 
BC, CA, AB respectively. 

Then PQ 9 =P(7 S + QC*-2PC. QC cobPCQ; 

also PC=^ fB JidQC~. 

Thus 3 />Q»= a 2 + 6 s - 2a6 cos (tf+ 60°) 

=a»+&*- 206(008(7 cos 60°-sin(7 sin 60°) 
=a s +ft a -a& cos C+ab sin C V3 

=a a+6«- a ^ c +a&sinCV3 



2 

We shall obtain the same symmetrical expression for 3 QR? and 3 HP*. 
ThxiBPQ=QR=£P. 

49. We have tan £(£-#)=*— cot 5 ; 

*v * ^ 66 + 25 . .„ 9 1 3V3 

therefore eot^ = &J -^ tan 30«= s . -^ _- *- • 

^ 3 

therefore Z cot ^ = 10 + 5 log 3 - 2 log 2 = 10-1136219. 

10-1137122 10-1136219 

10-1134508 10-1134508 



•0002614 -0001711 -0002614 : -0001711 : : 60'' : *" ; 

this gives x = 39 ; therefore ^ = 37° 36' - 39"= 37° 35' 21", Therefore 

A = 75° 10' 42". Thus B + C= 180° - 75° W 42"; and B - (7= 60°. There- 
fore £=82<> 24' 39" and C= 22° 24' 39". 
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50. In the solution of Example 26 it is shewn that the sides of the 
new triangle are a cos A, b cos B, and c cos G respectively. 

In the solution of Example 27 it is shewn that the angles of the new 
triangle are w - 2A, v - 2B, and v - 2C respectively. Then, hy Art. 215, 

- i oi. 5" 008*2? + €* COS* (7- O f COS 1 .4 

cos fir — 2A) = ^. „ _ ; 

1 ' 26ccos^cos(7 * 

bat cos(x-2j4)=~cos2^. Therefore 

a* cos* A - 6 2 cos*2/ - c* cos* G 



cos 2A =- 



26c cos B cos G 



51. Let pi denote the radios of the circle which tonches BD, BF and 
the are JDF in the diagram of Art. 250. Let p t denote the radius of the 
circle which touches CD, CE, and the arc DE. 

The angle DBF=t—B. Hence, by the method of Example 24, we have 

.. . 7T — B - B 

l_ sm __ i-cos^ B 

1+sm— g— 1+cos^ 

Q 

Similarly /» s = r x tan 2 -j . 

In this way we see that the product of three of the radii 

=r x tan 2 -r x r, tan 2 ^xr, tan 2 -j ; 
and the product of the other three 

=r x tan 2 -r x r a tan 2 -j x r 8 tan 2 ^ • 
The two products are equal. 

52 4*-**AZ*. therefore AB-±*™^™- 
52 ' AP-ri^AB'P' tnerefore AB ~ Bm AB'P ' 

a- m i i>nt BPOuBPO' , nA , CPsmCPA' 

Similarly BC>= ^ B()lp , and GA>= ^^ . 

on. ^ D / d/7/ /yj# 4P.5P.tfP sin 4PB' sin tfPC' sin <7P4' 

Thus AB'.BO'. CA'= -. — j-ht^ — ^—57*75 — • n At -s • 

sm AB P . sm BG'P . sin GA'P 

In like manner 

AP.BP.CP tin APC. BiaBPA'. BmCPB' 



AC. BA'.GB* = 



sin -4 C'P . sin BA'P . sin Ofl'P 



The two expressions are obviously equal; for sin 4P2K= sin 2*P4', 
'=sin B'PC, and sin CP.A'=sin G'PA. Also, sin AffP=fanGB'P f 



sinPPC 
and so on. 
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53. Let P denote the intersection of A A' and BB'\ then, if CC does 
not pass through P,. let a straight line be drawn from Q through P, and let 
it meet AB at C 1 . 

Then, by the Example, we have 

AB . BC X . CA'=AC X . BA' . CB. 

But by hypothesis, 

AB'.BC.CA'=AC.BA'.CB\ 

Therefore ' IS-^i 



therefore 



therefore 



BC'~ AC" 

BC-C 1 C _ AC+C 1 C 

BC ~* AC 

C Y C _ C^C 
BC" AC''' 



therefore CyC'=0\ 

therefore C x must coincide with C. 

54. Let the feet of the perpendiculars from A, B, C be denoted by 
A', B , 9 C respectively. If all the angles are acute, we have 

AB'=cqobA, BC=aooaB s CA'=boo&C $ 

40" =6 cos -4, BA'=ccobB, CB , =aoosC; 

thus AB'.BC. CA' = AC . BA' . CB'. 

Therefore, by Example 53, the straight lines AA' 9 BB' 1 and CC meet 
at a point. 

Next suppose one angle obtuse, say C. Then 

£4'=&cos(180°-C), and (7P'=acos(180 -(7); 

the other expressions remain as before, and the result holds as before. 

55. Let the straight lines which bisect the angles A, B, C respectively 
meet the opposite sides at A\ B, C respectively. Then 

. _. sin^jB ^^ sm^C „.. em- A 
AB' 2 BC 2 CA' 2 

BB , ~lmT t CC^TmB' AA'~ sin (7 ; 

pin - 4 Pin - P f"M - A 

therefore AB f .BC.CA f =AA'. BB'.CC — . * . 2 D . ^ ; 

sm<4 sin 2? sin (7 

the same value may be obtained for AC . BA' . Clf. 

Therefore, by Example 53, the straight lines AA\ BB', and CC meek 
at a point. 
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56. Let A\ B\ C denote the middle points of BC, CA. AE respectively. 
Then 

AB'.BC. CA'=±bx±cx±a = labc. 
Similarly AC. BA' . CB=\ abc. 

o 

Therefore, by Example 53, the straight lines A A', BB\ and CC meet 
it a point. 

67. Let the points of contact opposite to A , 2?, V respectively be denoted 
\>j A\ Bf,C respectively. 

Then ^'=rcot^, .B(7'=rcotf, CM'=r cot £. 

& Z 2 

Thus AB? . BC . CA'=r* cot ~ cot f cot £. 

a m a 

Similarly AC . BA' . CB'=r* cot i cot f cot £. 

Therefore, by Example 53, the straight lines AA\ BB' t and CC meet 
*t a point. 

58. Let the points of contact opposite to A, B, C respectively be denoted 
by A',B f t C f respectively. 

Then AB f =r 3 Qot~(v-A)=r a t&n 7 :A, 

BC=r s tan 6 B t 
CA'^rJm^Ci 
therefore AB , .BC.CA f =r 1 r i r i taji^Ataax^B tan = C. 

Similarly AC. BA f .CB^r^^iua^A tan^ B tan ^ C. 

Therefore, by Example 53, the straight lines AA' t BB\ and CC meet 
it a point. 

59. Here AE=AF, CE=CD, BD=£F; therefore 

AE . BE. CD=AF. BD . CE. 

Therefore, by Example 53, the straight lines AD, BE, and CF meet 
at a point. 
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60. Let A BCD be the quadrilateral figure. Then, denoting by A, B, C, 
and D the internal angles of the figure, we have 

r. (cot^+cot^?) =BC; 

f B C\ 

therefore r. I tan ^ + tan ^ J = BC. 

Again, in like manner we have 

rfcot 2+cot g )=DA t 

that is r (tan?+tan|) =DA, 

for A + C=v, and B+D=v 9 by Euclid in. 20. 
Hence - = yrz • 

In the same manner we can shew that 

r h _CD r._AD Ar>A r d _AB 
r~AB f r~BC *** r~ DC* 

Therefore ™ =1 t ^^ ^=1; 

therefore r a r h r e r d =t i , 

xvn. 

1. Here r = - 4, q = 6 ; therefore 

-*—©•— © , -?G)*-i5i--3- 

Therefore 3a = -j . Hence a = -j . Therefore the roots are 

■G)*~i. — ©*-(H)- 

Now 2(|)*oob|=2V2J2=2; 

2 G)* C0S (T + i) =2 V2 "^iT" -2V2«0S^= -(V3 + l)5 
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2. Here r=l, 5=3; therefore 00880=4(^0) Ml) o» 

therefore 8a =60°; therefore a = 20°. Therefore the roots are 2cos20°, 
and 2 cos (120° .-fc 20°). 

Also 2 cob (120° + 20°) = 2 cos 140° = - 2 cos 40°. 

And 2 cos (120° - 20°) = 2 cos 100° = - 2 sin 10°. 

3. Take the equation x 5 - pa? + qx-r=0. 
Put x— ny ; thus n 5 y* -pnhj* + qny - r = ; 

therefore- tf-^y 8 + % V = £• 

Now by Example vm. 59, cos 5a = 16 cos 6 a - 20 cos 8 a + 5 cos a. 

_ . 5 » 5 cos 5a 

Thus cos 5 a~ T cos 8 a+ T5 cosa=- T «— , 

4 16 16 

. 5 p 5 q ,, r cos 5a 

Assume y=cos«, ,=■£, ffi - * , ftm -p . -. _ . 

Here (|)*=§, and ^ = £; so that we have »«-^j?, and n*^. 

Thus the process will not be admissible unless p*=5q; and this condition is 
satisfied by hypothesis. 

16r /4*>\£ 

Then a must be found from cos 5a = —j ; put for n its value (if ) : 

thus oos6a=16r x ( 7- ) = 5 ( ~ J • T* 16 process then will not be admissible 

if this expression is numerically greater than unity. Hence ( = ) (-) 

must not be greater than unity ; that' is ( 5 J must not be greater than ( ^ j 

Suppose this condition also to hold; then one root is n cos a, that is 
2 (? Y*cosa. 

Moreover we might also suppose y=cos (-=- ± a ) or y=cbs ( ~ ± a ) , 
and we shall still arrive at the same value for cos 5a, since 

cos 5 (-£ ±a)=cos5a and cos 5 (-=■ ±a j=cos5a. 
Hence we see that the other roots of the equation are 



5 

s 
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4. Proceed as in Example 3. 
Here r=8, j=20, p-10. 

cos 5a=4 (n) =-7 s5 therefore 6a =46°. 

Hence the roots are 

2V2cos9 , 2 V2 cos (72° ±9°), 2 y/2 cos (144° ±9°), 
that is 

2V2cos9°, 2 y/2 cos 63°, 2 V2 cos 81°, 2 y/2 cos 153°, 2^2 cos 135°; 

the last is equal to - 2. 

5. Let D denote the point of contact of the circle with BC. Let AG 
intersect the circumference of the circle at E, and let AB intersect the cir- 
cumference at F. Then the four straight lines AE, ED, DF 9 FA can be 
measured. Then, by Art. 254, the diagonal AD can be determined. 

Then all the angles of the triangles ADE and ADF can be found; and 
thus the angles of * the triangles ADO and ADB are known. Thus DC and 
BD can be found. See Euclid in. 32. 

• 6. Let D be the point on AC produced through C such that the angle 
ADB is half the angle ACB ; then CD=CB. Thus CB is known. Again, 
let E be the point on BC produced through C such that the angle AEB is 
half the angle ACB; then CE=CA. Thus CA is known. Then in the 
triangle ACB we know AC, and CB, and the angle ACB ; thus AB can be 
found by Art. 215. 

7. Let x denote the height of the balloon, and a, b 9 e the sides of the 
triangle ABC. Let be the point in the plane of ABC which is vertically 
under the balloon. Then 

A0=x cot 45°=*, B0=xoot45°=x, C0=z cot 60°=-^. Therefore 

Ann y *i~* 36»-2*« ^ *+*-+ 3a a -2a* 

V3 V3 

But 4(72? is a right angle, and therefore cos BC0= sin AGO; thus 

/ 36 a -2s*\ a /3a a -2s* \» 
V2foeV3y + \2aaV3j 5 

therefore a* (36 1 - 2<c a ) a + &• (3a a - 2aj a ) a = MV ; 

therefore 4a^(a a +6 a )-36a a 6 a iB a +9a a 6 a (a a +J a )=rO; 

therefore • 4c a **-36a a & a a 1 + 9aW=0. 
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8. Here the angle BAC-ihe angle £OC= the sum of the angles ABO 

mi AGO. 

«_ em AGO AO ., , . ._. n sin/3 , . .,,,. . 

Now — — T7s^=-77i; therefore emACO= -, and sinoe ACO is very 

Bin .4 00 AO e 

small the circular measure of it is nearly equal to the sine, so that it is 

„ M , . . n sin 

nearly equal to -. 

c 

Afi*" 1 — — 77777 = tt; ; therefore sin ABO= i — — , therefore the cir- 

blvlAOB AB b 

cular measure of ABO is nearly equal to ±£z£l . 

Thus the circular measure of BAG- BOG is nearly » | m ^"P ) + — El . 

9. If the distance is 50 feet and the elevation is ^ , the height in feet 
isfiOtanj, that is 50. 

4 

But suppose the distance to he 50+ A, and the elevation to he - A +a. 

4 

Then the height is (50 + h) tan (j + a J . If a is very small this is very 
nearly equal to (50+h) (tan^+asec*^ j, hy Art. 188, that is (50+A)(l+2a). 

If h is also very small this is very nearly 50 + A + 100a. Now suppose 
*=t« and a= 18Qx6Q > then we obtain 50+ j^ + ™ . Thus the difference 

It 11 

between this and the former value is ^ + ?7 r 5 , that is about ts + ^ > 

La lOo La OO 

that is, 1} inches. 

10. Suppose that the tower and the spire each subtend the angle a. 

Then tana=-, and tan 2a = 



Therefore 



a a 

26 
&+c a 2ab 



a* 



therefore o+c= » ,„ ; therefore c= . M -o= , ,o « 

a* -6 s a* -6 s a 8 -6 2 

If however the height of the tower is b +ft and the height of the spire 
isc+7, we have 

q'(6+j8) + (&+/3)» 

. 7 ~ a a -(6+/3)a " 



Therefore 
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Hence, by subtraction, 

^ a*(b+ P ) + (b+p)* (a*+b*)b 
7 a *-(©+/3)» " a*-6* ' 

Now (J+j8)*=6» + 2&/3+j9», 

and if is Tery small this is very nearly 6*+26/9L 

And (6+/3) s =& s + 36»j8+360*+/9», 

and if is Tery small this is very nearly 6 3 + 36*0. 

Thus a*6 + 5» + (q»+36«)/3 q«6+ft» 

T a*-6*-26/3 ~a*-o* 

(a»+3y)(a 8 -y) + 2(q«+6 8 )S» 
(a«~-6»-2&0)(a s -o*) ^ 

tt*+4q»6»-.6* 

c~(a s -d*)(a«-6»-2&/3) " o*-^ 

_0 a 4 +4a»6»-6* 

~6 '(a*+6*)(a*-ft*-26j8)' 

Bat when is Tery small we may put a* - 6* for a*- 6 s - 26/3; and thus 

c"6" a*-6 4 * 

11. We have a»=d»+c 1 -2J<reofl^; 

suppose that b is changed to 6+ ft and e to c+7; thus 

o*=(4+/3)*+(c+7) s -2(&+j8)(c+7)cosJ. 

Therefore, by subtraction, 

3d/J+j3 , +2c7+7 f -2(&y+^+/37)cos^=0. 

V £ *ttd 7 are Tery small this becomes Tery nearly 

2d0+2C7-2 (by+cp) cosii=0; 
thv**lvr* £(o-ceos4) + 7(0-6 cosii)=0; 

ttwvtaw /Sa cos C+7aco8 5=0, by Art 216. 

£ 7 

v«w*w cos 2? cosC 

Vto^y^v P sec -#+7 sec #=0- 

\tf. &ww*e h the height of the tower, r the radius, oe the distance of 
tfot fe«l ^ta* ^ observation from the centre. Then 

OP B X — €t p 

*:=cosec|, -_-=cosec£; 
A=*tantt, h = (a -a) tan a'. 
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„ a 8 8' 

Hence - = cosec£ — cosec^ , 

T a a 

This finds r. 

Also h—x tana'-atana'= — a tana': 

tana 

. , - » , a tan a tan a! 

therefore A = ; — . 

tan a! - tan a 

This finds h. 

Again, from the first and second equations, 

cosec ^ 
x-a 2 



x 8* 

cosec £ 

And from the third and fourth equations, 

x — a __ cot a' 

x ~" cot a * 



Therefore 



cosec £ . , 
2 cot a 7 

/3 ""cot a ' 
cosec jz 



13. We have -= cosec £- cosec** (1). 

r 2 2 

If we suppose an error 5 of the same sign to he made in /3 and $' these 
errors will tend to compensate each other; the greatest possible error in r 
will be determined by supposing that errors of opposite signs are made in 
and ft. Suppose then that instead of jS we ought to have p - 5, and instead 
of p we ought to have p+ 5. Then we have 

a B-8 i8'+8 

= cosec*-^ cosec 1 — 7T- , 



r-p 2 2 

Hence, by subtraction, ~ f that is ap 



r-p r r(r-p) 

/3-d p { ff+8 p\ 

= cosec *-jr cosec ^ - j cosec *—? cosec r ~ 

Therefore, if 5 and p be very small, we obtain 

_ f cos | C0S o] 

^ = s< s + sA; see Art. 194. 

H 2 lsin'| sin«|l 
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, (-f— f)('-~l~f) 

iwt -4-— 4 \ 1 ~**i***gJ 



Xarr (1) mar be pnx in the focm 



Bn--cm^ San ^ — ■- •- 



2 — 2 4 4 



~~* — mi — sm — sn — 

2 2 2 2 



Divide (2) by (3); then 



3 /T 

— nn — 

2 2 



a 
2 



°°* 7 O 9 '-/ 3 ) l 00860 3 coeec 5-«*? ^ft 



•ffl. 



•P)- 



If/3=60»andtf'=120 i , we obtain for ^ the value 

r 

eot 15 11 {oosee 30* oosec 60* - cot 30° cot GO } ^ 
that is (2+V3) (-^ - l) 8, that is ***£* *. 

Pat for 8 the circular measure of ff, that is . 

loOO 

„ 2p 5 + 2 V3 «•«.,/> 5+2 V3 r 

Hence 7= -^3- x I5oo : therefore ? = ^^- "8600- 

14. Let /3 denote the angle PSQ, and the equal angle QSR; and let < 
denote the angle SQR. 

„^ PQ sinPSQ sin/3 

Then ^ - r 



£Q sin SPQ sin (0 - /3) • 
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, QR f&aQSR flin/3 



therefore 



SQ BixiSJtQ sin^+jS)' 
OR** sin (0-/3)* 



Let PQ=a, and QR=b; thns 

a sin (0 - 13) = 6 Bin (0 + /3), 

therefore a (sin cos /3- cos sin/3)=& (sin cos /3 + cos tf> sin /3); 

♦v > m. (a+6) sin/3 a+6, 

therefore tan^=; — =-{— -^ = — rtan/3. 

^ (a - o) cos p a - 6 

1 sin/3 Qnd 1 ^ sin/3 , 

™ £Q~asin(0-/3)' /SQ &sin(0+/3)' 



therefore 



1 sin»/3 sin»/3 



£Q» ab sin (0-/3) sin(0+/3) a6(sin*0-sin 8 j8) 

tan 8 /3 



a& {sin 8 (1 + tan* j8) - tan a j8} * 

' lint ™ 8 *' (a-f&) a tan»/3 

But 8m ^ = (a-6)» + (a+^tan^» 

th 1 (g-6)»+(a+&) 8 tan 8 /3 _ (a-&) a .Kg+&) 9 tan»/3 

M &p~ a&{(a+&) a -(a-6) 8 } " 4a*6 a 

Suppose that instead of /3 we ought to have /3+a, and instead of SQ we 
onght to have SQ+e, where a and c are very small. Then 



(£Q + c) 
Hence, by subtraction, 

1 1 (a +5)* 



1 _>-&)» .(«+«* *..,«. -X 



{tan 8 (/3+a)- tan 8 £}; 



(£Q+c) 8 -SQ 8 4a 8 6 9 

approximately, by Art. 188. 

111,18 -j^ = ^^2tan/3sec*/3a, nearly; 

therefore agi" ~ W cos'/3 tt '. nearly - 
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xvm. 

1 1 

1. Let tan' 1 5 = 0, then tan =* 5 ; therefore 

a o 

2 

* nA 3 6 3 
tan2^_ =3 = ^ 

9 

o 3 1 

therefore 20 = tan" 1 7 . Therefore tan" 1 .- = 2 tan" 1 ~ . 

2. Let sin" 1 g=^, and cos -1 ==0; 

1 /3 

therefore sin0= 6 , and cos0=^-, 

and cos 0=5, and Bui<p=% r . 

1 8 

Therefore 8in(0+0) = sin0co80 + cos0 8in0=j +t=1. 

3 8 

3. Let Bin _1 ==a, and sin -1 ^^; 

then Bina=l, cob«= ^(l- A) = |; 

therefore sin (a + p) = sin a cos p + cos a sin p 

3x15 4x8 45+32 77. 
~~5xl7 + 5xl7~" 85 = 85 ; 

77 
therefore a + p = sin -1 ^ . 

4. Let a=tan _1 aj, and j8=cot~ 1 a;; 

then tana=«, and cot/3=#; therefore tanj8=- f 

1 1 

„ - . / . m tano+tanfl a; x 

and tan(a+p)== — -— i——^- =-—-.=-—— ( 

x r/ l-tanatan/3 1-1 " 

Thus tan (a f 0) is infinite. 
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5. Let tan* 1 5=0, tan~ 1 ^=ft tan" 1 ==7, tan" 1 ^=5. 
Thus tana=-, and tan0= H ; 

1 1 

.- . x / . m tana+tan/3 3 + 5 8 4 

therefore tafr+fl-j-^^- — j-, = n = r 

*„.i ♦.„/ _l« tan-y+tang 7 8 15 3 

*+» 

_, . , _ ,. tan(a+fl) + tan(7+3) 7 11 65 , 

Then ttt(.+0 +7+ fl- 1 .- 1 ^^ 

7 X 11 
therefore a+/3+7+5=2. 

6. Let tan _1 a=0, and tan -1 6=0;' 
then a=tanl, and b*=tm<f>; 

tan - tan a - 6 



and tan ($-<p) = 



l+tan0tan0 1+ab* 



Thus tan" 1 ,— ~- £ = tan" 1 a - tan" 1 b. 

1 + ab 

b — c 
Similarly tan" 1 = — « = tan" 1 b - tan" 1 c 



Therefore 



tan" 1 - r + tan" 1 =■— -=- = tan" 1 a - tan" 1 c, 

l + a6 l+bc * 



and tan" 1 ^-— 1+ tan" 1 =-—r-+ tan" 1 c stanza. 

1 + ab l + bc 

7. Let a=tan" 1 -, /3=tan" 1 g, 7=tan" 1 ^. 

3 tan a -tan 8 a 7 7 s 146 73 



tan 3a = 



l-3tan 3 a ,8 322 161* 

7* 



T. T. K. 
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1 1 

* to ^ tan£ + tan7 3 + 26 29 

ax 26 

73 29 

+o*wq ±r±~\ tan3a+tan(0+ 7 ) 161 + 77 

tan (oa + a + 7) = , — , — _ — , — -,- n — — % = - ^ _,l 

1 r " 1- tan 3a tan (£+7) , 73 29 

161 77 

10290 __ 1029 
"" 10280 ~ 1028 * 

102 9 
. f Q ir\ tan(3a+/3+7)-l 1028 1 

tan^3a^ + 7-J = 1 ^^^^ ) =-T^ = 2F5- 7 - 

+ 1028 



8. We see as in the solution of Example 6 that 

tan - 1 {{y/2 + 1) tan a} - tan" 1 {(V2 - 1) tan a} 

_ _j ( N /2 + l)tana — (V2 - 1) tan a 
~ ~1 + (V2 + 1) {y/2 -TTtan 2 a 

, , 2 tan a . . . 

=tan *- — - — — =tan * (sin 2a). 
1 + tan J a x ' 

9. tan(0-a)tan(0-j8) = tan a 0; 

therefore sin (0 - a) sin (0 - ft = 1 -cosM 

cos (0 - 0) cos (0- /3) 1 + cos 20 

therefore cos (a- / 3) - cos (20 - a - g ) = l-cos20 . 

cos(a-/3)+cos(20-a-/3) l+cos20* 

therefore cos (a - /3) cos 20 = cos (20 - a - /3) 

= cos 20 cos (a +/3) + sin 20 sin (a + 0) ; 

therefore tan 20 sin (a + p) = cos (a - p) - cos (a + p) = 2 sin a sin /3 ; 

., , * «/i 2 sin a sin B 

therefore tan 20 = — . - , — ■{- ; 

sin(a + /3) f 

therefore 20=tan-i 2sin » 8i »/», 
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10. Let cL=ooB- 1 —-^rr i and j8=coseo~ 1 ~-- ; 

y/\0£) 4 

then C08a= ~773Tv» and sin o = 



V(82)» " V(«2)' 

8inj8=— — -, oosj3= 



Therefore cos (a + /3) = cos a cos /3 - sin a sin £ 

4 5-4 = _i x _ _ _L 

~ V(82) x V(41) ~ 41 V2 "" V2 ' 

Therefore a + = ^ . 

11. Leta = sin- 1 |, /3=sin- 1 — , 7=sin- 1 ^; 

4 . 5 16 

then sino=g, sinj8= — , sin7=^, 

3 . 12 63 

and cosa=g, cosj8=^, 0087=^. 

«,*_ • , ** • • ^ 48 + 15 63 

Then sin (a + 0) =sin a cos/3+cos a sm/3= — - — = ^- ; 

00 00 

IT 

thus sin (a + 0)= cos 7, so that o+j3+7=^. 

12. Let a = tan -1 7 , -and 8 = tan -1 ^r . 

4 ^U 

31 

3tana-tan*a 4 4* 47 



tan 3a = 



l-3tan*a £ 52' 

4* 



47 _1_ 

* /o M tan3a+tan£ 52 * 20 992 
tanffq+fl^— t — d — t — g = - -} ^ 

52x20 

Again, let 7= t « n " 1 j9g5; ^en 

1 



x /*• \ * 1985 



1985 1984 _ 992 

1986 ~ 993 

1985 



Therefore 3a+j3= ^ -7. 



L2 
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13. Let0=tan" 1 ?^, ^tan" 1 ?*^; 

by/3 ^ ay/3 * 

2a-b 26- a 

+ 



then tan(0 +0 ) = * V3 " V3 ^1&±tMH»=3) ws 
v TW t i2a-6) ( 26-o) 3od - (2a - 6) (26 - a) V * 

3a6 

_2( tf + 6V2 aft 

" 2"("a 2 + 6 3 )-2"a6 V3 ~ V3 - 

Thus 0+</>=$. 

14. Let tan" 1 a = 0, and tan" 1 a 8 = <f>. 

'2a 
Then tan0=a, and tan 20 s--—. 

A1 . /- . - % tan0+tan0 a+a 8 a 

Also tan (0+0)= ^ 



l-tan0tan0 1-a 4 l-a* # 
Therefore tan (2 tan -1 a) = 2 tan (tan -1 a + tan -1 a 8 ) . 

15. Let tan" 1 ( ~ tan 2.4 J = a, then tan a= ^ tan 2A ; 

let tan -1 (cot .4)= ft then tan /3= cot .4; 

let tan" 1 (cot 8 A) =7, then tan 7 = cot 8 A. 

Thus tenQ3 + - y ) = 1 tan / + t f P ^ ~ "*/ +, ?/ = 1 cot f aj 
^ " 1- tan/3 tan 7 l-cot 4 4 l-cotM. 



tan A tan A 1 A 

= - s tan 2A=- tan a. 



. 1 tanM-1 2 
tan 2 4 

Therefore t^c.+p+Tj-^-^+^t^Uo. 

x r 1-tana tan(£ +7) 

Thus a + /3+7=0. 

16. Let cos~ 1 ir = 0, then cos0= T . 



l-tang 1 + tan- 
And tan(^--^ )+tan(^- + ^) = ■ + , 

tan s 1 - tan ^ 



(J-|)+*-(i + S-- 
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(l-tan|) a + (l + tan|y 



l + tan 8 | 
= 2 ?=2. 



l-tan 8 | l-tan 8 | cos 8 |-Bin 8 | 



2 26 



cos a 

17. Let tan~ 1 r =^; then tan0=^; 

o o 

2 1^ 2 2 _ 2V(a 8 + 6») 

cosec 2 "~ . 2 0~"l-cos0~ 6 V(a» + ^)-6 

Bm 2 V^ + ft") 

_ 2V(a a +6 a ) y^ + B^ + ft a^+Bq + gM^+P) . 
~V(a*+ 6 2 ) -6 *V(a a + &*)+& a* ' 

a* 

therefore jr-cosec 2 - = a (a 2 + 6 s ) + db V(a 2 + & 2 ). 

IJet tan" 1 -^; then tan#=-. 
a a 

o 1 2 2 2V(a 2 +& 2 ) 

2 «.a8* 1+COS0 « V(« S + ^) + « 

008 2 1 + V^^) 

_ 2yV + & 2 ) V(o 2 + 6 g )-a = 2fa 8 + 6 2 )-2aV(a 2 +& 2 ) < 
~ V(a 2 + 6*) + « X V(a* + **) - a ** 

therefore j sec 2 1 = & (a 2 + & 2 ) - a& V(<* 2 + & 2 ). 

Theref ore ^ cosec 8 ^ + ^ sec 8 1 = (a + b) (a 8 + & 2 ). 

18. sin -1 *+ sin" 1 2 = ^; 

therefore sin" 1 - = j - sin" 1 as. 

Take the sines of both sides ; thus 



^sin^-sin-^^sin^.va-* 2 )" 



T 
COS-: .X 

4 



_ V(l-s 2 )-s . 

V2 • 



therefore x ( -^ + 1) = V(l - «■) ; 



166 XVIII. INVERSE TRIGONOMETRICAL FUNCTIONS. 

therefore x * \~7% + i = 1 - a:* ; 

therefore ^\2 + ~/2l~^ ; 

therefore »« (5 + 2 y/2) = 2 ; 

2 2 5-2V2 2 

therefore a; 8 = ■= — n ... = g , Q /tl '. ■= — Q /Q = ^= (5 - 2^/2). 

2a 

19. We shall first shew that sin" 1 „ =2 tan" 1 a. 

1 + a* 

TA x i „ xi. x ••.«/. 2tan0 2a 

Let tan _1 a=0; then tan 0= a; and sin20=:- — - — 7-^=- -; 

l+tan*0 1 + a' 

2a 

therefore sin -1 5 = 20 — 2 tan"" 1 a. 

1 + a* 

25 

Similarly sin -1 - — - = 2 tan -1 6. 

1 +6 J 

Hence the equation may he written 

2 tan -1 a + 2 tan" 1 6=2 tan" 1 x ; 

therefore tan -1 x = tan -1 a + tan" 1 6. 

Take the tangents of both sides ; thus 

at = tan (tan -1 a+ tan -1 b) = z T . 

20. Let tan -1 (x - 1) = a, tan" 1 x = /3, tan" 1 (a? + 1) = 7. 
Thus tan~ 1 3a;=a+/3 + 7. 

Take the tangents of both sides ; thus 

o * / « % tan a + tan fl + tan 7 -tan a tan fl tan 7 

3se=tan(a+/3+'y)= --•- — — 

v ^ " l-tan/3tan7~tan7tana— tana tan/3 

Sx-x{x*-l) 4x^x* 



l-a;(a;+l)-(a;+l)(a;-l)-a:(a:-l) a-a*** 



Therefore either *=0, or 3 (2-3a; a )=4-x 2 ; the laiter gives 8s 8 =2; 
therefore « !I =t; therefore «=± . 

21. sin" 1 2x — sin" 1 x\/3= sin -1 a;. 
Take the sines of both sides ; thus 

2x V(l - 3**) - x V3 x V(l - 4»«) =s. 
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Thus either a=0, or 2V(l-3a 2 )- V3x V(l-4a 2 ) = l. 

Transpose, thus 2 V(l - 3a 2 ) = 1 + \/3 x V(l - 4a 2 ). 

Square, 4 (1 -3a 2 ) = l + 2 V3 x V(l -4s 2 ) + 3 (1 - 4a 2 ) ; 

therefore. 2 V3 x V(l - 4a 2 ) = ; 

therefore 1 - 4a 2 = ; therefore a = rt - . 

22. tan- 1 ~ + 2tan- 1 ^ + tan-^ + tan- 1 - = T. 
4 5 6 a 4 

Let tan~ 1 7 = a, tan _1 ? =i3, tan -1 ^-y. 

4 o o 

Thus the equation may he written 

tan ~ 1 a = i~ (a+2)3+7); 

therefore 1 = l-tan^^) 

a l + tan(a+2/3+7) 

1 1 

■Kr * / m 4 + 5 ^ 
Now tan(a + /3) = j — J = ^, 

1 -I X 6 

1 1 

* 1a , 5 + 6 11 
tau (/3+7 )=__= 2 - 9 ; 

X "5 X 6 

^ * * / a . o x 19 + 29 470 

therefore tan (a + p + + 7) = = -- ~ . 

1_ l9 X 29 



Hence 



-470 

1 452 I 8 ___? 

a~ 470 ~ "" 922 ~ ~ 461 ' 
1 + 452 

1 l-a a 

23. Let tan -1 a = 0, then tan = a ; cot 20 = z — s-* = — s — 

tan 20 2a 

Thus the equation may be written 

. n . 1 - a 2 - 
sin 2 cos * -jr — = 0. 
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1 — 3& 

Now since 2 cos' 1 -^ — has zero for its sine, the angle must be of the 

2x 

form wr, where n is zero or some integer. 

1 — X 9 I "~ 35* flTT 

Thus 2 cos" 1 — — =nir; therefore cos"" 1 -^ — = -^- ; 

Zx Zx Z 

1 — x* wir 

therefore -^ — = cos -^- . 

2x 2 

Since n is zero or an integer we have cos-^ =0, or 1, or -1. 

Z 

If ^—^'=0, then«=±l. 
'Ax 

1-05* 

If — — = 1, then x 9 + 2x= 1 ; and from this we deduce as= - 1 ± V2» 

AM/ 

1-x* 
If -5 — = - 1, then as* - 2se=l; and from this we deduce a?=l ±y/2. 

24. tan" 1 — =■ = tan" 1 - + tan" 1 -r =■ ; 

a-1 x a?-x+l 

• therefore tan" 1 — =- - tan" 1 - = tan" 1 -5 r . 

a-1 x a?-x+l 

Take the tangents of both sides ; thus 

1 1 
a-1 x 1 



(a - 1) x 
a-a+l 1 



therefore = — -= =- , 

ax-x + l a 8 -ac + l 

therefore (x-a+l)(a a -aj+l)=aa5-«+l; 

therefore - as'+a; (a 8 +a) - a 8 + a* - a+ l=aa; -&+ 1 ; 

therefore ac s -a5(a a +l) + a 8 -a 2 +a=0. 

By solving this quadratic in the ordinary way we obtain x=*a at 
a 2 - a + 1. 

4 

25. sec - coseo = 5 ; 



therefore — - — ^—? = - ; 

cos sin 3 

4 2 

therefore sin - cos = 5 sin cos = 5 sin 20. 

o o 



XVIII. INVERSE TRIGONOMETRICAL FUNCTIONS. 169 

4 
Square, thus 1 - sin 20 = - sin 2 20. 

3 
By solving this quadratic in the usual way we obtain sin 20= j » or -3; 

3 
the former value is alone applicable. Thus sin 20=- ; 

3 13 
therefore 20 = sin" 1 - ; therefore = s sin -1 -. . 

4 2 4 
26. sin (*■ cos 0) = cos (t sin 0) ; 

therefore cos I -^ - v cos ) = cos (v sin 0). 

Hence, by Art. 67 the solutions are comprised in 

- - ir cos 0=2wir±ir sin ; 

therefore cos ± sin = » - 2n. 

Square, thus l±sin20=f ^ - 2»J . 

If we give to n any integral value, positive or negative, the value of sin 20 
is greater than unity. Thus we must have n zero. Then l±sin20 = -; and 

3 3 13 
therefore sin 20= ± 7 ; thus 20= ± sin" 1 T , and 0= ± H sin -1 7 . 

4 4^4 

27. Let ^= sin -1 (sin + sin 0) + sin"" 1 (sin 0- sin 0). 
Take the cosines of both sides ; thus 

cos ^= N /l-(sin0 + sin0) s */l- (sin - sin #) a - (sin + sin <f>) (sin0-sin <f>) 
= A/l-2-2sin0sin0 a/1 - ^+2 sin sin 0- (sin 2 0- sin 2 0) 



= a/^ - 4 sin 3 sin 2 - (sin 2 - sin 8 0). 



Now 5 = sin 2 + sin 2 #, therefore 7 = (sin 2 + sin 2 0) 2 ; 

a 4 

therefore j- 4 sin 2 sin 2 # = ( sin2 e ~ sin2 #)'• 

Thus cos \fr - =fc (sin 2 - sin 2 0) - (sin 2 - sin 2 0). 

Taking the upper sign we have cos^=0, and therefore ^=(2n+l)£ , 
where n is any integer. 
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28. 3 tan" 1 - tan" x - = tan" 1 - . 

2+V3 x 3 

1 1 
Now let tan -1 = 0, then tan =- ; 

2 + N /3 2 + V3' 

3 _ 1 

,. , , oo 2 + V3 (2 + V3) 8 3(2 + V3) 2 -l 
therefore tan 30 = .» = ,= \-~.-i—± — 



- 8 (2 + V3) 8 - 3 (2 + V3) 

(2 + V3) a 

20 + 12 V3 - .. , on . lt 
=20 + 12 V3 = lj theref ° rG 3 ^= tan " 1 *' 

This might also have been inferred from the fact that 

= tanl5°=tan^r, so that = 



2 + V3 12' 12* 

The equation may now be written 

tan -1 1 - tan -1 - = tan -1 , 
3 x 

Take the tangents of both sides ; thus 

therefore - = « » therefore x = 2. 

x 2 

29. Let si„- lx /(^) = *, thenein^g^); 
then cos20=a-2sin a = l-- v '- 



and 20= cos" 1 



a+c a+c 

c-a-2b 



a + c 
Thns the proposed expression is 



. , 26 + a-c , c-a-26 

sin -1 ± cos -1 ; 

a + c a+c 



that is sin"" 1 p ± cos" 1 ( - p) ; 

when p is put for — - . 

a+c 
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Now ces {sin -1 p ± cos" 1 ( - p)} = - p y/(l - p 2 ) =f p V(l - P*) ; 
thus zero is one of the values of the cosine, and the corresponding angle is 
an odd multiple of - . 

a 

30. tan -1 a; + cot -1 y= tan -1 3, 

therefore tan -1 x + tan -1 - = tan" 1 3. 

y 

Take the tangents of both sides; thus 

1 

x+- 

—2=3; 
1-5 

y 

therefore 3 (y - x) = yx + 1 ; 

therefore ^gy-l = 8 y + 9-10 =3 _ ,10 



y + 'd y+'d y+S' 

Thus if x and y are to he positive integers y+3 must be a divisor of 10. 
Try in succession the various cases, namely y + 3 = 1 or 2 or 5 or 10. It 
will be found that the only admissible cases are y + 3 = 5, and y + 3 = 10. 
These give y=2 or 7, and the corresponding values of x are 1 and 2. 

31. tan -1 x + tan -1 y= tan -1 c. 

X "4" V 

Take the tangents of both sides: thus -z — — =c; 

1-xy 

/♦ — ■»/ 
therefore as+y=c(l-asy); therefore x— 



1 + cy 

It is obvious that if c and y are positive integers £ is either a positive or 
negative proper fraction, and cannot be a positive integer. 

Next take cot -1 x + cot" 1 y = cot -1 c. 

XV ~~ I 

Take the cotangents of both sides; thus — = c; 

x+y 

therefore xy - 1 = c (x + y) 9 

^ e cy+1 cy-c' + ^ + l 

therefore x = — = — 

y-c y-c 

c 9 +l 



=c + 



y-c 



Thus if a denote any divisor of c 3 +l we may put y-c=a, so that 

y=c+a; and then sb =eH • 

9 a 

Hence we see that there are as many solutions in positive integers as 
there are divisors of c s +l. 
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xl 

82. tan" 1 ^^ =tan-i 2-J±= tan-* - - tan-* - , 

Ctf+x 1+ x_ y d' 

as in the solution of Example 6. 

Similarly tan -1 — ^-V = tan - " 1 — tan" 1 - , 

C.^ + l c x c^ 

tan" 1 c *- '£r = tan- 1 i - tan" 1 - , 
and so on. 

Thus the sum of the terms on the right-hand side of the proposed 
expression is tan -1 - . 

33. Let sin 1 ^^=*, and sin" 1 ^5*=*; 



then 



. Q 2ab , . ^ 2a'&' 



a 2 -ft 2 a' 5 - ft' 8 

therefore cos $ = — -j- , and cos = ^ ; ) 

.. , . ,„ * 2o5 (a 1 * - 5*) + 2a'&' fa 8 - ft 2 ) 

therefore sin (*+»)- (tf+ ^^ + y , 

_2aft (a' 2 - ft' 2 ) + 2aV (a 2 - ft 2 ) 2(qft' + q / ft) (aa' -W) 

~~ " (aft'+e*'ft) 2 + (aa'-&&') , "" (aft' + a'ft)*+ (aa'-ftft')** 

therefore + <f> = sin -1 — -±- q — , 

2>* + 2 9 

where j? and q are rational expressions. 

2a"5" 
Then if there be another angle sin -1 — 2 — ^ , we may denote it by ^; 

2r# 
then sin {(0+0) + ^} will take the form - — -r where r and « are rational 

And so on. 

34. We may take for the simplest value of sin" 1 v ' the angle ( - 1)*^ • 

as is evident by supposing m first even and then odd. This will be the a of 

Art. 66 ; and the general solution is nr+ ( - l)*a, that is iw+ (- 1)"*"*^. 

6 

Or we may take the form (m+n) t + ( - l) n - . 

o 
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For the sine of this angle 
= sin tot cob Jnir + (-l) H ^| +cosmxsin ]wir + (-l) w ^f 

Bin \nir + (-l) n |j = coswMrx ^-[-l) m x £. 



= cos mx i 



1 x 

35. If to be even the value is cos -1 - , that is 2tit± - . 

If to be odd the value is cos -1 ( - - J , that is 2nx ±( ir + ^ ) . 

Both forms may be comprised in (2p + m)?rJ=- f where p is any integer. 

o 

For 2»x±— consists of an even multiple of x augmented by ±-; and 
2mr =fc ( 7T+ - ) consists of an odd multiple of r augmented by i - . 

IT 

36. If m be even the value is tan"" 1 !., that is nir+ T . 

4 

IT 

If to be odd the value is tan -1 ( - 1), that is rnr - j . 
Both forms may be comprised in nx + ( - 1)"* j . 



XIX. 

1. {cos44+ N /(-l)sm4^1}i=±{cos2il+V(-l) sin2il} by Art. 267. 

2. -l=cosir=cosir + V(- 1 )si I1 T; 

therefore one value of ( - 1)* = cos ^ + V( - 1) sin ^ , 



so we may put - 1=cos3t, or cos 5x, and thus we obtain two other values 
for (-1)*, namely, 

cos ^+ V( - 1) Bin ^, that is - 1, 
and cosy+Vf-lJainy* 
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3. We may put - 1 = cos «-, or cos 3t, or cos 5t, or cos 7r, or cos 9t, 
or cos llir ; and thus 

- 1 = cos + V( - 1) Bin 

where 0=t, or 3ir, or 5t, or 7ir, or 9ir, or Ht. 

i 
Hence the six values of ( - if are contained in 

cosg+>/(-l) sing, 
-where has any of the six values just specified. 

= J2 {cos e+ V( - 1) sin $\, 
where for we may put + 2nv, where n is any integer. 

Therefore { 1 + >/( - 1) }* = 2* jcos ? + V( - 1) Bin || ; 

and the three values will be obtained by putting for 6 in succession -- , 

4 

2ir+ 7 , and 4ir+, . 

5. Since — is given nearly equal to unity, we may infer that 6 is a 


small angle. Hence we have approximately, by Art. 274, 



sin0: 


-•-,; 


»-?■ 


2165 # 
" 2166 ; 


6 ! 


1 
" 2166 • 


0*: 


1 
"861' 


e. 


1 

"1ST 



thus 

therefore 

therefore 

therefore 

This is the circular measure of the angle ; therefore the number of 
degrees =^ of — = H?i of 57°.29... = 3° approximately. 

±9 IT la 
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6. sin^+'Wsi. 

if 
As *51 is very nearly equal to sin - we may infer that is very small. 



We have 



IT IT 

sin - cos 6+ cos - sin 6— *51, 
6 6 



1 / 2 \ /3 
therefore ^ f 1 - ^ J + -_- d — '51 approximately. 

/3 1 1 

Hence, neglecting 0*, we have ^r- = r - , and therefore fl=. . 

J 100 oO v« 

Then if we retain the term in 0* we have 

1 fl 2 

""50V3 + 2v3 ; 

and putting for 3 its approximate value, we have for a closer approximation 

1 1 



0= 



i / i v 

+ 2V3U<>V3y 



50 V3 2V3 \50 



J^ + TV, 



50 V3 15Q00 V3 * 
The same result will he obtained if we solve the quadratic equation 

a— + — m in the usual way, select the least root, and take its ap- 

50^3 2V3 •" ' * 

proximate value. See Algebra, Art. 526, Example (3). 
7. Suppose tan*=a 1 a;+— - + -° +...; 

then sina;=cosx ja^-h-j^- + -* - + j . 

Substitute for sin x and cos x by Art. 274 ; thus 

x 3 x° x" 

aJ ~|3 + T5"T7 + - 
i, . ' • — 



( as 2 x* x 6 } { o^ OjX 5 \ 



Then, according to the known principles of Algebra, we may equate the 
coefficient of any power of x on the left-hand side to the coefficient of the 
same power obtained by working out the product on the right -hand side. 
Take, for instance, the coefficient of a; 2 * - ** 1 ; thus we obtain 

|2tt + l "~ 12n+l 2|2«-l" r |£|2h-3 "• "*" v ; [2»' 
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Multiply by |2n + l and transpose ; thus we get 

(2» + 1) 2n ( 2n+l)2w(2n-l)(2w-2) 
OjiH- 1 = 2 a * v_1 \i a **" 8 

+ ... + (2n + l)(-l)"+ 1 a 1 +(-l)*. 

8. Let cot = a +0^0* + a 4 0* + ... ; 
then 0cos0=sin0{a o + a a a +a 4 4 + ...}. 

Substitute for cos and sin by Art. 274 ; thus 
Q f. 0* 0* & \ 

{ e z e 5 o 7 ) 

Equate the coefficients of ^ aw+1 ; thus 

Transpose ; thus we get 

aan ~ [8 " [5 + •••"*" | 2»+1 + [2» * 
To find the first four terms of cot we have the following equations 

[2" aa [8» 
1 & 2 a 

__ **4 a 2 a 

Hence we obtain 

J. 1_1_1__1 _1 J. 1^ 1 

a -l, «i-|£ 2 ~6 2~ 3' a4 ~H~ 3 [£ IL"~ 4fi5 

1 _1_ _1_ 1 2 

a «~ [6~45|3 + 8|6 + []T" 945' 
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9. Let sec0=a o +a a 2 +a 4 4 + ...; 
then 1 = cos B (a + a,0» + a 4 0* + .. .) 

1 "]2 + IT'" [6 + "7 K+«»^+«4^ + •••)• 

Then equating to zero the coefficient of s " in the expression on the 
right-hand side we get 



Transpose ; then we obtain «*»=*-?*-* - %=* + ... + ( ff** 1 * • 

l_L Li Lz^ 

10. a + &=cos2a + cos20 + V(-l) {sin 2a+ sin 2/3} 

= 2 cos (a + 0) cos (a- 13) + 2 V(- 1) si 11 (a+P)cos (a-jS) 
= 2 cos (a - j3) { cos (a + j3) + V( ~ !) sin ( a + P) }• 

Thns -*-« cos2^+V(-l)sin2^ . ^ 

X a+& 2cos(a-0){cos(a + /3) + V(-l)sin(a + /3) ' F J 

numerator and denominator by cos (a+p)-y/(- 1) sin (a + p) ; 

thns «• get _JE_£_£L_J_£_i . » 

Similarly ±. "17-^-1)^7-1 , 
' o+c 2 cos (a -7) 

an^f™ hc = COB (/?+ 7 - 2a) +V( - 1) sin Q3+ 7 - 2a) 

xnereiore ^ + 6) (a + c) 4 cos (a - j3) cos (a - 7) 

11. {cos^ + cos0+V(-l)(sin^+sin0)} n 



= J2 cos -^ cos -y£+ 2 V( - 1) sin -^ cos -^| 

/ * 0-0\»( + „ ,, . 0+0)" 
=2«fcos-2^J jcos-^+V(-l)sin-^| 

=2^cos^y jcos^(0+0) + V(-l) sin|(0+0)j . 
Similarly {cos0+cos0-V(-l) (sin0+sin#)| w 

=2^cos^j n jcos|(0 + ^)-V(-l)sin|(0 + 0)|. 
T. T. K. ML 
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COS— ip) COS ~ (0+0). 

12. ia+-*(i+S)-£|i+*+-(-+;)| 

=—Jl+» a + 2ficos0( = - L - s — ' + ccos£. 

2n' ' - ' . 2n 

Now V(l - c 2 ) = we - 1 ; therefore 1 - c* = (nc - 1)*, therefore - c* = nV - 2nr, 
therefore 2n = (n* + 1 ) c. 

Thus -^ — - = 1, and the expression becomes 1 + c cos 0. 

13. Let r denote the radios, and the circular measure of the angle ; 
then the length of the arc is rd. 



The chord of the arc is 2r sin - , and the chord of half the arc is 2r sin - . 

Z 4 

Now let it be required to determine two numbers I and m, such that 

approximately 



I x 2r sin H + m x 2r sin 7 = r0. 
& 4 



Expand sin j and sin- by Art. 274. Thus 

-15- {•©"* -i**-S- 

Neglect all powers of 9 above s ; then to make this formula hold we must 
put 

_ 171 - £ tn ~ 

'"•""S^ 1 * (2p + (4)3"°« 

Therefore m= -Ql; therefore -32=1. 

1 8 

Thus 1= - - and ro= - 6 . 

o o 

This establishes the rule. 

14. Proceed as in Example 13. 

a 

The chord of one-fourth of the arc is 2r sin 5 . 

o 

Let it be required to determine the numbers I, m, » such that approxi- 
mately 



I x 2r sin s + m x 2r sin T +n x 2r sin 5 =r0. 
J 4 o 
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In this case we can make the approximation closer than in Example 13 ; 
for we shall retain s and neglect only the higher powers. Thus 

-S-£GH(p7I- 

Hence we must put 

+ 2 + 4 ' (2p + (ip + (8p"" 0, (2)« + (i)» + (8)* == 
The values of I, m, n given by these equations are 

. 1 40 256 

« 

15. aj-6=cos2^+V(-l)sin2^-cos2)3-V(- 1 )8 in2 i 3 
= 2 sin (/3- 5) {sin 03 + 5) -V(-l) cos 03+^)} 

2 sin OS- 0) 



V(-i) 
In like manner 



{coa(p+0) + y/(-l)am(p+0)}. 



«-6=^^y^{cos(i3+a) + V(-l)Bin03+a)}. 

Therefore *Z* J^tzH . cos(g + g) + V(-l)sm(/? + fl) 

a- 6 sin (0 - a) cos (|8+ o) + >/( - 1) Bin (|8 + a) ' F * 

numerator and denominator by cos (/3+ a) - ^/( - 1) sin (p+ a) ; 
thus we get B ^rZm * cos (* ~ a ) + V( - 1) sin (5 - a) ] . 

Similarly we transform ; and thus we obtain 

a — c 

(s-i)(s-c) = sin( g -flBin (g - 7 j | a)+V( _ 1)8in 2(g . g) ,, 

(a-6)(a-c) sin (a - 0) sin (a- 7) * v y«vv / 

(a; — cWas — a) . fx — a) fa; — b) m , . 

In like manner we transform ^ — f^- ' and 7 J-7 — rr . Then by 

(b-c)(b-a) {c-a)(c-b) 

equating to zero the coefficient of the imaginary part we obtain 

sin(0-/W- 7 ] I ■ s ^- 7 )sin(9-a] > 

sin (a - /3) sin (a - 7) v ' Bin (0 - 7) sin (j3- a) 

sin(0-a)rin(g-fl 

sin (7 -a) sin (7 -j3) v " 

m2 
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And then by equating the real parts we have 

B in( 9 -flsin(<>- 7 ) ^[e-y)^(0-a) 

8in(a-/3)sin(a-7) * ' sin(£-7) sin(0-a) r/ 

sin (0- a) sin (0-8) n/A . , 
sin (7 -a) sin (7-$ v " 



XX. 

1. Proceed as in Art. 282. Thus we obtain 

- 2** +1 (sin 0)* n+ * = cos (An + 2) - (An + 2) cob AnO 



{An +2) (An + 1) u oxo 

+ - £7 -'008(471 -2)0-... 

If. 



(4n+2)(4»+l)...(2n + 2) 



2 \2n + l 

2. Proceed as in Art. 283. Thus we obtain 

2 4w (sin0) 4n+1 =sin(4ri+l)0-(4n+l)sin(4n-l)0 

, (4n+l)4n ... 

J * ,-~ — sin (4n- 3) - ... 



(4n+l)4n(4w-l)...(2n+2) 
^ m$m 



8. Proceed as in Art. 280. Thus we obtain 

2 2 "- 1 cos an = cos 2n0 + 2w cos (2n - 2) + 2n ^" ^ cos (2» - 4) 

2n(2n-l)...(n+l ) 

" 2 L* ' 

4. We have 

a* cos g (B- C) a 2 cos ^ (B - C) a» cos ^ 4 cos - (5 - <7) 
coSg^+C) sin 2 ji cos^sin^ 

Si «»\V + V cos^B-O^CsinB+sinC) 

a'sin^B , a«sin<7 a 2 6 a s c T 

-+-—s — r* = — + — =ao+ac. 



sin A Bin A a a 
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Similarly 



b* cos s (C-A) 
cob^(C+A) 



= ba+bc, 



and 



C 2 COB r(i-5) 

eos^(A + B) 



= ca+d>. 



Then by addition we obtain the required result. 

5. Suppose the triangle to have all its angles acute. 
Then a sin (BAD - CAD) = a (bui BAD cos CAD -cob BAD Bin CAD) 

= a (cos B sin C - sin 5 cos C). 

Similarly b sin (CBE-ABE) = b (cos (7 sin A- sin (7 cos 4), 
and c sin (-4 Ci?- BCF) =e (cos -4 sin B— sin 4 cos J?). 

The sum of the three expressions 

=cos A (c sin B - 6 sin C) + cos B (a sin (7- c sin .4) 

+ cos(7(6sinj4-asinB)=0, by Art. 214. 

If the triangle has an obtuse angle, let it be C; then it will be found that 
instead of cos C we have cos (180° - (7) in the preceding expressions; and the 
result is still zero. 



6. We have p jcot ^ DAB + cot ^ DBA I = AB. 

1 1/ \ C08 2vf"" ji ) 

Now oot- 2 DAB= W t^-A) = ^ { 



2 cos' 



iff-") 



1 + COB 



(H 



2 »Kl- j ) 

l + sin-4 



1 /fl- 
ees ~( 



COS 4 



2 V 
=8ec^+ tan A, 



H -G-) 



Similarly 
Therefore 



cot s D#4 =sec i?+ tan B. 
/>{Bec4+tan^+seo£+tan.£}=J#. 
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7. By joining the centres of the circles we form an equilateral triangle of 

which each side is 2a ; and therefore the area is - — -~— , that is o* y/3. The 

area of each of the three sectors which are formed by the radii and arc of a 

circle is 77 x -^-, that is -^- ; therefore the area of the three sectors is ^r- . 
2 o o 2 

Hence the area of the space between the circles = a V3 - ^r- =a 2 (y/S - ? ) • 

8. Let R be the radius of the circle. The inscribed polygon df n sides 
consists of n triangles ; and therefore the area of the polygon is 

R? . 2w 

n -=- sin — . 

2 n 

The area of an inscribed figure of half the number of sides is 

nR? . 4w 

The area of a circumscribed polygon of 5 sides is s R? tan — . 
We have to shew that 



( 



nR* . 2n-\* n m . 4t n _,. 2ir 
— sin — ) = T iPsin — x s J2*tan — , 
2 n / 4 it 2 n 



or that sin* — = s sin — tan — ; 

n 2 n. n 

4w 2t 2t 

and this is obvious since sin — =2 sin — cos — . 

n n n 

9. Let R be the radius of the circle. The area of the circumscribed 
polygon of n sides is nR? tan - . The area of the inscribed polygon of n sides 

is % r sin — . The area of the circumscribed polygon of 5 sides is 

2 n ** 

- R? tan — . We have to shew that nR? tan - is an harmonic mean between 
2 % n n 

— - sin — and -=- tan — ; or that 2 tan - is an harmonic mean between 
2 n 2 n ' n 

. 2ir .. 2t 
sin — and tan — . 
n n 

Now the harmonic mean between sin — and tan — is 

n n 

_ . 2tt. 2t . 2r 

2 sin — tan — 2 sin — 

71 n that is ?-. that is 2tan-. 



. 2r. 2t* - , 2r' n 

sin — + tan — 1+cos — 

n n n 
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2ir x 

10. Let r be the radius of the circle; then c=2rsin — =2rsin - ; 

10 5 

c 2c 2c 

therefore r = — ^— = A , = /g ^ . Multiply both nume- 

2 sin- V( 1 "-2Vo) V 2 V(5-V5) 
5 

rator and denominator by V( 5 +V 5 )« Tlras we obtain —1^lL+X_L 

that ia 2 M5+V5) x, i jg gV(5 + V5) 
that 1S V(40) ' V(10) * 

11. Let A y B, C denote the centres of the three circles. Let tangents to 
the arc of the first circle meet at T ; then the distance of T from the point of 

contact is atan— . 

M (a+c)* + (a + b)*-(b + c)* _ d 2 + g(b + c)-bc 
ISOW COBA 2 {a + c)(a + b) (a + c)(a + b) ; 



therefore 



1 - cos A be 



1 + cosJ. a{a + b + c)' 



therefore tan - = a / . , . , . ; therefore a tan - = a / — ^— . 

2 Ar a(a + 6 + c)' 2 V a+b+e 

We shall obtain the same symmetrical expression for the distance of the 
point of intersection of any two tangents from the points of contact; and 
thus it follows that the three tangents meet at a common point. 

12. Use Articl e 254. H ere 8=7, *-a=4, $-6=4, *-c=3, *-<J=3. 
Thus the area = „/ 4x 4x3x3 = 12. 

Since the sum of a pair of opposite sides is equal to the sum of the other 
pair, a circle may be inscribed in the quadrilateral. Let p denote the 

radius of this inscribed circle ; then | (a+5+c+ d)=the area of the quadri- 
lateral. Thus p8= the area. 

In the present case p = -= - . 

Also db+cd=25, ac+ 6d=24, ad + be =24. 

Hence the radius of the circumscribed circle 



1 725x24x24 5x245 
~4 V 3 x 3 x 4x 4 ~l~xT2 ~2 ' 



13. Let » be the number of the sides, R the radius of the circle. 

Then ^i^sin — is to nR* tan- as 3 is to 4. 

2 n n 
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Thus 



. 2r 
Bin — 
n 3 



2 tan- 4 
n 



therefore cos 9 — = T ; therefore cos- = ^-. 

n 4 n 2 

But cos J = ^r- ; therefore n=6. 

o 2 

14. Let A t B % C denote the centres of the three circles. 

ABC 
Then o=2asin-, = 26 sin -^ , 7=2csin-5. 

a Z a 



Zbc 



Now from the solution of Example 11 we see that 

eos A = — — — \— _/—.-_ . therefore 1 - cos A = ; =^- . , 

(a+6)(a + c) ' ( a+ j)( a+c )» 

therefore sin - = a / , — -. r ; 

2 V (a + 6) (a + c) ' 

I be 

therefore a = 2a a / 7 j-^ _ . 

V (a + b)(a + c) 

Similar expressions hold for /3 and 7. Thus 

1 _ 1 ( (a + 6)(q + c) (6 + q) (6 + c) {c + a)(c + b) )h 
0^7 8o6c (6c ac 6c ) 

_ (a + 6)( 6 -fc ) (c + a) # 
8aW J 

therefore 1-- (J + J) g + }) g + 1) . 

s 

tan0 



15. Let «=(—£--) ; then log u= — log 



e ' 



6* 
Now tan = + -5 + terms in s and higher powers of ; see Example xn. 7. 

o 

tan 0,0* 
Therefore - -v- = 1 + T +... 

1 + - + ... ) = — + terms in 0* and higher powers of 0. 

Tluiruforo ^log a "— — 1 + terms in s and higher powers of 0. 
9 
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Therefore when is indefinitely diminished — log =1, and therefore 

v U 

3 



(tan 0\0* 
— ) -«• 



16. Equate the expressions for AC 2 and BD* 1 given in Art. 254. Thus 

(ac + &»*) (ad + be) _[ac+ bd) (db + cd) 
cib + cd ad + be 

Therefore (ad+bc)*=(db + cd)*; 

therefore ad+bc=ab + cd; 

therefore (a - c) (d - 6) = 0. 

Therefore either a—e or b — d. 

17. Let A and B be the centres of the two circles, and C a. point of 
intersection. The angle between the tangents at O is therefore 7. 

The angle ACB = Z + -^-y=ir-y. 

Then AB* = a* + b* - 2ab cob (v - y)= a* +b*+2db cos y. 

Let x denote the length of the common chord; then the area of the 

1 x 1 

triangle ABC—^ x = * AB ; and this area also = - AC. CB em ACB. 

— 2AC.CBbuiACB 
Thus *= -jj 

2a& sin y 



y/(a* + b* + 2abcoBy)' 

,» m 1. r S . ale 4S* . . A . B . C 
18. Wehwe 5 ---S- i j- ;ai «4«. i mi 1 Bn 1 . 

Now we have shewn in the solution of Example xin. 40, that the 
expression 4 sin - sin - sin - can never be greater than - . Hence r cannot 

A A ft A 

be greater than ^ R. 
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XXI. 

sin20 e 2 '*-e-2* «2*- c -2* 



1 - cos 20 



#* + <, -** _ 2 V ' - >*)« 

t^+e^) e flt +r gt . /»-«-* _ cob f 
t^-'t"^ ~ 2 * 2t sin*' 

2. Let the angle opposite to the smaller side he -7-0, and the angle 

opposite to the larger side — + 0. Thus 

4 



therefore 



8in fi-') 49 

,in(l +g )-Bin(l- < >) 51 _ 49 t 
• /> ^ . • /» A 51 + 49" 50' 



therefore 



IT 

2 sin cos -r „ 
4 l 

2 cos sin — 
4 



therefore tan = — . 

oU 

But by Art. 293 we have 

0=tan0-- tan»0+..., 

thus ^=-02-|(-02) 3 +^(-02)5-.... 

If we stop at the first term we Jiave 0= '02. 

Then the number of degrees in the angle =*02 x 57*29577951... =1*14591559; 
and this =1° 8' 45". 
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3. We have, as in Art. 229, 

, A-B a-b X C7 
tan— - — =— rcot-^. 
2 a + b 2 

A-B 
Hence by Art. 293 the circular measure of — = — 

~ k " 3 + 5 ""' 

where lc stands for -^- cot - . 

a+b 2 

A-B 
Therefore the number of degrees in — - — 

180 ( T ft» P ) 



T J 3 5 

Also — h — =90°—. Thus A is found by taking the upper sign, and 



B by taking the lower sign in 

»-?*<?i-5*;--i- 



4. 

therefore 

therefore 



sin J. a sin 2? b 

sin C c ' sin e ' 

sin ^ - sin i? _ g - 6 m 
sin(? ~ c * 

. 4-5 A + B 
Bin cos — » — , 
2 2 a-b 

fim 2 COS 2 



. -4-5 a-5 C 

therefore sin — — = cos -^ 

«i c a 

a-b . 4+5 

= sin 

c 2 

a-5 . (A-B 

sin 



(¥♦:*)• 



4-5 



Hence by Art. 298 the circular measure of 



= » sin5+ «r- sin25+-Q sin35+..., 

where n stands for . Therefore the circular measure of A - B 

c 

= 2n sin B + »* sin 22? nearly. 
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b _rinJ = e Bt -«- Jt _ «f*(l-g- Mh ) 
a ~ sin A ~~ ^_ e -A<> ~~ ^ (i _ g -*4*) * 

Take the logarithms : thus 

log6-loga=5i-^t+log(l-g- 2J?t )-log(l-e" £A ) 

=(5-^)t-|e- 2A + |g-^ + |g-^+....j 

Now e~ 2Bt =cos2P-isin22?, e _2ilt =cos2A-i sin2A t 

and so on. Then, as the real and imaginary parts of the expression mufl 
he separately equal, we have 

log 6 - log a = cos 2A - cos 22? + - (cos 4J. - cos 42?) 



+ - (cos 6A - cos 6B) + .... 



6. By Art. 294, 



4 3 + 5~7 + 9 11 + "* 

2 _2 2 

~~1.3 + 5.7 + 9.11 + *" 5 

therefore 1=^+^1.+^ + .... 



7. Let 




A + Bi=log (m +m) ; 


therefore 




e A+Bl =m+ru; 


therefore 


w+m= 


=^^=6^(0085 + 4 sin jB); 


therefore 




m=e* cos 5, 


and 


■ 


n=e^ sin A 


By division 




— =tan2?. 
m 


By squaring and adding 


m * + n a =e 2 ^; 


therefore 


« 


2A=log(m"+n"). 
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8. cos (0 + <f>t) = cos cos (j>i - sin sin <f>t 

=cos — s sin — 

=cos0 — g + isin0 — ; 

this is of the form a+/3t where 

a=cos0 — « — > and £^ sin — = — • 

9. Bin (0 + (pi) = sin cos 0t + cos sin <£t 

=sin0 ^ — + COS0 — ^ 

=sin — t cos - — $ 

this is of the form a +pi where 

a=sin0 — s , and/3=-cos0 s — . 

10. log w = (p + qi) log (a + hi) 

= (* + «.) logV(a' + J») i^pj + v^! 
= ( p + ji) log V(<* a + 6 s ) {cos y + 1 sin 7}, 



where 



C0B ? = V(*"+6y ,mdsin ^ = V(^) 



= {p + gi) {log c Yl + log V(a* + &*)} 
= ( P + 20 {7* + log V(« 2 + 6 8 )} 
=i> log V(a 2 + 6 s ) - 27 + { P7 + 2 log V(a 8 + ft 2 )} *• 
This is of the form a + /fc, where 

a=2>logvV + & 2 )-27» and P=P7+Z logy/(a* + b*). 

11. By Example 10 we can express log{a + bt) p+qi in the form a+/3i; 
therefore 

(a +&O p+ * c =e a+/,c =e a e*=e a (cos/3+ 1 sin/3) ; 
and this is of the form X + tft, where \= c a cos /3, and /*= e a sin /3. 

12. {sin (a - 0) + c at sin 0} n = {sin (a - ft) + (cos a + 1 sin a) sin 0} n 

= (sin a cos + 1 sin a sin 0) n =sin n a (cos $ + 1 sin 0) w 
= sin w a (cos n0+ 1 sin n0). 
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Again sin* 1 " 1 a {sin (a - nO) + ef* sin nd\ 

= sin* -1 a {sin (a - nd) + (cob a + i sin a) sin n&\ 
= sin n - 1 a{sina coand + t sin a sin n0} 
= sin* a (cos nd + t sinntf) : 

thus the two expressions agree. 

In a similar way we may proceed when we take the lower sign in the 
expressions. 



XXII. 

1 

1. Bin 8 a = 5 (1 - cos 2a), 



2 
and so on. 

Hence the sum of n terms 

n 1 



2 
1 
2 

Bin 8 (a + 2/3) = \ {1 - cos 2 (a + 2/3)}, 



Bin 8 (a + j8) = \ {1 - cos 2 (a + /3)}, 



= 2 ~ 2 { cos2a + cos2 (a+0) + cos2 (o+2/9) + ...} 

_n _ cos {2a + (n - 1) ft} sin tiff 
"2 2siii/3 * 

2. sin 5 a =^ (3 sin a -sin 3a), 

Bin 3 (a+/3) =^ {3 sin (a+ j8) - sin 3 (a+ j3)}, 

sin 3 (a + 2/8) = \ {3 sin (a + 2/3) - sin 3 (a + 2/3)}, 



and so on. 

Hence the sum of n terms 



a 

=£ {sin a +sin (a + /3) + sin (a + 2/3) + ... } 

v{sin3a+sin3(a+/3) + sin3(a+2/3) + ...{ 



4 
sin 



4 . 1 A ~4 .8 
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. 3. We have cos 2 0=-(l + cos 20); 

therefore cos 4 ^ - (1 + cos 20) 2 = -r (1 + 2 cos 20 + cos 2 20) 

1 /, « rt * l + cos40\ 8 1 na 1 .. 

= 7 ( 1 + 2 cos20 + ) = 5 + s cos20+- cos 40. 

4 \ 2/82 8 

Apply this transformation to every term of the proposed series ; thus the 
sum of n terms 

3n 1 
~-g +2{cos2a + cos2 (a+j3) + cos2(a + 2|3) + ...} 

+ -{cos4a + cos4(a + i3) + cos4(a + 2ft) + ... } 
o 

__3» cos {2a + { n- 1) p\ sin np cos { 4a + (n - 1) 2ft } sin 2nft 
~~~8 + 2~sinft + 8 sin 2/3 

4. sin 0+sin30 + sin&0+.,. to n terms 

_ sin{0 + (n-l)0}sintt0 _ sin 2 « m 
~~ sin0 — sin0 ' 

cos + cos 30 + cos 50+.. .to n terms 

_cos{0 + (n-l)0} sinn0_ sinn0 cosn0 
"" sin0 "" sin0 

Divide the former result by the latter ; thus we obtain tan nd. 

5. coa A coa B= -cob (A -£)+„ cos (A +JB). 

Apply this transformation to every term of the proposed series ; thus the 
sum of n terms 

n 1 

= r cosa+-{cos(20 + a) + cos(20 + 3a) + cos(20 + 5a) + ... } 

n cos{20 + a+(n-l) a} sinna 

= 5 cosa+ * —-. J — - 

2 2 sin a 

n cos (20 + na) sin na 

= H cosa+ . . 

2 2 sin a 

6. By Art. 307 we have 

sin - sin 20 + sin 30 - ... to n terms 

• U . (n-l)(d + Tr)) . n(0+ir) 
sinj0 + i " ^| Bin _ v — I 

. + ir 
gin 
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And cos* -cos 20 +006 30- ... to* terms 

cos >0+* — ^ — * an - L 2— 



Divide the former by the Utter: the result 

^| #+ (^g±-?| ^[0+0^^+,; 

«**-£('+*) f n+1, ^ y 
eos^(0+*) 

7. sin^C0B5=^sinU + 5) + |sin(^--B). 

Apply this transformation to every term of the proposed series ; thus the 
sum of n terms 

= f ^^+|{8in( 1 )+2)0+8in(p+4)0+sin( 1 »+6)0 + ...} 

_nsinj90 sin(p + l+fl)0sinn0 
2 + 2sln0 ' 

8. sin 4 BinP=sCOS(-i-jB)-sCOs(il + -B). 

Apply this transformation to every term of the proposed series ; thus the 
sum of n terms 

=-cosa-r {cos3a+cos5a+cos7a + ...f 

n cos{3a+(n-l)al sinna n cos (n + 2) a sin na 

2 2 Bin a 2 2 sin a 

9. Suppose that in the preceding result we put for the sines of the angle* 
their values from Art. 274 ; the proposed series becomes an expansion in 
powers of a, and it is obvious that the coefficient of a* is 

1.2 + 2.3 + 3.4... +n(n+l). 

We must therefore find the coefficient of a' in the expansion of the ex- 
pression found for the sum of the Trigonometrical Series, and equate it to 
the above. 
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r a a \ 

Now xCobo=s (l--|2+ Tj---) > so tna * the coefficient of a* in this 



term is - T ; 

4 



and 



2 sin a 



=n 



-l 



ii ( w + 2 ) a 3 I 5 n3 « 8 > 
eos (n+2) o Bin na = j 1 2~~ a +, "i r a "~T" + '"( 

2 ( a "f + "') 

1 — «*+...( 1— 6 - + ... 

n(, (»+2)» , . ) (, »V ) (, o* ) 

Multiply ont and it will be found that the coefficient of a 1 is 

nj -(n + 2) a n a 1) 
2( 2 6 + 6$' 

Hence the required sum 

""4 2j 2 6 + 6i 

n n(n+2) a n 8 n 

4 + 4 + 12 12 

=^{3(n + 2)' + n»-l-3} 

= ^{4n a + 12»+8}=|(n a + 3n+2) 

n(n+l)(n+2) 
"" 3 ' 

10. sin A sin B = 5 cos (4 - B) - 5 cos (.4 + 5). 

Apply this transformation to every term of the proposed series ; hence 
the sum of n terms 

= 5 (cos 20 - cos 40) + - (cos 40 - cos 80) + 5 (cos 80 - cos 160) + . . . 

=~ (cos 20 -cos 2 1 * 1 0). 
T. T. K. « 
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11. Omitting the first term, we can find the sum of the rest of the 
series by Art. 311; we must put cos for c, and put a=0=0. Hence the 
sum of the whole series 

=cos 0+ c C08 * tf cos (0+ sin $ cos 0) - cos 0=« cos2 * cos (0+sin cos 0). 

12. In the first series of Art. 311 put - 1 for e t and for a, and for 
/3, and change the sign. Thus we obtain for the required sum 

-e-™*sin(-sin0), that is o -008 * sin (sin 0). 

13. For cos 20, cos 40,.. . put the exponential values; thus denoting e* by 
z, the proposed series becomes 



5 |»-]*<*+0 + £«*•+ «-*)-...[ 



= i r{COS2 + COS2~ 1 } 

=s{cos(cos0+t sin0) + cos(cos0-4sin0)} 

= cos (cos 0) cos (t sin 0) = \ cos (cos 6) (a" 8 * 11 * + e^ n9 ). 

14. The proposed series 

= COS0 + COS a + COS s + COS 4 0+..,. 

+ COS + 5 COS 9 + s COS 3 + 7008*0+ ... 
A o 4 

cos0 , „ „ x 

= , r - log (1 - COS 0). 

1 - COS ° ' 

15. In the first series of Art. 311 put for a, and cos for c, and $ for /?. 
Thus the sum=c cos8tf sin (sin cos 0). 

16. In the second series of Art. 311 put for a, and for ft and sin 
for c. Thus 

sin 3 sin' 

sin cos 20 +— o- cos 30 + — -r cos 40+ ... 
2 |3 

= e sindcosd cos(0+Bin 2 0)-cos0. 
Therefore cos 0+sin cos 20+?^— cos30+? m -? cos40+„. 

=c 8intfoo8d cos(0+Bin a 0). 
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17. Put the exponential values for cos0, cos 20, cos 30, ... Thus de- 
noting e* by z, the proposed series becomes 

that is ^ log (1+2) + ^ log (l+2-i), thatis ilog(l+2)(l+2-i), 
thatis ^log^+z+z-i), thatis - log (2 + 2 cos 0), 

that is 5 log f 4 cos 9 s ) f that is log f 2 cos ^ J . 

18. Proceed as in the solution of Example 17. Thus the proposed series 
becomes 

1. 1+2* 1, 1+3- 8 1, A + 2 S l + Z- 8 \ 

= i l0g i^ + 4 l0g i^^ = i l0g (,r^ x r^J 

1. 2+g 8 + g- a _l 2 + 2 cos 20 _1 1 + cos 20 
~4 g 2-2 a -z-*~"4 g 2-2cos20~~4 g l-cos20 

= j log cot 2 0=- log cot 0. 

19. Put the exponential values for sin0, sin 20, sin 30, ... Thus, de- 
noting e 1 * by z, the proposed series becomes 

This =5- log (1 + xz) - g log (1 +xz~ l ) 

1 1+osg __ 1 , l+a?(coB0+isin0) 
" 2t g 1+as-i - 2i g 1 + x (cos - 1 sin 0) * 

Assume tan0=:r— - — s ; thus the sum of the proposed series 

1+SBCOS0 



_1 l + ttan0 _ 1 . cos ft+t shift 
""2i g l-itan0""2* Og cos0-*sin0 



*2 
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1. «•* 1, t* ^ ..l+xcos* 
2l ° t -*+ 2t ^ ^ x Bin 

. , /cosec , A 

rsOOt -1 ( + COt 1 . 

20. By Art. 129 the limit of cos - cos j cos- ... is —r- ; 

., . ., ,. .. . . . cos sin . ,. . sin 20 

therefore the limit of cos0 cos 5 cos-r cos 5 ... is -z , that is t 

Then take the logarithms of both sides. 

21. sin^fsin^J =sBin^(l-cos ^)=^ sintf-j sm2 ^» 

. ( . 0\ a . (. 0\ . 1 . a 

2sin^ ^sinjj = sin - ^l-cos^sin^ - ^ Bm ^ 

4sinj(sin-J =2 sin j ( l-cos^ 1=2 sin^-sing, 

8 sin - I sin -- J =4 sin ^ ( 1 - cos ^ J =4 sin - - 2 sin j . 

Proceeding in this way, and adding the terms, we see that all cancel on 
the right-hand side except two, namely 

2*- s sin 5^= - \ sin 20. 
2 n_1 4t 



sin^r sinf^-sj sin cos -= - cos sin - 



Q 

22. tan ^ sec 

COS jr COS COS 5 COS COS- COB 

4 o 2 

=tan0-tan 5 ; 

6 

therefore tan T sec H = tan - - tan T , 

4 2 2 4 



. 0.0.0 
tan - sec T = tan T - tan- , 
8 4 4 8 



and so on. 



Then adding the terms, we see that all cancel on the right-hand side 
except two, namely 



tan - tan ^- . 
2 n 



i . ... 
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a 2cos a f-l 
cos0 2 

Bin* Bin 9 

2 cos 2 — 

2 1 1 1 



. «0 . ,0 sin a „ . ,0 sin*0' 
4 cos 3 5 sin*- 2 sin's 



therefore 2 cot 20 cosec 20=-^ 



4 cot 40 cosec 40= 



sin 2 sin 8 20* 
2 4 



sin 5 ' 20 sin 8 40* 

Proceeding in this way, and adding the terms, we see that all cancel on 
the right-hand side except two, namely 



2 n ~i 



. 9 BiniSJ*- 1 * 
2 sin 2 ^ 

1 _ 1 sin (20 - 0) _ 1 Bin 20 cos - cos 20 sin 

sin sin 20"" sin * sin sin 20 ~ sin * sin0sin20 

= -^— (cot 0- cot 20). 
sin0 x ' 

R . .. , 1 1 Bin (30-20) 

Similarly sin 20 sin 30 ~ sin sin 20 sin30 

1 

= -t—z (cot 20 - cot 30) ; 
8in0 * '* 

. oa . Aa = -^-^ (cot 30 - cot 40). 
sin 30 sin 40 sin0 v ' 

Proceeding in this way, and adding the terms, we Bee that all cancel on 
the right-hand Bide except two, namely 

B -^{cot0-cot(»+l)0}. 
25. Let 0= + -= ; thns the proposed series becomes 



2 
1 



008 cos 20 cos 20 cos 30 cos 30 cos 40 



+ ... 
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1 1 sin (20-0) 1 ^ x 

Now = — - — ^-=— — (tan 20— tan 0), 

cos cos 20 sin cos cos 20 sin v r r/J 

1 1 sin(30-20) 1 .. ftj . . . 

_ vr r; - (tan 30 -tan 20), 



cos 120 cos 30 sin cos 20 cos 30 sin 

1 _ 1 sin (40-30) _ 1 

cos 30 cos 40 ~~ sin cos 30 cos 40 ~~ sin 



(tan 40 -tan 30). 



Proceeding in this way, and adding the terms, we see that all cancel on 
the right-hand side except two, namely 

g— {tan (n+1) 0-tan 0}. 
26. Tan- 1 :: — ; = tan" 1 - -tan" 1 * 



l + m + m a m 1 + m' 

1 1 

this is obvious, for by taking the tangent of tan" -1 — tan" 1 , we obtain 

m l+m 

1 1 



U 



fto m + 1 .v.. 1 

„ , that is — = =-. 

1 m a +m+l 

m (m + 1) 



Apply this transformation to every term of the proposed series ; thus 
we obtain 

tan -1 ? - tan -1 5 + tan -1 5 - tail -1 5 + tan" 1 5 - tan" 1 j + ... , 

X J» & o o 4 

that is tan" 1 1 - tan" 1 =- , that is J -tan" 1 



27. Tan" 1 -z ; 7— - 9 = tan" 1 (m + 1) x - tan" 1 mx ; 

l + n^m+ljs* v ' ' 

this is obvious, for by taking the tangent of tan" 1 (m+1) as -tan" 1 mas, we 
, . . (m + 1) a;- mac , . x 

l + mtm+l)^' l+m^+l)^* 

Apply this transformation to every term of the proposed series after the 
first ; thus we obtain 

tan" 1 05+ tan" 1 2«- tan" 1 a; + tan" 1 3a- tan" 1 2os+ ..., 
that is tan" 1 tig. 
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28. sin A sin 2?= ^ cos [A -B)- ^ cos (-4 + B). 

Apply this transformation to every term of the proposed series ; thus we 
btain 

s (cos 2a -cos 4a) +^ (cos a -cos 2a) + s ( cos"-cos a) + ..., 

2 (cos ^- cos 4a J. 
1 11 sin(20-0) 



iat is 



29. 



cos + cos 30 2 cos cos 20 2 sin ' cos cos 20 

= — — - (tan 20 - tan 0) , 
2 sin v 

. 1 _ 1 _ 1 sin (30 - 20) 

cos + cos 50 ~~ 2 cos 20 cos 30 ~~ 2 sin ' cos 20 cos 30 

= A . „ (tan 30 - tan 20), 
2 sin x " 

1 _ 1 _ _1_ sin (40 - 3 0) 

cos 0+cos 70 ~" 2 cos 30 cos 40 — 2 sin 0* cos 30 cos40 

1 



2sin0 



(tan 40 -tan 30). 



Proceeding in this way, and adding the terms, we see that all cancel on 
the right-hand side except two, namely 

zr-T— r {tan (n + 1) - tan 0}. 

2 sin * v ' 

sin sin sin 



COS20 + COS0 30 30 

2 cos o cos -»- 2 cos s cos ~^- 



, . e\ 30 0(* 

4sin-(cos-2- coSgf 



sin 20 sin 20 



oos40+cos0 30 50 , . 0< nn 50 ^ n 30f? 
2 cos -Q- cos -g- ^sin^/cos-s- cos-^-* 
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sin 30 Bin 30 



1_(_1 1 ) 

2 48m 2( C08 2- °° S 2-) 



cos 60+ cos a 50 70 
2 cos — cos 

Proceeding in this way, and adding the terms, we see that all cancel o: 
the right hand except two, namely 



(2n + l)0 ${' 



31. 



. . 0) (2n + l)„ 
4sm 2( COS 21 C ° S 2f 

sin sin sin 



1 + 2COS0 , , «/, . .0\ o a s % B 

1+2 ( l-2sin s s) 3 -4 sin's 

. a . . - . 30 

sin0sin- sin0sui5 cos — cos-^- 



sin^ ( 3-4sin 9 ^l sm "7T ^sin-^- 



da|(8-4ri«»g 



30 /9 3/? 

2cos 5 -2cos ^- cosjr(l + 2cos0) + cos 5 -2cos0cos 5 -2cos^ r 

. . 30 . . 30 

^sin-g- 4sin-s- 

c0s 5 coss-2cos0cosjt-2cos-5- 

= 7"^""3 + a . 30 

4sinjr 4sm "o" 

A * o 80 

cosg 3cos ¥ x 3 

4 sin- 4sin — 

„..,,« 3sin30 3 .30 9 .90 

Smularly l + 2cos30 = 4 COt T'4 Cot ¥> 

3 s sin 3*0 9 . 90 27 x 270 

= -r COt — t COt -x- • 



l + 2cos3 2 4 2 4 2 

Proceeding in this way, and adding the terms, we see that all cancel on 
the right hand except two, namely 

1 J 3» A 3 n 
4 C0t 2"T C0t "2"- 
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32. cot-iJ2a-i + ^tDaj=oot-^a-oot->^«. 

For if we take the cotangent of cot" 1 -~- a - cot" 1 1 —~~ a, 

m m+1 
T a.- 2 - a+ l 

we obtain , , 

m + 1 m 

— - — a, a 

2 2 

AT. X • m (m+ 1) . « , 

that is — ^ - a + 2a" 1 . 

Apply this transformation to every term of the proposed series ; thus we 
obtain 

, , a , , 2a . , 2a , . 3a , , 3a . „ 4a 
cot" 1 g - cot" 1 y + cot" 1 y - cot" 1 y + cot" 1 — - cot" 1 y + . . . ; 

that is cot -1 5 - cot" 1 — — a. 

M 1 nnnfl- 1 8m $ * ijl Sin (2fl-0) 

2 2cos0 2sin0cos0 sin 20 sin 20 

=cos - cot 20 sin 0= sin (cot - cot 20) ; 

- 2 sec sec 29 =^ sec sin 26 (cot 20 - cot 40) 

= sin (cot 20 - cot 40) ; 
— z sec sec 20 sec 40 = ^ sec sin 20 (cot 40 - cot 80) 

- = sin (cot 40 -cot 80). 

Proceeding in this way, and adding the terms, wo see that all cancel on 
the right-hand side except two, namely 

sin0(cot0-cot2 n 0). 

84 inn"/?- 8 " 12 * ' = Bm>2g = 2 sin 8 20 ^4 sin* 20. 
84. tea ^-^g 20 - B in 20 cos 20 ~ sin40 "~2sin40 ; 

therefore ^ log tan 20 =log 2 sin 20 - 5 log 2 sin 40, 

^log tan2 a = 2log 2 sin 40-^ log 2 sin 80, 
~ logtan2»0=ilog 2 sin 80-^ 3 log 2 sin 160. 
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Proceeding in this way, and adding the terms, we see that all cancel on 
the right-hand side except two, namely 

log 2 sin 20- i log 2 sin 2»"0. 
$ 28m 2°° B 2 sin* sm*^V"*2 

fa eos 2 = Q . * = 7~ e = ~2 — 

2sin- 2sm— pm — 

2 2 2 

sin*) 2co9, 4 .«[ sine) .0 .0) 

"t Li » - C0t 2f = -2-i e0t 4- e0t 2{ ; 

„ » • o '^ 
2coS 2 0OS 2i~ 20OB 2"2" 



joot|-eot|j 

sin* ( A * A *> 
= __| co t § -cot i |; 



. * 
pip — 

M e o * * 2 

2*008^008^008^ = 2 cos^.-— 



sin* 



His- 00 *!! 

jcotA_oot|j. 



Proceeding in this way, and adding the terms, we see that aU cancel on 
the right-hand side except two, namely 



sin* ( . * 



-«*g. 



36. Let R denote the radios of the circle, n the number of sides of the 

polygon. Put p for - . Let 2a denote the angular distance of a fixed point 

in the circumference from one of the angular points ; then the angular dis- 
tances from the other angular points in succession will be 

2a+2/3, 2a+4ft 2a + 6ft ... 2a+2(n-l)/9. 

The lengths of the successive chords will be 

2R sin a, 2R sin (a +/3), 2R sin (a + 2/3), ... 222 sin {a + (n - 1) /5 [. 

To find the sum of the squares of the chords, we have 

sin a *=i(l-cos2*); 
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md applying this transformation to every term of the proposed series, we 
obtain 

2nJP - 2JP {cos 2a + cos (2a + 2/3) + cos (2a + 4/3) + .. . }. 

The sum of the series of cosines is zero, as in Art. 304 ; and thus the 
result is 2nR*. 

Next, to find the sum of the fourth power of the chords. We have 

3 1 1 

sin 4 $=- - 5 cos 20 + - cos 40 ; 

ind applying this transformation to every term of the proposed series, we 
obtain 

6»12* - 822* {cos 2a + cos (2a + 2/3) + cos (2a + 4/8) + . . .} 

+2J2 4 {cos4a+cos (4a + 4/8) + cos (4a+ 8/8) + ...}, 
that is 6nJ2*. 

87. Let A be the common vertex ; let B, C, ... be the successive angular 
points. Put p for - . 

Let PQ be one of the sides of the polygon, such that the arc ABP contains 
m of the sides; then the angle AQP=mp t the angle PAQ=p, and the 
angle APQ=v- (ro+ l)/3. 

Let PQ=c, and let r m denote the radius of the circle inscribed in APQ. 
Then 

r m jcot i APQ + cot | AQP j = c, 

( '.x-(m+l)fl ,m/8) 
therefore r w Jcot ^ — + cot 2 C = c » 

therefore r TO jtan— « — /3+cot ~-J =c, 

x-l m P m + 1 a • m P 

therefore r m cos ^=c cos — g— /3 sin-jp 

c J . 2m+l a . fl] 
= ^isin ° M " r| 



2( — 2 



*-*f| 



Now there are n - 2 circles in all which can be drawn ; so that we have to 
sum up the values of 

e p J . 2m+l _ . p\ 
^sec^ ism ° M -~ ri 



/»--»S 



2 2 ( 2 

for values of m from 1 to n - 2 inclusive. The sum then is 

i 800 ! j ^ (»-2)smSr, 
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that is jj 860 ! — 



that is 2 Se °2 



2 

But c=2r sin/9; thus we get 



{£j-- ,,, i. 



. r» sin /3 sin | 



, that is 2r-2rosin 1 



/3 . /3 ' 2' 

cos ^ Bin ^ cos g 

that is 2r (l-nsin'^J . 

38. Use the notation of the preceding solution. The area of the m* circli 

ire 8 a /3( . ,2m + l. . 2m+l_ . fl . ,/3) 
= __ Be C 9| jsin 8 —2-/5-2 sin— ^—/5 sin|+sin»|j 

= -^sec»||l-oos(2m + l)i3-4sin?^/3sin|+2sin»||. 

Then as before we have to sum this expression for the values of m fron 
1 to n - 2 inclusive. Thus we obtain 

™ s .0 J/ aifi.o-i0\ cos{3/3+(n-3)j8}sin(n-2)/5 
-g-sec-e |(»-2) (^1 + 2 sin'lj ^_L__^_J ^ 

. 53/3 »-8 J . n-2j 



-4sin£ 



2 . /S 

sin — 

2 



and this =^pBec 8 | j(»-2) fl + 2 sin 8 1) - 2 cos /jj 

=^sec 8 |jn-4+2»sin 8 |j. 

But c=2rsin/3; therefore c« sec 8 ^ = ^f£2l^ = 16V* sin» f ; 

cos 8 | 

so that the result =16xr» sin 8 £- j? sin 8 £-+ ^ij . 

2» (4 2» 8 ) 
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39. Xiet S n denote the sum of the series ; so that 

£ n =nsin0+(»i-l)sin20 + (»-2) sin 30 + ... + sinn0. 

In* like manner let S n _ x denote the stun of the series formed by changing 
ii into n — 1, so that 

Sn-i=(n-l) sin 0+(»-2) sin 20 + ... + sin(»-l)0; 
therefore i8^ -£„-!= sin 0+ sin 20+ sin 30 + ... + sinn0 



. n+1. . n$ 
sm-^-Sam— 

sin — 



1 ( 2n+l .) 

= r~^r B 2- C0S -2-T 



2sin- 



Similarly we have 



A 



& 



»-l -$.-!-— "J | 



2Bin 2 



2»-l_) 

oos^-cos-^-0|; 



o 1 ( * 

>-*- s »->=—er*2- 



2n-& „ 
COS — =— -0 



2sin- 



1. 



*-*= 3 j«»5- 00B T ; 

2 sin- 



o 1 ( 30) 

^=7-0 cos 2- cos 2 • 

2Bm 2 
Hence by addition from this series of equations we obtain 

30 



& 



'"^I" 



50 2n+lj 

„ ^ wp cos 5- cos -g- - COS -5-... - COS a 01 

2sin 5 



2sin| 




ncos 5 - 



J30 , " 0) . n0< 
cosj T + (n-l)2(Bin T | 



. 
sin- 



(n + 2) . n0 
n .0 _ 2 * Sm 2 to ' sin(n + l)0-sin0 

= 2 cot 2 nr — = 2 cot 2 — 

2 sin's ^sin 1 ^ 

n+1 .0 sin(»+l)0 

= ^- COt 2- . . ,» • . 

4 sin 8 5 
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40. Let S n denote the required sum, and 8 n _ x the Bnm of the 86] 
when n is changed ton- L Thus 

£ n =(n+l)nsin0+n(»-l)sin20 + ... +2.1 sinnl, 

8 n - 1 **n(n-l)fan.e+(n-l){n-2)fim2e + ... + 2.1sin(n-l] 

therefore S n - S n ^=2 {n sin 0+ (» - 1) sin 2$ + ... + sin n$\ ; 

that is, by Example 39, 

o o , l1t J sin(»+l)0 

2 2sin«? 

cm n i o « A sinnfl 

Similarly B % _ x - 5^ =n cot 5 - 



2 sin*^ 



« « « *0 sin 3^ 
£ 8 -^=8cots s ; 

8 tin 1 j 

2sm«^ 
2 



Hence by addition from this series of equations we obtain 

S»= n(n 2 * 3) cot | ^{sin20+8inS0+... + sin(n+l)0 

9. ttin*— 



2sin a 



»(n + 3) - ^K(»-l)|j«in| 
2-«*a .-.>.» 

30 2»+8 „ 

»(»+8) t eo gT -eoB^ r< > 

3— cotg _ 

4sm 8 5 
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XXIH. 



1. By Art. 274 we have 



sing 0* 0* 6* 

and by Art. 320 we have 

Bin 



i^ = / r i-*yi__f-Vi_-!L\ 



Take the logarithms of the equivalent expressions ; thus 

, (, 8* 6* 6* , ) 
l08 l 1 -|3 + 15-]7 + -i 



=lo g (l-Q+log (l-^)+log (l-g^)+ ... 



Expand the logarithms ; then both sides become series arranged according 
to powers of 6 ; and by equating the coefficients of s we obtain 

J?!- a/1. 1 1 \ 

" (3 " \g* + 2V + 3V + '") ; 

mx. m 111,** 

therefore jp + 2 a + 3 a 6" * 

2. Equate the coefficients of 0* in the two equivalent series of the pre- 
ceding solution ; thus since 

i Ji £ * I- i^!-^ ) 1 i* p )* 

^i [8 + |5 - "J ~{|_3 |j> +, "{ 2J[3~T6 + --'{ "'" 

wehaye (|- K^)' = "^ ft + 2 ?1 * + 3-* + -) ; 

therefore £+ i+i 4 + ...=2^ (J-jg) 

V* /l _ 1\ IT* 

12^3 5/ "90* 

3. Let £=-L + jL + iL + _L + • 

andlet 2=^+- + ^ + -+.... 



208 XXIII. RESOLUTION OF TRIGONOMETRICAL 

m^ „ 1 1 1 1 

L JL JL i_ 



1 

1» ' 3» * 5 n ' 7' 



~~ in. "*" o«T en + i7» * **• 



+ 2 n i l n + 2* + 3* + 4* + 



i 



2*-l 
Therefore 2 = -— & 

2 W 

Hence 2 can be found when S is known. 



2 



If w=2 we have £= ■£• by Example 1 ; and then 2= j . -^ = ~ . 

4. In the preceding solution suppose n=*4; then we have £=5^ bj 

Example 2, and therefore 2=^ . — = ^ . 

10 90 9o 

5. By Art. 318 we have 

sin n#=2*- 1 sin <f> sin (2/3+ 0) sin (4/3+ 0) ... sin (2n|8- 2/3+0) 

where 0=^-. 
2n 

1 *• 1 

Let o=rft and let </>=a; then sinn#=sin — = — ; thus 

—x = 2"" 1 sin a sin 5a sin 9a ... sin (4» - 3) a ; 
therefore sin a sin 5a sin 9a ... sin (4» - 3) a = 2~* + J. 

6. Let r be the radius of the circle. The polygon can be resolved into 
n triangles ; and thus the area of the polygon 

= -{sina+sin2a + sin3a+ ... + sinna} 

. n+1 . na 

Bin a sin — 

r* 2 2 

= 2 # . a 

8m 2 
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But a+2a + 3a+...+na=2x; 

n(n + l)a rt 
that is v 2 ' -2x, 

» + l 2ir 
go that — ^- a = — . 

2 n 

Now the area of the regular polygon of n sides 

wr 3 . 2t nr 2 . n + 1 
= - n - gin — = -7T- sin — -— a. 
2 7i 2 2 

. na 
Bin 
2 
Hence the ratio of the former area to the latter = — — . 

. a 
»sin 5 

a 

7. Let A, B, C, ... be the angles of the polygon. From A draw straight 

lines to the other angles. Let AP be the m* straight line, so that AP sub- 

2w 
tends at the centre of the circle the angle m — . Then -4P=2asinmj8 

n 

where i3=-. 

■ r n 

Thus the product of all the straight lines 

= (2a) n ~ 1 sinjS sin 2/3 sin 3/3 ... sin (»- 1) /3 

for by Art. '318 we have 

n=2 n ~ 1 sin ]8 sin 2/3 sin 3/3 ... sin (n - 1) /3. 

8. Let A, Bj C t ... be the points of contact of the circle with the circum- 
scribed polygon taken in order. Let be the fixed point, and suppose the 
arc OA to. subtend an angle 20 at the centre of the circle. Then the angle 
between OA and the tangent at A is ; and the length of the perpendicular 
from on this tangent is OA sin 0, that is 2a sin 2 0. Thus we have 

2> 1 =2asin 2 0. 

Let /3=— , then we obtain in a similar way 

< p 2 =2asin a (0 + i3), 

;p s =2asin 2 (0 + 2j8), 

p 4 =2a sin 2 (0+3/3), 
**«<* so on. 

Thus PiPtPe . . . ft*-! = (2a)* sin 8 sin 8 (0 + 2/3) . . . sin 2 {0 + (2n - 2)0} 

= (2«)-|$^r,b y Art.318, 

=2 n ^ SinSn ^ . ... 

i 

i T. T. K. ° 
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In the same way we have 

ftl>4-l J »»i=( 2 «) w B in, (0+«Bin»(0+8i3)...Bin s {0+(2»-l)« 

a n 
== 2^ C0B ** 

Hence by addition we obtain 

2n^a ( sin8 n * + cosS »*)» that i8 2^« • 



0. Let A B, 0, D, ... be the angular points of the inscribed polygon. 
Let be the fixed point from which the perpendiculars are drawn. Let the 
arc OA subtend an angle 2a at the centre of the circle, let the arc OB subtend 
an angle 2/3, the arc 00 an angle 2y, and so on. 

Let p lf j},, p 3 , ... denote the perpendiculars from on the sides of the 
circumscribed polygon which touch the circle &tA,B,C,... respectively. Then 

2^ = 0-4 sine, ( p a =0i?sinj8, p z =0C»ia.y f .,» 

Again, let q l9 q a , q 8 , ... denote the perpendiculars from on the sides of 
the inscribed polygon AB, BC, CD> ... respectively. Then 

q x =OA sin OAB=OA sin (*r-/3) = 04 sin p; 

similarly q a = OB sin 7, q z = OC sin 8, . . . 

Thus P1P2P3 ... and q 1 q i q 3 ... are equal, for each is equal to the product 
of the same series of lengths into the same series of sines, 

10. By Art. 318 we have 

cos 5A =16 sin (4+18°) sin (4 + 54°) sin {A +90°) sin {A + 126°) sin (4+1G2 8 ) 

= 16 cos (72° - A ) cos (36° - A) cos A cos {A + 36°) cos (A + 72*) ; 

and cos (36° - 4) = ~ cos (144° + A) , cos (-4 + 86°) = - cos (144* - J), 

therefore 

cos 54 = 16 cos(72°-4) cos(72°+4) cos A cos(144°-4) cos(144»+4). 

11. Put g for in the expression for sin in Art. 320; thus 

2 = 6 \ 67 \ 2*6y ^"IW/""* 

.. , 85 143 323 575 

therefore 3 = ^.^.^.^...; 

41 . 36 144 824 576 

therefore ,r=8 -85' 148 '323 "575 '" 



C 



\ 
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X2« In the general result of Art. 821 put ^ for 0, thus 

*«~(»5) (!♦£)(.♦£) (.♦£>_ 

13. It is shewn in Art. 821 that 

The product of the first two factors on the right-hand side 

(. 6- a 
— 

and this is equal to z* when 6 vanishes. 
Thus, by supposing 0=0, we obtain 

Extract the square root and put 2s f or z ; thus 

'-^-K i+ 3( i+ §&)( i+ kO~ 

14. Let 8 denote the series of which we require the sum, 
*v /l 1 1 , 1 \*111 

Hence by Examples 1 and 2 we have 

(?y= 2 * + lro» 

therefore f .£^-^ -S(}-J) "H 

15. By Art. 818 we have 
sinn0=2 w ~ 1 sin <p sin (0+ -) sk (#+— ) ••• sin (0+^— *•) . 

Change into £+g ; then since n is even we have 

tfnnf #+|j^sin(n0+~ Jsainn^cos^; 

02 



120' 
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tlmi 
tmnfcoB ?£=2— l eM4ecM (*+-) «» ( ^+— J ...cob f^+ — - *■ J 

Divide the former result by this ; then we obtain 

aec^=tan*tan^+][jtan^+^^ 

And W c^ = -J-=-^=(-l)5. 

008— (-1)* 

16. Bin 5A- cob5A = »J2 sin {5A-45 9 )= t j2 sin5(4-9 ). 
And by Art. 318 we have sin 5 (^-9^ 

= 2* sin B sin {B + 36°) sin (B + 72«) sin (j5 + 108^ sin (B + 144°), 
where£ = .4-9°, 

=2* sin (4 -9°) sin (4+27°) cos(27°-4) cos (4+9°) sin (4+135°) 

=2* sin (4 -9°) sin (4 +27°) cos (27°-4) cos (4+9°) (cos4 - sin4) \ . 

v 2 

Therefore sin 5 A - cos 54 

=2* sin (4 -9°) sin (4 + 27°) cos (4-27°) cos (4+9°) (coa4 -sin4). 

17. By Art. 320 we have 

sin 



\ WV 2**V\ 3V/"' 



Put £for 0: thus 

2 



v 1 "*) \ iv v 6V'" ; -. 



.. , ir 2.2.4.4.6.6.8.8... 

therefore ff = 1<3 , 3>6>6>7>7>9 „. . 

18. We have 



— - •(>-m'-m-£)( i -£)- 

^=»(«-S)('-S)(-w)('-*)- 
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Divide the first by the second : thus 

• 3S-«('-S)("£)(-£>- '■' ""' 

lerefore cosd ^( 1 ~^) V 1 "^^) ^-ga^)-- 

19. In the formula for cos in Art. 320 put ^ for ; thus 

3.35. 99.195... , 
""4.36. 100.196...' 

,„ 4.86.100.196... 
herefore y 2 = g^-gg^gg^ • 

20. In the formula for cos in Art. 320 put - for ; thus 

o 

ir = v"fJ ^"sts 5 ; ^"stjO vs^O " 

8.80.224.440... 
"9.81.225.441 ...* 

cos x cos ^ + sin a5 sin ^ cos ( x - ?, } 

"V . 2 2 V ^/ 

21. cosag+tan^sina;= i = . 

2 y y 



y y 

cos 5 cos £ 



$ow fry Art- 320 



co 8 (*-!)= \x.^m \x.^m ii-^-^i 



t 2 ) ( 3 V 2 J ( 5V 1 



COSx 



2 V W \ 3V 7 \ 5**V - 



Divide the former by the latter. Then 
(2s -y) 2 



7r a _ ir 2 -(2a?-y) a _ ir 8 -y 2 -4g a +43y 4s 2 4aa 

y a ~" «r 2 -y 2 "" ir' A -y* ~~ ir 2 -y a ir 2 - 

.A + _*lV 1 _*_V 

V *-sJ\ **yJ 



y> 
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Similarly ^.(i + ^Vi *A 



And bo oil Thus the required result is obtained* 

V „, J 



22. Cos a; -cot I sin a; = 



cos * sin | - sin oj cos | sin(|-a?J 



2 . V .V 

Bin| sin| 

Now by Art. 820 

*0-)-6-.)|.-W-!#ll«-fcSl- 
-f-K'-AX^-rkX'-dW- 

Divide the former by the latter. Then 

2_ - 2* 

y y 

2 

fo-2*)« 

4. it 8 4r > -(y~2a?) > = 4ir a -y 3 -4as > +4ay 
1 j!_ " ±**-y* 4ir*-y» 



4.ir« 



- 4a; 1 4a# _ /- 2* \ A. 2x \ 

4.2V 
And 60 on* Thus the required result is obtained. 

2 Bin- (w-a;) sin-(y+«) 
00 cosa-cosy 2 vy ' 2^ 

1-oosy A • «y 

* 2 8m 1 1 
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Now by Art. 820 

Divide the first by the third, and divide the second by the third, and 
aultiply the results together. 

2 & " x) x 2^ +y) x f x\t x\ x* 

Then — ,=1-*; ±- =l+? ; 1-? 1+?=U? 

i y i y \ y/ \ y/ y a 

2 y 2 y . 

And as in the eolation of Example 22, 



"77?^ " I 1 + 2i^) ( X " 2r+y) ; 



4w» 
(y + a) a 



( 1+ 2^^) y~2^+i) y~2^) \ 1+ 2^t^j 

S= \ 1 ~(27r-y)*\\ 1 ~~ (2ir+y)*\' 

x (y-s) 8 ! (y+*) a 

Similarly — iff! . — ffi- j 1 "^^! S^C^l 
4.2 V 4. 2^ 

And so on. Thus the required result is obtained. 
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2 cos « (v — x) cos 7z (v+x) 

24. — -=- t = ■ . 

1 + cos y . y 

y 2cos s | 

Now by Art. 320 

„^ + , ) ,jx-Mj|.-^|t.-fc?j^. 

- "■5-(i-S)( 1 -&)( 1 -^)' 

Divide the first by the third, and divide the second by the third, 
multiply the two results together ; the reductions will be similar to 
in the preceding solution. 

, (y-s)' , (y+s) 2 



Thus . R— =Jl- 7 s f 

! y' ! y 2 c (T-y'S 



i _* i 



(T+y) 8 > 



21 » 



8V 8V _ L a; 2 | ( x» ) 



And so on. Thus the required result is obtained. 

Or we may obtain the result in Example 24 by changing y into t- 
the result of Example 23. 

2 sin 5 (x+y) cos s (s-y) 
Bin SB + sin ^ 2 x y/ 2 v y/ 

siny _ . «/ « 

y 2 sin | cos % 

Now in the course of the solution of Example 23 we see that 
sin ^ (x + y) 



■TT-("3 (* -^i) ( ,+ sW) (' -^i) ( I+ 



a; 



And by changing ?/ into ir - y we see that 
cos^fc-y) 



4ir+2 



„r— (•♦£) ('"^) K"^) ('-«5i)- 

2 y 
Hence by multiplication the required result is obtained. 
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26, We have cos x + tan jj sin x 

. - 1 -J77 + Ta" "' + tan 



x* , x* , y f a? x 5 \ 



thus the coefficient of a; is tan | . .. 

Now conceive the factors on the right-hand side of the formula of Exam- 
ple 21 multiplied together, and the pro'duct arranged according to powers 
of x. The first term "will be unity ; the second term will involve x, and the 
coefficient will be 

2 2 2 2 
j. y. tmm 

v — y v+y Zv-y 3ir + y 
Hence by equating the coefficients we obtain the required result. 

27. Proceed as in the solution of Example 26. Then on the left-hand 



sidethe coefficient of x will be - cot | , and on the right-hand side 

2 2 2 2 2 

_ _ J. _ JL. . J. 

y 2v-y 2ir+y 4ir-y 4ir+y 

Equate the coefficients, and then change the signs of both sides ; thus we 
obtain the required result. 

IT 

28. In the formula of Example 26 put — for y ; then 

*. y x *■ i 

tan ^ = tan -= = — - ; 
2 6 V3 

ti». 1 1(6 6 6 6" 6 ) 

tw • 1 6(1111 1 1 , ) 

fk M * 1 111,11 

therefore _.!--+--- + --- + ... 

29. In the formula of Example 27 put - for y ; then 

oot|=cot|=V3; ■) 

*v ,o 6 (, 1 1 1 1 1 1 ) 

thus V8=-ji- g + 7- I£ + i 3- i 7 + 5 -..-.j; 

«. , *■ „ i 1 1 r 1 1 

therefore 2V3 =1 -5 + 7"Il + i3""i7 + lu: 3 
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30. Add together the results given in Examples 26 and 27 ; then 

• y y 
Bin 5 cos* , 

y *y 2 2 i 2 

tan|+cot^ = — - + 



2 2 y - y . y y any 

cosg BinJ sin ^ cos ^ * 

a A A A 



Thus 



2 2 2 2 2 2 t 2 2 2 . 



fiiny y v-y 2ir-y r+y 2x+y 8r-y 4r-y 3r+y 
Then divide both sides by 2. 
Or we may equate the coefficients of x in Example 25. 

XXIV. 

/** 0\ 

L sin0cos-=2sin-cos , Tr=2 sin-sin* (- --) 

* ' \sin* s cos'-/ 



J COB (|- |) COB (| +g) 



cos* — sin* -x ww« . — . w » . - r - 

tan^= N * \ ' tan? 

ain* 5 cos 8 5 bui* 5 cos* s 

O * O A 

20 x . 20 

cos 5 cos -5- tan- Bin-cos-^- 

o 5 o o o 

_• « ^ • ^ • • «0 

Bin* 5 cos* s sin' ^ cos* s 

o 4 o A 



Again f tan 9 5 cosec 




. (0 0\ . /0 0\ 

2. ° > (g-») ,ht b + «) ..,ii 



Bin* •=. — sin* -z 

2 6 . _ x _ „ . x- w, x 

■mmb^^mmm COt = mm—^^^—U—^—^^^mJm 0Ot 

• • a 3 • • «0 3 

cos* - sm 1 — cos* - sm 1 — 

2 6 2 6 

, . 20 .20 . 20 

BhigSin-g coty sin^eosj 



* 

cos'jrsin's cos* s sin* y 

A O * 
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8. tan 30 - tan 20 - tan 

Bin 30 sin 20 



"cos 30 cos 20 

sin 80 cos 20 - sin 20 cos 30 



-tan0 

-tan0 



cos 30 cos 20 

sin0 _ sin 
cos 30 cos 20 cos 



sin 

: -z ^ ^r {cos - cos 80 cos 20} 

cos cos 20 cos 30 * ' 

sin 

: a ™ ^ { cos (30 - 20) - cos 30 cos 20} 

cos cos 20 cos 30 * v ' * 

sin sin 20 sin 30 
cos cos 20 cos 30 



=tan tan 20 tan 80. 



4. tan 8 3 + cot 8 a; =m 8 - 3m; 
therefore (tan x+ cot x)* - 3 (tan 2 a: cot x+ cot 2 jc tan x)—rn? - Bm; 
therefore (tan x + cot x) 3 - 3 (tan x + cot x) = m 8 - 3m ; 
therefore (tan jc + cot x)* - m 8 = 3 (tan a; + cot x) - 3m. 

Put y for tanaj+cotaj; thus 

y 3 -m 8 =3(y-m); 
therefore (y-m)(y 2 +ym+m 2 )=3(y-m). 

Therefore either y-m=0, or y s +yw+m , =3« 

Take y-m=0; thus tan as + cot x =m, 

., - sin x cos* 

therefore + — — = m ; 

cosas sin a; ' 

therefore -: =m; 

sin x cos x 

2 

therefore sin2a;=-. 

m 

Again, take y*+yw+m s =3. By solving this quadratic in the usual way 
we obtain 

-mi VflS-Sm 8 ) 

y= 2 • 

end thus we obtain two other values for sin 2as» 
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5. Let T denote the m tk point, counting from A as the first, bo that the* 

angle TOA=mp t where P=k~ " Then, since the angle 037.4 is a right angle* 

we have OT= OA cos TO A — 2r cos mfi, where r is the radius of the circle. 
The angle between OT and the tangent at T is equal to the angle TAO, and 

is therefore ~ - rojS. Thus the perpendicular from on the tangent at 

T- OT sin ( £ - m£ j = 0Z 7 cos ro£= 2r cos 8 mj5. The square of the perpen- 
dicular is 4r* cos 4 wi-/3. 

Thus the sum of the squares of the perpendiculars 

:=4r a {l + cos*£+ cos 4 2£+... + cos*(2n-l)£} % 

3 1 1 

Now cos 4 = - + - - cos 20 + s cos 40. 

Apply this transformation to every term in the series, observing that 1 
may be considered as cos 0. 

Thus the sum of the squares of the perpendiculars 

3 

=4r a . - Q . 2n+ 2r 8 {cosO + cos 2£+cos 4/3+ ... +COS 2 (2n- l)p] 
o 

V 2 
+ — {cos0+cos4j8+cos 8£ + ... + cos4(2n-l)£}. 

Each series of cosines will vanish as in Art. 305 ; thus we find that the 
sum of the squares of the perpendiculars =3nr a . \ 

6. Let ACP = 0, ACQ=<f>, ACR=yp ; let AO=p. Then 0+<j>+\l>=r- 
Now, in order that a triangle may exist with Ap, Aq, and Ar as sides we must 
have Ap+Aq greater than Ar; thus tan 0+tan <p must be greater than 
tan \f/. 

But by Art. 114 we have 

tan 0+ tan <f>+ tan ^= tan tan <f> tan yff. 

Hence tan tan <f> tan \p must be greater than 2 tan ^, and therefore 
tan tan <j> greater than 2. Therefore a fortiori tan* <p must be greater 
than 2. 

Thus the inferior limit of Aq is when tan QOA=^/2. 

Again, since 0+# + ^=ir, the superior limit of is the value of $ when 

0, <p, and ip are all equal : that is, when 0= ~ . 

o 
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When the triangle is formed the radius of the inscribed circle, by 

no 

Art. 248, is — Tt « — i r r; ; and the radius of the circumscribed 

' p(tan0+tan<£+tan i//) 

circle by Art. 252 is ^ &n — *^P ^r m Th e product of these radii is 

? tan tan tan ^ ., , . />* , . , ,,, 

o" : — -k T x > > that is ~ by Art. 114. 

2 tan 0+ tan <£ + tan t// 2 

Hence the product of the radii is constant, whatever 0, <p, and \f/ may be'; 
and therefore one radius varies inversely as the other. 

7. As in Art. 250 we see that OF =8 ; also CE=r; hence 

the area of CEF= » r*. 
And, as in Art. 248 the area of ABC=rs ; therefore CEF is half ABC. 

8. The straight lines bisecting the external angles are the same as those 
which join the centres of the escribed circles. 

Thus, fcy Example xvi. 34, we have S'=.*-\ 
therefore S ' * 8ahc abe 



8 2rS 2S 2 2(s-a)(8-6)(s-c) 

1 A B C 

= s cosec -jr cosec T cosec - . • 

9. Let P denote the point above D. Then PD x AC— twice the area of 
the triangle APC=AP . PC sin 2a ; therefore 

pn__ AP. PC. sin2a _ (a + b)AP. PC sin 2a (a+ b) AP . PC. sin 2a 

4(7 ~~ AC' 2 ~~ AP*+PC*-2AP.PCcoa2a 

_(a + &)«5sin2a JP a , E M 

aH^^aftcosaa' PC 6 * ' 

2 (a + b) ab sin a cos a 

~ (a 2 + 6 2 ) (sin 2 a + cos 2 a) - 2a6 (cos 2 a - sin 2 a) 

2 ( q-f &)a6 tana 
~~ (a^~&j 2 + (a + 6) 2 tan 2 a * 

10. Let AB be the arc, and C the centre of the circle; in AB take any 
Joint P, join PA, and draw PM perpendicular to A B* 

Let BCA=2y f PCA=2$, &n&AC=r. 
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Then XB=2rsiii7, 4/>=2rsin0, PM=AP smPAB=zAPtan(y-0). 

We have then to shew that 2r sin0{l + sin(7-0)} is less than 2r sin 7, 0* 
that sin (7 - 0) sin is less than sin 7 - sin 0, or that 

11 11 

2 8^5(7-0) 0085(7-0) sin0 is less than 2 sin- (7-0) 0085(7+0), 

or that cos - (7- 0) sin is less than cos 5 (7+0). 

Now this is the case, for cos - (7 - 0) sin is less than sin0, and therefor 
less than SUI7 ; and cos - (7+0) is greater than cos 5 (7+7), that is greats 






than cos 7 ; and cos 7 is greater than sin 7, since 7 is less than -j 

11. Let A be the position of the observer's eye, C the cloud, B tiifl 
image of the cloud formed by the lake. Draw the horizontal straight line 
AH. Then HAC=a, and HAB=p. 

The straight lines CB and AB are equally inclined to the surface of the 
water by the Laws of Optics, and thus the angle between CB and AS is 
equal to /3, 

N CB _ sin CAB _ sin ( ft+a) m 

*° W AJ3~ BmACB~Bm(P-a.y 

therefore OB^^^L. 

sin {ft- a) 

The height of the cloud =OB sinft= sm( ,f +a j ,l£ sin/3 
^^ r sin 03- 0) ^ 

-T> sin (j3 + a) 
Sin ()3-a) 

12. Let A be the position of the observer's eye, C the cloud, B the 
shadow of the cloud on the sea. Then the position of the sun is on BG 
produced through C. Draw from A a horizontal straight line meeting BG 
at H. Then HAC—a, and HAB—p. On account of the enormous distance 
of the sun, the straight line EC may be considered as parallel to the straight 
line drawn from A to the sun ; so that CHA—y. 

N BC BinBAC _ sin(q+j3) _ sin(q+/3) 

BA ~~ hin.BC A ~ sin(ir— a-7)~sin (a+7) " 

The height of the cloud above the surface of the sea 

„ . sin7__ . sin 7 sin(a+fl) _, . . _ 

^BO sin y=-^—'BC sin fi=-^— 3 . ; , [ BA sinfl 

' Sin£ r sin /3 sin (a + 7) r 

— 7, B * n 7 sin (a + /3) 
sin/3 sin(a+7) 
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13. Assume that 
2*-ieos n 0=cosn0 + ncos(»-2)0+?Mp^ -cos(i»-4)0 + ... 

n(n-l) ... (n-r+1) . _ % • 
+ — '-j± ' cos (n-2r) + ... 

Multiply both sides by 2 cos 0, Thus 

2* cos*-*" 1 0=2 cos n0 cos 0+2» cos (n - 2) cos 

+ 2-y-2-*cos(n-4)0cos0+ .., 

Now use the formula 2 cos -4 cosi?=cos (-4 +B) + cos (-4 - 5) for the terms 
on the right-hand side. Thus 

2» cos"* 1 = cos (» + 1) + cos (n - 1) 
+n{cos(n-l)0+cos(n-3)0} 

+^^{cos(n-3)0+cos(n-5)0} 

+ n(n " 1) : , r (W "" r+1) {cos(n-2r-fl)0+cos(n-2r-l)0} 

+ ... 

Then re-arrange the terms on the right-hand side, and we obtain a series 
( like that with which we started except that we have » +1 instead of n. 

For instance! the term involving cos (n - 3) is 

|»+^nrJ««(»-3)'; 

thfltis <n . + ^ n eoe(n+l-4)g. 

I * « 

And generally the term involving cos (n+ 1 - 2r) is 

{- — r Zi L + - — 17 '{cos(»+l-2r)0; 



In 



., . . n(n-l)... (n-r+2) /% n— r+l\ , ,, ... 
that is _. ( 1 + )cos(»+l-2r)0; 



*v A . (n+l)n... (ii + l-r+1) , ,, n . - 
that is £ r - cos (»+ 1 - 2r) 0. 

This shews that if the formula holds for an assigned value of n it holds 
also when n is changed into n+1. Moreover the formula evidently holds 
when n=l. 

We have not paid special attention to the last term in the expansion, but 
it is easy to do this if required. 
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14. Take the formula of Art. 280, and suppose n even; thus 

2 n - 1 cos w = cos 710+n cos (n- 2) B+'—^r^ cos (w-4) + ... 



+ --* -,- ' cos(n-2r)0 ... + =- 



n(»-l) ... (o n+ l) 



\i 



2» 



Change into J- ; thus 



cos n 



becomes cos n (?-^) > that is sin tt 0; 

cos n0 becomes cos n f £ - ) , that is cos « 5- cos n ^» ^ a * * 8 (~ *)* 

(\ *~ a 

Z-o\ that is (-1) * cos(n- 

and bo on. 

n n-2 

Thus 2 tt - 1 sin n = (-l) 2 cosn0+n(-l) a cos(n-2)0 

+ - ( ^-^(-l)" a ~cos(»i-4)0+ ... 

n 

Multiply both sides bjr ( — 1) a ; thus we obtain the formula of Art. 

Next suppose n odd. Then in the same manner we deduce the fc 
of Art. 283 from that of Art. 280 ; we observe now that 

ITT _\ . TT . u, 

cosn 



(7P \ IT ■ n 

--0J=sinn 5sinn^=(-l) 2 sinw0, 

(»-2) (£-*) = (- if »~ sin (71-2)0, 



and so on. 



15. Let tan"" 1 a?=0, so that tan0=aj; then 

1 aj 

cos0=— r; =r and sin0= 



Vtl + s 2 ) V(1+*V 

And by Art. 270 

cos 60= cos 6 0-15 cos 4 sin 8 + 15 cos 2 sin 4 - sin* . 
1 



(1+* 2 ) 



2\3 



{l-15<c s +15«*-«*}. 



XXTV. MISCELLANEOUS PROPOSITIONS, 



225 



16. Since the quadrilateral can be inscribed in a circle, the area by 

|" Art. 254 is VU* - a ) (* -&)(*- c) (s - d) }. But when a quadrilateral can be 

described about a circle it may be shewn by geometry that the sum of two 

opposite sides is equal to the sum of the other two. Thus in the present case 



Now 



t-a=c, 8-b=d, a— c=a, a-d=6; 



therefore 

therefore V{(* - a) (a - 6) (a - c) (a - d)} = J abed. 

Thus the &resL=Jabcd. 

17. Let a, b, c, d denote the sides taken in succession ; let B denote the 
angle between the first two, and J) the angle between the last two. Thus 



Then dividing the quadrilateral into two triangles, as in Art. 254, we have 

(1). 



S= 5 ab sin B + 5 cd sin D. 



And from two values which can be obtained for the square of the 
diagonal opposite B and D we have 



I therefore 



a* + 6 s - 2db cos B=c* + d? - 2cd cos D, 

-. = s ab cos JB- S cd cos D. 

4 2 2 



.(2). 



Square and add (1) and (2) : thus 



( ^ +h9 ^~^ y = ^{a^+c^)^abcd cos (5+D) 
= * {a*b*+c*d*) -| a&cd cos = | (aW+eftP)- ^ aJcd (2 cos»|- lj ; 

therefore £»=| (ao+cd) 8 - ^^-^-^V . ofcd cos*| . 

Now we know that if 0= v the expression for £ 2 must reduce to 

(s - a) (a - b) (a - c) (a - d) . 

*t> 1 /a 9 + ft 2 — c s — d?\ s 

•^ence we are sure that j (a6+cd) 8 - f 7 J must take the form 

JUst given ; and this is easily verified. For this expression 

= J2(a6 + c(0+ 5 1 {2 («*+«*) 4 { 
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= ^{(*+W-(c-d)*\{(c+d)*-(a-b)*} 
=^rz{a+b+c-d){a+b-c+d){c+d+a-b)(c+d-a+b), 

Q 

Thus £*=(* - a) (s - 6) (*- e) (s-d)- abed cos* ^ • 

18. Let t stand for tan 0. By Art. 270 we have 

**^ n(»-l) ., »(w-l)(n-2)(»-3) . J 
cosw0=cos n jl- v . ; tf 2 * — ^j — - <*- ...j . 

Put ( for J -~\ ; then we may write the formula thus 

2 cos nd = cos w {(1 + U) n + (1 - d)"}. 
Therefore 2 oos n cos n0 = cos 2w {(1 + d) n + (1 - i*) n J 

=(l-rf) _tt +(l +**)-*. 

Expand the two terms on the right-hand side by the Binomial Theorem, 
and the required result is obtained. 

19. Proceed as in the solution of Example 18. Thus we obtain 

2sinn^==^?^{(l+i«) tt -(l-iO n }; 

therefore 2 cos w sin n0 = ^— {(1 + u) n - (1 - a) n ] 

= l{(i_ t «)-»_(i +t t)-^}. 

Expand the two terms on the right-hand side by the Binomial Theorem, 
and the required result is obtained. 

if 

20. Let have any value between and -; let A be a small positive 

quantity. We have then to shew that - — — — r- is greater than -: — - , that 
" sin(0+A) Bin0 

is we must shew that . ,_ — rr — =— : is positive. 

nm{0+h) sin0 * 

Now the sign of the last expression is the same as the sign of 

(0+K) sin0-0sin(0+ft)> 
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and is therefore the same as the sign oi 

sin (1 - cos h) +h sin - cos sin h, 

or as the sign of 

(h a \ 

sin h tan 0] 

Now 1 - cos h is positive : and - — =- is greater than unity while -r — r is 

sin h tan 

less than unity, by Art. 118 ; thus the expression is positive, 

21. Let have any value between and - ; let h be a small positive 

quantity. We have then to shew that , — - is greater than L — j^ — rz , that 

tan0 ° tan(0 + /i) 

*s we must shew that z — - - : — - tn — ^ is positive. 

tan0 tan(0+A) . 

Now the sign of the last expression is the same as the sign of 
0cos0sin(0 + ft)-(0 + 7i)cos(0 + ft) sin0, 
that is of sin h - h cos (0+h) sin 0, 

that is of -r— A - -7— r cos (0+h). 

sin sin h v ' 

Q 

But as we may suppose h less than 0, we know by Example 20 that — 



8in0 

is greater than -. — =-, and therefore -r— s is greater than — -^-cos (0+h). 
sin/r sin0 sin A v ' 

22. Let PO intersect FD at K; then by similar triangles, since PA=2PF % 
*e have 0A=2FK; but DF=OA; therefore DF=2FK; therefore DF is 
bisected at K. 

Also since PA is bisected at F, it follows by similar triangles that PO is 
bisected at 2T. 

23. Let PO intersect AD at L. Then the triangles ALP and DLO are 

. .. ., , LD LA .. ' LD OB FA 1 
similar; theref ore -^ = -^ ; theref ore M = -^ = ^ = ^ • 

24. The point iT in the solution of Example 22 being the middle point of DP 
is the centre of the nine points circle. Thus P, K, and are in one straight 

line. Also this straight line cuts AD at a point L, such that -p-r- = s ; and 

X/.4 2 

OP is divided at Z so that 7^ = 5. 

P2 



228 XXIV. MISCELLANEOUS PROPOSITIONS. 

In like manner the straight line from B to the middle point of AO cut 
OP at the same point as AD does ; and so also does the straight line froi 
to the middle point of AB, Hence the point L is the intersection of th 
three straight lines from the angles of ABC to the middle points of the oppc 
Bite sides. 

25. The centre of the nine points circle is the middle point of OP, henc 
the perpendioular from it on B0=^(0D+PG). Now OD=R cos A, an* 

PQ=BP **PBQ=BP cos g= jgfg|| , BOwC = c cos B cob O 

cos PBQ sin (7 sin (7 

=222 cos B cos C. 

Hence the perpendicular required 

1 R 

= 5 (JB cos^+2i2 cos B cos C) = ^ {2 cos B cos (7- cos (B + O)} 

R R 

=£ (cosB cos C- sin C sin B) = -^ cos ((7- J3). 
Or thus ; the required perpendicular 

= j sin #2X7=! cos OAQ =| cos (B^ltf - OAB) 

=| cos {90°-£- (90°- <7)}=^cos (C-B). 

26. The perpendicular from the centre of the nine points circle on AO 
=^DG^(CB-C(^=^(^'bcoBc\=^(R^A^2R^BcMC) 

=| {sin {B+ C) - 2 sin J5 cos C)=j sin (<7- £). 
Or thus: the required perpendioular 

=^cosJETD(?=f sinO^(?=f sin(C7-^). 
J « & 

27. We have ^=24^=202) =25 cos A ; and, as shewn in the solution 
of Example 25, the angle OAP=0-B. 

Then, from the triangle OAP 9 

0P*=0A*+PA*-20A.PA cos (C-B) 
=rR? {1 + 4 cos 8 4 - 4 cos ^ cos ((7- B)} 
=J2 a +422 a cos^ {cos 4 -cos (C-B)} 
=J2 a +4J2 a cos4 { - cos (B+C) -cos ((7- B)\ 
=#-.822* cos J. cosB cos 0, 
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28. Denote the centre of the nine points circle by K\ then K is the 
middle point of OP. 

Now OA*=OK*+KA*-20K.KA cobOKA, 

PA*=PK* + KA*-2PK.KA coaPKA ; 

therefore, by addition, 

OA* + PA*= 20K* + 2KA* ; 

thus 22T4 a =i2 a +4i2 a cos»4-20tf a =i2 a +4R a cos a A-^PO*. 

Therefore, by the aid of Example 27, 

4KA*=2&+ 822 s cos 2 A-IP (1-8 cobAoobB cos C) 
= 22 s + 822 s cos A (cos A + cos B cos (7) 
=i22 + 822 s cos 4 { - cos (B + C) + cos B cos 0} 
=22 2 + 822 s cos ul sin.B sin C; 

therefore KA = ~ %/(* + 8 cos .4 sin 2? sin C)» 

<a 

29. Take the diagram of Art. 332. The centre of the nine points circle 
is on a straight line which bisects DO at right angles ; and so it cannot be at 
unless D and coincide, that is unless the perpendicular AG bisects 
BC, that is unless B = C. Similarly we see, by considering the side AC 
instead of BO, that it will be necessary to have A = C. Thus the triangle 
must be equilateral. 

80. Take the diagram of Art. 332. The centre of the inscribed circle is 
on the straight line AE, which bisects the angle A ; and the centre of the 
nine points circle is on DF\ hence when the two coincide it must be at the 
point H. Thus, by Example 22, we must have H at the middle point of 
OP. Then from the similar triangles OHE and AHP we find that OE must 
be equal to AP t that is to twice AF. Thus R = 272 cos A ; therefore A = 60°. 
Similarly we see by considering the side AC instead of BC, that 2? =60°. 
Hence the triangle must be equilateral. 

Or we may use Example 25 ; thus we must have 

r=| cos (B - C) =*cos (C- A) =| cos (A - B) j 

so that cos [B r (7)=cos (<7-4)=C0S (A -B) ; 

these lead to A=B=C. 



X 
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MISCELLANEOUS EXAMPLES. 

1. Let x denote the number of degrees in the unit. Then Six:: '15 

3 90 

Hence x=-zr= =20. The measure of a right angle will be ^r , that is 4\ 

•15 «0 

2. Let x denote the circular measure of the larger angle, y that of 

IT 

smaller angle. Then, since the circular measure of 1° is r-^, we h 

180 

-y=m> x+v=1 - Hencea: 4( 1+ ilo)' f'i^-m)- 

3. Here tana;+7 =a+b; therefore tan 2 as- (a+b) tana;+a5=0. 

tan x 

By solving this quadratic equation we obtain tanx=a, or tan x =6. 

4. Here sin (20 + 0) = sin cos 20, that is 

sin 20 cos 0+ cos 20 sin = sin cos 20 ; 
therefore sin %0 cos 0=0, that is 2 sin cos 3 0=0. 

If cos 0=0 we have an odd multiple of ~ ; and if sin 0=0 we have $ 

IT V 

even multiple of ^ : hence all the solutions are comprised in 0=n-, where 
is zero or an integer. 

5. Let 2 A denote the whole angle, and A+x one of the two unequ 
parts ; then A-x denotes the other. Hence we have to shew that 

sin (A +x) sin (A - x) +sin 2 je=sin 2 A ; 
and this is obvious by Art. 83. 

6. (sec sec + tan tan 0) 2 - (tan sec + sec tan 0) 2 

= sec 2 sec 2 + tan 2 tan 2 <f> - tan 2 sec 2 - sec 2 tan 2 

= sec 2 (sec 2 - tan 2 0) - tan 2 (sec 2 - tan 2 0) 

=sec a 0-tan 2 0=l. .- 

o/i.x «n*. « *\ */. «* 2(cos 2 0cos a + sin 2 0sin 2 0)-l 

2(1+ tan 2 tan 2 0) - sec 2 sec 8 = — ~ — ~ - — 

v ™ ^ cos 2 cos 2 

_ (1 + cos 20) cos 2 + (1 - cos 20) sin 2 0-1 

cos 2 cos 2 

_ cos 20 (cos 2 - sin 2 0) _ cos 20 cos 20 

"~ COS 2 COS 2 ~~ COS 2 COS 2 * 

. , - . cos 20 cob 20 __ cos 2 cos 2 __ sec 20 sec 20 

~cos 2 0cos a "~ cos 20 cos 20 "~ seo 2 0sec 2 " 
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7. Since A +B+ C=360°, we have cos<7=cos (A + B). 

Thus 1 - cos 8 A - cos 2 J? - cos 2 C+ 2 cos A cos B cos 
=1- cos* A - cos 2 B + cos C (2 ooqA-coqB cos C) 
= l-cos 2 ,4-cos 2 i? + cosC4+i?)(cos-4 cosi?+sini£ sin J?) 
= 1 - cos 2 A - cos 2 i?+ (cos A cosl? - sin A sini?) (cos-4 cosi?+ sin .4 sini?) 
= 1 - cos 2 ul - cos 2 B+ cos 2 4 cos 2 B - sin 2 .4 sin 2 5 
= 1- cosM -cos 2 B+cob*A cos 2 ^- (1 - cos 2 ui) (1 -cos 2 B) 

=0. 

3 4 

8. sin.4=^: therefore cos .4=^. 

5 • 5 

- t> 12 ,. „ 5 

sin^=^; therefore cos^=Yo* 

sinO^zizz.) therefore 008(7=^. 

Hence we obtain sin (A + B) =^ , cos (A+ B) = - ^ ; 

., . tM „ ^ 63x24-7x16 1400 56 
then sm{A + B+C)= g5x65 = ^ rM = ^. 

/ . a . a\ ( . B a . a\ 

9. a;=r( sm^coSg -cos g sin^J, y= r (^2 COS 2 O0 2 2/ 

From these we obtain sin s = y , cos s = — *^ 



-a 



a, z . a 

2r cos - 2r sni „ 



Square and add ; thus 1 = -j- 9 )- — *"- + - - . ; 



lcos 2 £ 



4r 2 1 « a . „ a 
2 ^V 

therefore 4r 2 sin 2 1 cos 2 » = (a; + y) 2 sin 2 1 + (y - x)* cos 2 1 ; 

that is t a Bm*a=x*+y i -2xyUoB i ^-sm*^J=x*+y*-2xyGOBa. 

10. Here ^« + *\ = th» , therefore ^jf !»>+*£-*? = r . 
sin(0-0) a-b' &m(d + <j>)-sw(0-*p) &' 

thatis sin0cos0 a qq ^ atan0=&tan ^ 

cos sin ^ 5 ' 



Hence 



a tan— 6 tan 5 



l-tan 2 | 1-tan 2 ?' 
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therefore a tan |- 6 tan ^= tan -tan^ fa tan --6 tan ^) 

=ctan^tan|; 

therefore o tan |=tan - f 6 +c tan ^ ) . 

Substitute for tan 5 from the second of the given equations, and we 

a 

a*tan|=f& + ctan|j ( c+6tan|j. 

* 

11. Let x denote the number of degrees in one angle ; then 90 - * d 
the number of degrees in the other angle, and consequently -^- (90 - 

number of grades. Hence x= ^ x -^- (90 - x) = ~ (90 - x). Therefore 4 
and x =22J. 

« 

ft IT 

12. Let the circular measure of an angle be ^ ; then the num 

degrees in it is ^ . — , that is 9n ; and the number of grades is ~q 
that is lOn. 

13. Here (sin a cos p + cos a sin p) cos 7= (sin a cos 7+ cos a sin 7) 
therefore cos a (sin p cos 7 - sin 7 cos j3) = 0, 

that is cos a sin (p - 7)=0. 

Either then cos a=0, so that a is an odd multiple of ^; or sin 03- 
60 that p - y is a multiple of ir. 

14. Bin4il(tanM+2tanM + l)=sin4^(tanM + l)* 

sin4J . _ 2 sin 2A cos 2A _ 4 sin A cos 2A 
~" cos 4 J. "~ cos 4 A ~" cos 8 A 

4 sin A (cos* ,4 - sin* A) 
~~ cos 3 J. 

And 4 tan 8 4 -4 tan A =4 tan 4 (tanM - 1) 

_ 4 sin 4 (sinM - cos* 4) 
cos 8 A * 

Therefore sin4il(tan 4 ii+2tanM + l)+4tan 8 ii-4tan^=0. 
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15. By Art. 83, sin 1 24° -sin* 6°= sin (24° +6°) sin (24° -6°) 

=sin30°sinl8°. 

Also an 30°=^, and sin 18°=^^. 

16. The given expression is 

sin .4 (sin .4+ cos 2? sin <?+cos <? sin'i?) 
+ sin B (sin B+ cos C sin A + COS-4 sin C) 
4 sin (7 (sin C+ cos A sin B+ cos B sin A), 
that is sin A {sin 4 + sin (B + C)}+ sin B {sin B+ sin (C+4)} 

+ sin (7 {sin (7+ sin (4+5)}. 
Now since A+B+ (7=360°, we have 
6in(5+(7)=-sini4, sin {C+ A) = -sin B t sin (4 +.5)= -sin C: 
thus the whole expression vanishes. 

17. We have 

cos a cos 7 sinasin 7_l , cos ft cos y sinftsin7_l 

-j and h 7 — . 

a be a be 

From these equations we find cos y and sin 7. We get 

.. a . v 2asin-(ft-a)cos 5 (ft+a) 
a (sin ft - sin a) 2 ^ 2 Vf ^ 



^ c (cos a sin ft - cos ft sin a) csin(ft-a) 

1 
2 



acos = (ft + a) 



* cos 2 (ft- o) 

., „ 2osin^(ft+a)sin|(ft-a) 

ft(cosa-cosft) 2^ 2^ 

7 c (cos a sin ft -cos ft sin a) c sin (ft -a) 

d sin ^ (ft+a) 

c cos -(ft -a) 

Square, and add; thus 

a«cos»5(ft+o)+J«sin«5(ft+tt) 

x 1 » 

C 1 00S*s (ft-tt) 

therefore c*{l+ooB{p-a)}=a*{l+coB{p+a))+1)l'{l-coB{p+a)}; 
therefore (6*+c l -a , )cosaw>sft+(a , +c 1 -& , )8inasinft=a 1 +o , -c 1 . 
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1 2 7 

18. sin.4 = 5 ; therefore cos24=l- s = 5 , 

o y y 

i 11 

sin 5=^; therefore cos2J5=l-« = s » 
and 811125=^(1-1) =4 S . 

tt • /o^om \/32 + 7V3 4V2 + 7V3 

Hence sin (2A + 25) =- — = 18 • 

19. cos4je+cos2a;+cosa;=0; 
therefore 2 cos 3a; cos x + cos a; = ; 
therefore either cos 2=0 or 2 cos 3a;+l=0. 

If cos 05=0, then &= (2*1+1)^. 

1 2t 

If cos3a;=- s , then 3a;=2njr=^-. 

20. cos 4 + cos 5= 2 cos — ~ — cos — o~~ 5 

_ rt (7+D C-D 
cos (7+ cos D = 2 cos — ^ — cos — — 

A + B C-D , . . ._ 
= -2 cos cos — s— , by Art. 48. 

Hence, by addition, 
cos 4 + cos 5 + cos (7 + cos D= 2 cos — ^ — jcos ~ ■ - coa ~ [ 

. A+B . A+C-B-D . C+B-A-D 

=4 cos — jt— sin -. sin -. . 

2 4 4 

. A + C-B-D . 24 + 2(7-360° . [A + C rt/NA \ i+C 



.. . 4+0-5-D . 24 + 2(7-360° . /4 + (7 Ann \ 
Also sin j =sin j =sinf— J 90°J=- 

, . ,., . C+B-A-D B+C 

and in like manner Bin ^ = - cos — ^— . 

4 a 

on. vi • n it ^ 4 + 5 -B + C C+A 

Thus we obtain finally 4 cos Q ■ cos — — - oos — 75— . 

* I 2 



OOS 



2 ' 
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21. Suppose that the smaller unit contains x degrees, and therefore the 
larger unit a; +10 degrees. Let n denote the number of degrees in the angle 

ff.fl Q Q 

measured; then - is to — -^r as 3 is to 2. Therefore - = — ^ • whence 

as fls+iu x se+10 

*=20. 

22. sin 9 a; + sin a; =1. Solving this quadratic in the ordinary way we 

obtain sina;= ^ » *be upper sig 11 mnst be taken, as the lower would 

make sing numerically greater than unity. 



Thus 
therefore 

therefore 

therefore 

Or thus: 

therefore 
therefore 

23. Here 

therefore 
hence 

therefore 



sin 8 x= 



6-2V5 



cos 



X 4 4 2 ; 



COS 4 X = 



6-2 N /5 3-V5 



4 2 ' 

cos a 3 + cos 4 a; =1. 

sin x = 1 - sin a x= cos 9 x ; square ; 

sin 9 x = cos 4 a;, that is 1 - cos 9 x = cos 4 x ; 
. l=cos 9 a;+cos 4 a;. 

1 



tan 9 a;+ 



;=2; 



tan 2 a; 

tan 4 a;- 2 tan 9 a;+l=0; 
tan 9 x=l; therefore tan x = ± 1 ; 



IT 

a;=nir±-j. 
4 



o>i tit v« • n . x /» acos0+5sin0 

24. we have a sin 0+6 cos 0=c, — ^—z - — =c: 

' sin cos 

hence (a sin 0+6 cos 0) (a cos +b sin 0) =c 9 sin cos ; 

therefore (a 9 + 6 s ) sin cos + ab = c 9 sin cos ; 

therefore sin20(c 9 -a 9 -& 9 )=2a&. 

«e «/,! . t>\ . «/i »% 1 + cos (2^ + 25) . l + COS(2il-2JB) 

25. cob* (A+E)+ cos 9 (A -5)= >— - — ^ + ^ 



therefore 



2 ' 2 

= l + cos2ilcos22?; 
cos 1 (4+-B)+C0B 9 (il-B)-cos2il cos 25=1. 



236 MISCELLANEOUS EXAMPLES. 

3 
* a x 7, s tan5-tan2? 

26. to (J - J) -» ^/ -*"*_ -£— 

tanl? _ sin i? cos B sin 2B 

""2+3tan a £~2cos a .£+3sin*J3""2(l+oos2jB)+3(l-c 

_ sin2.g 

""5-cos25' 

27. sin— ^— 0+sin— ^— 0=sin0, 

.. # A . w-0 rt . 6 

therefore 2 sin -^ cos = = 2 sin - cos 5 . 

Thus either cos 5 = 0, or sin -- = sin - . 

ir 

From the former we have ^ = (2wi + 1) - . All the solutions of the 

a a 

are comprised in — =wnr+ ( - l) m 5 , where m is zero or an integer. 

28. Here tan (2a - 3/3) = tan (| - 3a + 2/3 J , 

and tan (2a + 3/3) = tan (|- 3a -2/3 J . 

Hence all possible solutions are comprised in 

2a-3/3=roir+|-3a+2/3, and 2a+3/3=wr + |-3a-2/3, 
where m and n are zero or integers. 

From these we obtain a=(m+n+l)jx 9 / 3 =(»-'»)^ t 

80 that a and p are multiples of jz . 

29 Here BJn(a + ac)sin(a-g) _ 1-2 cos 2a # 

* cos(a+x)cos(a-x) l + 2cos2a v 

• «.■_*. o» Bm'a-sin'a! l-2cos2a 
therefore, by Art. 83, — = r-s-^r-rs tt 5 

^ * cos* a— sin a x 1+2 cos 2a 

therefore 4 cos 2a sin 8 x= sin 8 a (1+2 cos 2a) -cos 1 a (1-2 cos 2a) 

=-cos2a+2cos2a=cos2a; 

1 1 *■ 

therefore sin 1 *^; therefore sin «=±-; therefore x=nr ±x. 
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30. 8in-4+sin5=2sin^?cos^V^; 

sin (7+ sin D= 2 sin — — cos — 5 — 

a a 



Hence, by addition, 



. A + B C-D , A , ._ 
=2 sin — g— cos —x — , by Art. 48. 



A + Bi A-B C-JD] 



sin A + sin B +sinC+ sin Z>= 2 sin —^— j cos — ^— +cos f 

. . A+B A+O-B-D A+D-B-C 

=4 sin — - — cos -. cos -. . 

2 4 4 

Then, as in Example 20, we can shew that 

^ A + C-B-D , A+G , A+D-B-C . B+Q 

cos -. =sin — — , and cos -. =sin _. « 

4 2 4 2 

SI. The first angle contains 60 degrees; the second angle contains 

j x 50 degrees, that is 45 degrees; the third angle contains -r- x — 

>grees, that is 135 degrees. Therefore the fourth angle most contain 
0-60-45-135 degrees, that is 120 degrees. 



32 



*nA-./l f 40 Y- n/( 41 - 4Q ) ( 41 + 4 °) - n/ 81 - 9 - 

«?««- /i f ^V - n/( 61 " 6 °) ( 61 + 60 > - J M - n 
wa^-V 1 "*^ 61 ""61" ""61* 

, M „, . »,-.•» 40x60 + 9x11 2499 
cos(^-^)=coSilcos5 + Bin^sin5= 4 lx61 = 2501 ; 

1 24QQ 

l-Srfn-iCi-^-j^; 
before 2 ^V^~ 5)= 4l"x~6l ; 

»efore ^^^-^=41^61* 

33. Here 3 sin 0-4 sin 8 0=8 sin 8 0; 

irefore 3 sin 0= 12 sin 8 ; 

refore either Bin = 0, or sin 9 = j : 

i former gives 0=nir; the latter gives 0=n?r±^. 
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84. Divide the first by the second ; thus we get 

c 2 
a coa 0—6 oos0=—: 

therefore C os0=I (r+£) , cos0=^(r-£). 

XT a 2 sin 2 6 2 sin 2 ., . .,•**%*•# « .. «* 

Now r^- = — j-ii ; therefore a 2 (sec* 0-1) =6* (sec 1 - 1) ; 

cos*0 COS 2 ' v / \ ir /» 

therefore a , jJ^_ij =6 . j^-ij . 
35. Here tan A + tan C= 2 tan B, and r 7 -f 



tan ^ tan D tani?' 



., , tan (7 /ft . „ . .*/ 2 1 \ _, A /tan.B tan4\ 

r /sin 2? cos A sin J. cos i?\ „ _ 

= 0-i I =5—: — 7 H — : — = 1=0-2 

\cos Bam. A cos J. sin BJ 



si n 8 jg cos 2 ,A + sin 2 ,A cos 2 /? 
sin A cos .4 sin B cos B 



- 2 (sin 4 cos .g- cos 4 sin.g) a 8sin 2 (4-.g) 

~~ ~" sin A cos A sin £ cos B ~~ sin 2.4 sin 22? * 

86. Here cos x (1 - cos 2 a) = sin a (1- sin 2 a); therefore 

cos x - sin a = cos* x - sin 3 a = (cos x - sin a) (cos 2 x + cos a; sin a + sin 2 a) ; 

therefore either cos z - sin a = 0, or 1 = cos 2 x+ 00s x sin a + sin 2 a. 
The latter gives cos 2 as + cos x sin a = cos 2 a ; 

by solving this quadratic equation we obtain 

- sin a ± \/(sin a a + 4 cos 2 a) 
COS flc = ^-^ ; 

a 

it will be found that only one of these values is numerically less than unity 
namely, the numerically less of the two. 

orr Txr i, o a i 4COS 2 0-1 2 COS 20 + 1 

37. We have 2 cos 0—1 = 



2 cos 20-1= 



2 cos 0+1 2 cos 0+1 * 
4 cos 3 20-1 2 cos 40+1 



2 cos 20+1 2 oos 20+1' 
and so on, which we use down to 

4 cos 2 2*" 1 0-1 2 cos 2* 0+1 



2 cos 2*" 1 0-1: 



2 cos2 n ~ 1 + l 2 oos 2*" 1 0+1' 



Multiply these expressions together, then by cancelling we obtain the re- 
quired result. 
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, Here tan (ir cot 0)= tan (£-** tanflj; 

all possible solutions are comprised in the formula 

7rcot 0=ftir+- - xtantf; 

tm*6-(n+^\ tan 0+1=0; 
ving this quadratic equation we obtain the value of tan 0. 

. cos' A + cos 8 B +cos 2 C- 2 cos A cos B cos C- 1 

= (cos A - cos B cos C)* + cos'i? + cos 3 C - 1 - cos* B cos* (7 

= (cos A - cos 5 cos Of - (1 - cos 3 .£) (1 - cos 2 C7) 

= (cos A - cos B cos (7) 2 - sin 9 B sin* (7 

= (cos ,4 -cos 2? cos (7+ sin i? sin C) (cos -4 - cos 2? cos 0- sin B sin (7) 

= {cos A - cos (B + C)} {cos .4 - cos (B - C)} 

. . A+B+C . £ + C-^ . A+B-C . B-C-A 
= 4sin ^ sm 2 Sm 2 Sm 2 

. . 4 + 5 + C7 . 5 + C-J. . A + C-B . ^ + .B-(7 
=- 4 sm g sin — — sin ^ sin - — 4 

i . 7i o • A — B A+B 
Bin A - sin 5= 2 sin — ^r— cos — ^— ; 

sui (7- sin D=2 sin cos — ^~ 

_ . (7-i) A + B , .. AO 
=- 2 sin — — cos — ^— , by Art. 48. 

mce, by addition, 

Bin A- sin i?+8inC-sinD= 2 cos — — jsin — ^ sm — o — f 

A+B . A+D-B-C A+C-B-D 
=4 cos —= — Bm 7 cos 7 • 

ien, as in Example 20, -we can shew that 

. A + D-B-C B+O , A + O-B-D . 4+C7 
sin - A =cos — ^— , and cos - A =sin 



2 » ' 4 2 



25 
. The angle described is ^ of four right angles; the number of 

60 

58=^x360=150; the number of gradess^ x 400=166} 5 the eir- 

~_ 5 _ 5t , 

measure s^ x 2t = -« . 

14 O 
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j A /»•/»,« /cos sin 0\ ,. /- t\ 

42. cob 0+sin 0= V2 ( -^- + — ^ J = V2.C08 ( 0- ^ J ; 

similarly cos20+sin20=V2cos(20-^J : 

the product =2 cos (0-7) cos (20-^}=cob0+cos (^-b)- 

ao 0*/ a «*v ! sin4+sin34 

43. coseo 24 (cosec 4 + cosec 34 ) = . n ; . — : — . . Q , 

x ' sin 24 sin J. sin 3 A 

1 2 sin 24 cos 4 2 cos A 

sin 24 * sin 4 Bin 3 J. ~~ sin4 sin34 * 

j j/ xi aojx 1 /cos 4 cos 34 \ 

and oo B eo4 (ooM-ootS^^ (^ - g^J 

__ 1 sin 34 cos 4 - cos 34 sin 4 _ 1 sin (34 - 4) 
~sin4* sin 4 sin 34 ~~ sin 4* sin 4 sin 34 

__ sin 24 2 sin4 cos4 _ 2 cos 4 

"~sin 8 4sin34 " sin 2 4 sin 34 "~ sin4 Bin34 l 

thus the proposed expressions are equal. 

x cot 8 ^4- cot 8 1 A 

44. sec 8 s A sec 4 » 

l + cot a |4 

13 3 1 

1 1 ^V 8 " 18 ^" 008 '^^ 8 ^ 



„ 1 COB 4 

cos 8 s 4 Bin 



7TT77 ,34 , . 2 34\ 
m V(^ B -2 +Bm 27 

( cosjr4 sin = 4-coB:r4 sin^4 J (008^4 sin 5 4 -}- cos 5 4 sin ; 



sin 8 5 4 cos 8 5 4 cos 4 



. (ZA A\ . fSA , A\ 

8m U" V^YI + V 



sin 4 sin 24 



Bin 8 = A cob 8 5 4 cos 4 sin 8 ^ 4 cos 8 ^ 4 cos 4 



(1 1 \* 

2 sin -4 cos -4 J 



2sin 8 4 % _ . a 



Bin a 54cos 8 s-4 Bin 1 ^4 cob 1 -=A 
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45. sec4+cosec-4 (l+sec.4) = — -r + — — 7'{l + zzri) 

' cos A sin A \ cos A J 

. ... 2C0S* K il+2 sin-.4C0S s .4 

l + cos4+sin.4 2 2 2 

cos A sin -4 _ . 1 . JL 

2 sin - ^4 cos H J cos J. 
2 2 



cos ^ A + sin 5 4 cos „A 



m 



fsec^+cosec^J; 



. • 1 ■ . cos A 

sin 5 A cos .4 - 

11 

- cos a H ^i- sin 2 s 4 . 

X-tan'Lt:* 2 2 "^ 



cos 2 5 A COS 9 - .4 

111 

cos a 7 A - sin 2 7 ^1 cos - A 

1-4 4 2 

. l-tan 2 7il = 



COS 2 7 -4 COS 2 7 J. 

4 4 

Hence by multiplication we obtain the required result. 

a 2 6 2 
46. Put c 3 for a 4 +-,—7: thus 

a— 6 , a+6 

cos0= , ana cos 0= : 

( ' ' c ' c 

from these we obtain 

Bin0=— - — k-^ — . ana sin <&= — - — ., „> . 
cV(a'-l) cV(a a -l) 

Next we obtain cos (0 - 0) = 4 q> . 2 ; 

, .1,, . l-cos(0-0) 6 a 
mdthus ^V'-^l+SE"^ fl = ?^p- , . 

« sin (0-0) « = _ fl (2) b = sin0 

*'• b sin(tf>+0) v ' ! *- w - w * sin* w 

„ ,„ ' •' b + a sin0cos0 accost , 

From (1) we get ^ — = ^L,^ =: ^^^> b ? (3 )' 
* ■•.. - a sin cos 9 cos <p 

By (2) we have -= cos <j> cos 0+sin <f> sin 

" = ;;• r-^ COfl S + - Bm V; 

g o-a as 

T. T. K. Q 
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hence we get cos 5 #= v — ^ — - ; 

therefore ""- ^i**? *' 

2ab (b - a) x 2 

But from (3) we have -^ (1 - cob 8 </>) = 1 - cos* 0, 

bo that S- 1 ^?} ^6 **(»-•) {• 

° r ^ ^~~2a6(&-a) " ft-a ' 

therefore x* (6 - a) = 6 s (2c - a - b) , 

x 
48. Fat 2 cob 9 ~ - 1 for cos x ; thus we obtain the quadratic equatio 

2 cos*|cos (j- |j -sin/3 cos |=cos (j -Q . 
By solving this we have 

and sin»^+8ooB«(j-|)=Bin«j3+4|l + cos^-/3^| 

=sin'j9+4+4gin/3. 

Hence cob? =2^±£±£2£>. 

4cos (H) 

m i. at. • xi * 1 + sin 13 

Take the upper sign ; then cos 5 = ; r 

■-(H) 

^-(s-g) 2e09 '(i-f) /„ * 
""(ri) 2oos Vi-2J 



Take the lower sign ; then cos x = - — — 

2 cos 



M 
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49. Write the first equation in the form 

cos H[ - 20 - 20J =eos (0 + 30) ; 
hence all possible solutions are comprised in 

|-20-20=2mir s fc(0+S0). 
If we take the upper sign we have 

30+50=|-2»nr (1). 

If we take the lower sign we have 

0-0=2wmi— | (2). 

Again, write the second equation in the form 

cos f I" - - 30 J = cos (20 + 20) ; 
hence all possible solutions are comprised in 

^-0-30=2mr ! fc (20+20). 
If we take the upper sign we have 

50+30=£-2nir (3). 

If we take the lower sign we have 

0-0=2nir-|; 

this agrees with (2). 

Thus either (2) holds, or both (1) and (3) hold. From (1) and (3) we obtain 
160=(3»i-5n)2ir+w, 160=(3n-5m)2jr+«\ 

1 + cos 20 sin 20 1+ cos 20 



60. We have 1+sec 20=- 



=tan20.oot0= 
Similarly l+seo40 = 



cos 20 cos 20' sin 20 
tan 20 



tan0 
tan 40 



tan 20* 
*&d so on, which we use down to 

tan 2*0 



1+sec 2*0=- 



tan2»-i0' 

Multiply these expressions together, then by cancelling we obtain the 
Squired result. 

<i2 
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9 

51. Here the circular measure of an angle is given equal to — ;'! 

the number of degrees in it is -=-z . — , that is — . 

10 t tt 

* 

52. Bin(A-J^ + Bin(il+35)=2sin(^+ J B)cos25; 

therefore {sin(4-.B) + sin(4+3£)} sec 2B = 2 sin (A+B). 

cos 25 - cos 2^1 = 2 sin (4 - B) sin (4 +5) ; 
therefore (cos 25 - cos 2A) cosec (4 - 5) = 2 sin (4 + B) : 

thus the proposed expressions are equal. 

53. Here - (1 + sin 8 0) = (1 + cos 8 0) ; 

cos v . ' cos a v ' 

therefore cos a, (sin + sin 3 0) = sin a (cos + cos 3 0) ; 

., . . ni 3 sin 0- sin 30 . - 3cos0+cos 
therefore cos a sin + cos a . = Bin a cos + sin a 5 — 

therefore 7 (sin cos a - cos sin a) = sin 30 cos a + cos 30 sin a ; 
that is 7 sin (0 - a) = sin (30 -f a). v 

54. Here 2 cos 40 cos 0+ \/2 (cos 0+ sin 0) cos 0=0 ; 
therefore either cos 0=0 or cos 40= 5 (cos0+sin0). 

Take the former ; then 0= (2n+ 1) £ . 

Take the latter; thus cos40=cos(-£+0j ; 

therefore . 40=2nT±(-£+0j. 

55. We have ' ttn-j-* 1 ^ '-»"»'; 

• 2m ' 

and n sin 20-ro (1 -2 sin 8 £)=»; 

therefore » Bin 20+2m (*^'^™^%=»+»; 

therefore „_., 2»i»Bin20+(nsin0-TOCos0) 2 =2TO(wi+n); 
therefore (n sin + m cos 0) 8 =2m (m + n). 
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cc a v j.-a x 3cos0+cos30 . , _ , 3 sin 0- sin 30 . . „ rt 

56. Substitute - for cos*0 and — ^ far sin 8 0: 

4 4 

thus the equation becomes 

2sln(^-g) {3cos0+cos30}+2oosf0-|) |3sin#-sin30[ 

-6sin(20-|^=V3, 
that is 2 sin/0-|\ cos 30-2 cos (^-|) sin30=V3, 

tiatis -sin(30-0+|) = ^; 

thus * 8in(20+g=-^; 

•berefore ' 20+| = nir+(-l)*y . 

57. sin0cos(/3-0)-Hjsin/3+sin(20-/3)f. 

The greatest ralue of sin (20-/5) is obviously when 20 - /3 = ^ , so 

58. cos 55° + cos 65° = 2 cos 60° cos 5° ^ cos 5° = - cob 175° ; 
lerefore cos 55° + cos 65° + cos 175° =0. 

cos 55° cos 65° = ^ (cos 10° + cos 120°), . 
cos 65° cos 175° = 5 (cos 110°+ cos 240°), 

a 

cos 55° cos 175°=h (cos 120°+oos 230°) ; 

3 1 
snce by addition we obtain - ■? + ^ (cos 10° + cos 110° + cos 230°), 

atis -? + i (cos 10°+ cos 110° -cos 50°), 

atia -| + |(2ooB60 oos5a -ooj50 ) > that is -?. 
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cos 66° eos 65° cos 175° = 5 (cos 10° + cos 120°) cos 175° 

=2 (cos 165°+cos 185°)+2 (°° B 5 ^°+ CM 295€ ) 

1 
=2(- cosl50 + cosl 75 +cos65°+cos66 (> ); 

-- J cos 150, by what ^ ^ ^y ^^ 

1 V3 + l = V3 + 1 
~4* 2^2 ~"8V2 ' 

69. From *cos(a+/3) + co8(a-/3)=scos(0+7)+cos(£-7) 

tin( a+y -B 
we obtain g= cos(ff^)-cos(a : p) lj_T 



oos(a + /3)-coB(/3+7) gm 



K¥^)' 



Two other expressions for the value o! as may be obtained ; and thus * 
have 

BJn(^-g) Bin(gf'-^ sin(^-. 

-(4- 7 ^) ^(4^^r h^] =r * ; 

. a+7 - . 0+7 

sin-^cos^ tan-o- 1 t 

, 2 1 — a: ., . . 2 l-« 

hence = -- — , that is . _ = = — . 

cos— ^Binp r 

2 2 1 — « 

Similarly . and . are also equal to r-— - . 

* tan7 tana ^ 1+* 

GO. cos -4 -cos 5=2 sin— ^— sin— ^— ; 

cos0-eos2>=2sln— ^— sin— —^ 
. , « s 2sin^t?sin^^ > byArt. 48. 
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Hence by addition, 

„ * « . A + B [ . B-A . D-C) 

cos .4 - cos 2?+ cos <7- cos D =2 sin Jain — ^ — +sin — -= — [ 

. . A + B . B+D-A-C B+C-A-D 

=4 sin — ^ — sin - A cos -. . 

2 4 4 

Then, as in Example 20, we can shew that 

. B+D-A-C A + C , B+C-A-D . B+C 

Bin -t =cos — jr— , and cos ^ = sin— ^r— . 

4 2 4 2 

61. Let x denote the number of sides in the first regular polygon, 
and y the number of sides in the second. All the angles of the first 
polygon are equal to 2ac - 4 right angles ; therefore each angle is equal 

to right angles, and therefore contains 90 degrees. In the 

x x 

Bame way each angle of the second polygon contains -- — 100 grades. Then, 

, 2x — 4 2v — 4 

ty supposition, we have 90 : — — 100 :: 3 : 5; 

x y 

therefore 5 ^x-^_ Q() = g lty-4 10Q . 

therefore 4^ 2 _« ; 

x y 

therefore 3y (x - 2) = 2se (y - 2) ; therefore y (6 - x) = 4x. This formula shews 
that x cannot be greater than 5 ; for if a; =6 we should have y x = 24, which 
is absurd ; and if as is greater than 6 we should have a negative value for 
y, which is also absurd. And x cannot be less than 3. Thus the only 
possible solutions are a: =3, x =4, and z=5; which give respectively y=4, 
y=8, and y=20. 

«« ^r 11 16 cos x 

62. Here — +— — = — : ; 

m x . „x sins 
cos 8 5 sin 8 5 

X X 

16 cos as cos 9 -sin 8 - 
i . -a; , „aj 2 2 a? . a; 

herefore sin 2 5 -f cos 8 5 = i =8cosa;cos 5 sin 5 ; 

« <• sin x & & 

herefore 1=4 cos x sin x =2 sin 2aj ; 

1 x 

herefore sin 2as = 5 ; therefore 2aj= nv + ( - l) n 5 . 

« o 

63. Here m sin 20=» sin 0, p cos 2^=g cos ; 

rom the first equation 2m sin cos 0=n sin 0; therefore cos 0=k— . 

Substitute in the second equation, that is in p (2 cos 3 - 1) =g cos ; 
bus p |2 (J^\ - 1 j = J^; therefore p (n» - 2ro 8 )=gron* 
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64. We may write the equation thus : 

^cos*-^ 8 m*=^cosa-.-* § «rina; " 
therefore cosf 0+7j=oos ( a+~J; 

therefore 0+- = 2nir=fc ( a+^j . 

65. sm(A + C)Bui(A+D)-Bbi{B+C)Bm(B+l)) 

= ={cob(C-1))-cob(2A+C+JD)}-z{<m*{C-I>)-oo&(2B+C+I))\ 

= - {cos (2JB + <7+ D) - cos (2A + <7+ D) } 

= sin(4-.B) sin(4+5+(7+D). 

Thus, if sin (4 + B + C+ D) vanishes, the difference between the two pro- 
posed expressions vanishes ; and therefore the two expressions are equal. 

66. We have sin0=jp-sin0, cos 0=g- cos 0; square and add, 

* 

thus l=p 3 + 4 a -2p sin0- 2q cos + 1; 

therefore 2p sin + 2 j cos = j p 8 + g 3 . 

Now assume that tana=- f so that 

P 

sina = -r— | — =r and cos a =—7-^ — r- ; " 

>/&+ 2 s ) VO> a +sV 

thus 2 V(P 2 + 2*) { sin cos a + cos sin a} =jp s + g 2 , 

therefore sin (0 + a)= vx ^ * = sin say ; 

therefore 0+a=nr+(-l) n /5. 

*- ir 4r 1/ r ir\ 1/1 VS + A 3 + v/5 

67. cos B cos^ = ^cos- + cos^ = ^2 + V_|=-J^ ; 

2r It If ir. Btt\ 1/1 V5-l\ 3-V5 

3r ' 6f 1/ t 3tt\ 1/V5 + 1 v/5-l\ 1 



Sir 1 



MISCELLANEOUS EXAMPLES. 24<> 



t 2ir Sir 4r 5ir 6t 7ir 
therefore cos T5 cos 15 cos is cos 15 cos 15 C0B 15 cos 15 



3+V5 3-V5 1_4 1 

8 * 8 '8 8 1 2 7 ' 



68. a sin* 0+6 sin cos0+c oos'0 



= - {a (1 - cos 20) + b Bin 20 + c (1 + cos 20}) 
= 5 {a+c+6 sin 20 - (a -c) cos 20). 

How let a be an angle such that tan a= — — - , so that cob a = 



CL — C 

and frin g =s k Then the above expression 

»Jb*+{a-c)* 



Jb* + {a-c)*' 



=0 ( a+ c ) + o s/V* + ( a - c) s {sin 20 cos a - cos 20 sin 0} 

= * (a + c) + | jPTJa^cj* sin (20 - a). 

Then as sin (20 - a) mast lie between - 1 and + 1, we obtain the required 
result. 

69. cos( — + al+cos 1 — — a J=2cos-q- eosa=- eosa; 

therefore cosa + cos (-jt + « )+cos( — -oj=0. 



cos a cos 



cos a cos 



(t +o )=I| C0S t +00S (t +2o )| 

(¥- a ) = li 0OS T +0OB (f- 20 )! 



008 (¥ +a ) ^ (¥ - °) = i 



I cos Y+cos2a 



Now cos 2a + cos ( -^- + 2a ) + cos ( -^ - 2a ) is zero, in the manner already 

shewn ; and cos — and cos — are each - -. : thus the 012m ifl - T . 

00.4 4 
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cosacos (~ + a J cos ( -£- aj = cos a f cos 8 a - sin 8 -£ )» *>7 Art. 83, 

(* 3\ 1 ,. . _ % cos 3a 

cos 8 a- 2) s 7COSa(4cos 8 a-S) = — j— . 

70. Oob^+oob^^ j -= g __- 

.... /s i 608 ^-.- 608 ^. 

sumlarly 608—^008^ = ^ -. . 

c08 jpi-«o»2^i 
and we use a series of these transformations down to 

a fl 1 cos a- cob S 

M8 2 + C08 f = 2-T 1~* 

cos 5 a -cos 5 ft 

Then by multiplication we obtain for the product 



1 cos a 



-cob ft 



2 W a ft 

cos ~= — cos •—- 

2 2" 



71. The angle a°b' is gQ^gQ of a right angle ; the angle p q % is jTw^jjjj 
of a right angle. Hence the excess of the former above the latter is 

(60x90 100x100) 8 * 

72. Here l-cos2a;+8in 8 2a;=2; 

therefore 1 - cos 2x + 1 - cos 8 2x = 2 ; 

therefore cos 2g (1 + cos 2x) = 0. 

Therefore either cos 2« = 0, or 1 + cos 2x = 0. 

If cos2x=0, we have 2x=2mr± ^ , which may be written more simply 
as2*=(2»n-l)^. 

If l-foos2g=0 we have cos2x=-l t and therefore 2ic=2nr±T which 
may be written more simply as 2*= (2m + 1) a-. 



MISCELLANEOUS EXAMPLES. 251 

73. tanl fiotl~55^ C ° 8 ^ Bin 8 1 - cos 8 A _ 2 (sin* 1 - cos 8 1) 

~" cos A sin A sin A cos A ~~ 2 sin 1 cos A 

2cos2il n , ft . 
sin 21 

Similarly 2 tan 21 -2 cot 21= -4 cot 14, 

and 4tan41-4cot41 = -8 cot 81, 

Therefore by addition and cancelling 

tan A- cot A +2 tan 24 + 4 tan 41= -8 cot 81 ; 
therefore tanl+2tan21+4tan41 + 8cot81=cotl. 

74. Here 2 sin Sx sin x = sin x ; therefore either sin » = or 2 sin 3* = 1. 

1 v 

11 sin a?=0, then x=nv. If sin 3a?=g , then 3a;=nir + ( - l) n « . 

75. Let r denote the common ratio of the Geometrical Progression, so 
that tan B=r tan 1, tan (7= r tan i?, tan D=r tan (7; 

therefore tan 1 tan D = tan 2? tan C. 

Now since l+2>=360°-B-C, we have tan (1+2))= -tan (B+C); 

., f tanl+tanZ) tan B+ tan (7 

1 - tan 1 tan 2) ~* ~~ 1 - tan B tan C 

Thus we must have either tan 1 tan D = tan I? tan (7=1, 
or else tanl+tani^-^an-S+tanC). 

The latter gives (1 + r 8 ) tan 1 = - (r + r 8 ) tan 1, 

sothat l+r 8 +r+r 8 =0, thatis (1+r) (1+^=0: 

the only possible solution is 1 + r = 0, so that r = - 1. 

76. Let A, B t C denote the angles; then A+B+ (7=180°; and since 
the angles are in Arithmetical Progression A + C=2B; thus SB =180°; 
therefore B= 60°. 

Again we have ^ + --^ = -*- «-!, Let * denote the common 
difference of the angles ; so that 1 = 60° - x t and C= 60° + x. Then 



sin 21+ sin 2(7 



- 4 ■ therefore 2 s M^ + flcos(l-(7) _ j^ 



sin21sin2<7 V3' ^^^^^ sin (120° - 2a;) sin (120°+2a;)~ >/3 

therefore . « lftftft — r-=^r- - -75 ; therefore 
Bin 8 120° - sin 8 2x y/3 

cos2*=| (sin 9 120° -sin 8 2*)^ I (| -l + oos 9 2*) = - g + |cofl 8 2x. 
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By solving this quadratic we obtain cos2a:-l, or -7. The latter mast 
be taken: then cob* as= 5 f 1 - •? J = ^ . 

77. cos 4+ cob 24 + cos 34 =2 cos 24 cos 4 + cob 24 

=00824 (2 cob 4+1)= cob 24 r2-4Bin a 54+l) 

= cos24 ^3-4Bin^4)=^2l2£^3Bin^4-4Bin«g4) 



sin-4 



cob 24 . 84 
: -ij— Bin- 2 -. 

sin^A 



78. Multiply the given expression out. The coefficient of a 3 is 

■/ 2ir , 4t, 6x\ 

-2f COSy + COSy+COByJ; 



4t . 3t 

2 cos -=■ Bin -=■ 



by Example 77 this = - ■ = - B "^( sin y - sin ^ J =* 1. 

oiti _ am _* / 



sin = sin = 

7 7 



The coefficient of x is 



. f 2tt 4t 2t 6t 4w 6ir\ 

4 ( cos _ cob y + cob - cos + cos y cos y ) ; 

... / ' 2tt , 6ir , 4ir , 8ir 2ir 10r\ 

this =2 f cos y + cosy + cos y + cos -- + cosy + cos — - ) 

n ( 2t, 6r 4w\ / 8r 2ir 10ir\ 

= 2 (COS y +COSy+COS -=- J +2 f COS y+COS- +cos-y-J 

. / 2r , 6tt 4t\ , / 8x 16ir 24r\ 

=»2(C0S y+COBy + COS y J+2 ( COSy + CQS-y+COfly-j. 

The former expression = - 1, as we have already shewn. And by 
Example 77 the latter expression 

16t . 12r 
2 cos — Bin -y 

-it — B (*»*»-*» T )— 1. 

Hence the entire coefficient is - 2. 
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The term independent of a; is - 8 cos — cos — cos -=- ; this 



= 


-4 


6*-/ 2tt 
cos -=- ( cos — + cos 


t) 




5= 


-2 


/ ' 8t 4tt 12w 
cos -=r+ cos -=- + cos-=- 
\ 7 7 7 


♦•) 




2 


8t . 6jt 
cos -4- sin — 
7 7 


1 

. 2a 

Bin — 
7 


( sin2ir 




siny 



. 2t\ 



= 1-2= -1. 

79. sin 3 A + sin 8 B+ sin 3 (7 

= j(3sin^+3sini?+3sinC r -sin3ii-sin3 J B-sin3C). 

Then by Example 32 of Chap. Tin. we haTe 

ABC 
sin .4 + sin 2? + sin (7=4 cos - cos — cos - , 

,- Z & & 

SA 35 30 
and sin 3-4 + sin 32? + sin 3 C= -4 cos -^- cos — cos -^- . 

4 4 A 

80. By solving the quadratic equation we obtain 

sin x = - b ± V(&' _ <0« 

Hence & 2 -c must not be negative, and 6+V(& 2 -c) must not be greater, 
than unity, in order thart both values may be admissible. 

81. Let mx denote the number of sides in the first regular polygon, and 
nx the number of sides in the second. Then, proceeding as in Example 61, 
we find that the number of degrees in an angle of the first polygon is 

90, and the number of grades in an angle of the second polygon is 

100. Therefore 90 : 100 :: p : a. 

nx mx nx 

mu t ~ n wfcc-2 < _7mj-2 ., . 2(9on-10pm) 

Therefore 9j — =10p — ; therefore — ^jpg . 

Hence mx and nx are known. 

82. Here 2 cos 3x cos 4x = cos 4x. Therefore either cos 4x = or 
2 cos 3jc=1. 

If cob4oj=0 then 4s=(2n+l) £. 

1 V 

If 008 3*=*- then 8«=2n*-:fa B . 
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83. From the first equation we have 

«Bia(a-/3)cofl(a+/9)=ysin(a+/3) cos(a-/3), 

therefore * (sin 2a - sin 2/9) = y (sin 2a + sin 2/3), 

therefore (x - y) sin 2a = (« + y) sin 2/3. 

ntu • o (as+y)sin2fl 

Thus Bin 2a= v 9 ~ , 

«-y 

, ft i-(s+y)cos2/3 

and cos 2a = — * — ^ *-. 

«-y 

Square and add ; thus 



(g+y)»sin«2/3 {g-(g+y)oos2/3} 8 

(*-y) a <*-y) 8 



Therefore (*-y)*=(*+y) J sin 8 2/3 + {*-(s+y) cob2/3}* 

s =(*+y) , +« , -2«(*+y)coB2/3; 
therefore 2* + ixy = 2z (« + y) cos 2/3. 

84. Let A denote the sum of x and y. Suppose « = - + «, then 

y«--g; and sin*siny=sin(-5-2j sinf g+sWsin'Tr- sin" *. Now 

sin'z ranges between the values and 1 ; hence sin x sin y ranges between 

A A 

the values sin*^ and -cos 8 75-: the former is always the greatest value 

algebraically, 

A-C 



similarly sin f B+-jr)=cos— ^ — f suuC + jrW 



cos 



Then cos +cos =2 cos — j— cos j , 

and 1 + eos — ^— =»2cos* ; 

.. , 4-C JS-4 (7-5 , 

therefore cos g + cos — — + oos — ~ - + 1 

= 2 COS —j— JOOS —j— + COS t } 

B-C A-C A-B . A-B B-C C-A 

= 4 008 — 3— 008 — 3— COS — r- =4 COS — t— COB — T~ °°* — IT 
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86. Bring the proposed expression to a common denominator ; then the 
numerator 

= 2 cos a (1 - eos s o) eos B cos C + 2 cos /3 (1 - oos 8 /3) oos O cos A 

+ 2 cos 7 (1 - cos 8 7) oos A cos B + 2 cos a cos/3 cos 7 

=2 oos a (oos 8 /3+ cos 8 7) oos 5 cos (7+ 2 cos/3 (cos 8 7 + cos 8 a) cos Coos A 

+ 2 cos 7 (cos 8 a + cos 8 /3) cos 4 cos 2? + 2 cos a cos/3 cos 7 

=2 cos a oos /3 (oos a cos .4 + cos /3 cos 2?) cos 

+ 2 cos /3 cos 7 (oos /3 cos 2? + cos 7 cos C) oos .4 

+ 2 cos 7 cos a (cos 7 cos (7+ cos a cos .4) cos 2? + 2 cos a cos /3 cos 7 

= - 2 cos a cos /3 oos 7 cos 8 - 2 oos a oos/S oos 7 cos 8 .4 - 2 cos a cos/3 cos 7 cos 9 B 

+ 2 cos a oos /3 cos 7 
=2 cos a cos/3 oos 7 (1 - cos 8 0- cos 8 .4 - cob 8 5) =0. 

87. sm 8 7i° = ^(l-cosl50)=i{l-cos(450-300)}=^jl-^-j 

_ 2V2-v3-l _ 8-2y6-2y2 
4V2 "" 16 

Now it will be found that 

8-2 N /6-2V2=(2-- s /2)(6+2 > /2-2 N /3-2 > /6) = (2-V 2 )( 1 +V2-V3) 3 ; 

therefore sin 7i°= 1 + y/2 ' y/S J2^. 

1+tan? - l+tan^ 
2 1 + c 2 

88. The Becond equation gives 1 = = — x ; 

l-tan| ^"l-taj 

. e 

d> c + tan 2 
therefore tan ^ = . 

1 + ctan^ 

2tan ! l + 2c» 2tW1 l 
The first equation gives . = -= — -5 , ; 

1-tan'l 1_C l-tan»| 



M. • " ■ - '♦" *" f 



U+tan^j fl+ctan^j 

7" x X s / * £\ aBS 1-* 1*8*' 

(l+ctan^J -(c+tan^J 1-tan 8 ^ 
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B B 

c + (1 + c 8 ) tans + « ton' « i 1 +2c s ) tan^ 

therefore 



B 

therefore either 1 - tan 2 - = 0, or c tan 8 5 - c 8 tan 5 + e = 0, 


The former gives cos B— ; the latter gives 1-e sin 5 cos - -= 0, there- 

a 2 

fore 2-csin0=O. 

89. Pat 2cos 1 a--l for cob 2*; then 2 cos* a: + 6 cos x+c- 1=0, By 
solving this quadratic equation we obtain 

cos x= ?—. — * ' , 

Hence &* + 8— 8c must not be negative, and y/(b* + 8 - 8c) - b must not 
be numerically greater than 4. 

90. Suppose 3 greater than X , and each between and 7. Now 

sin0 {l + sin(7-0)}=sin0+ 5 sin7 sin 20 -cos 7 sin 8 0. 

Put B x and 3 in succession for 0, and subtract the second value of the 
expression from the first. Thus we get 

, . n . ,,(, 1 . sin 20« - sin 20, ,.*..-» \ 

(sm0 3 -sm0 1 )|l + 2Sin7- s ^ a -^ iii ^- 1 -. (sin 3 + sin 0J cos T |. 

Now (sin 3 + sin X ) cos 7 is less than 2 sin 7 cos 7, that is less than 
sin 27, and therefore less than 1. Hence the preceding expression is neces- 
sarily positive, and this is what was to be proved. 

91. Let x be the number of sides in one regular polygon, and y the 

number of sides in another. Then, as in Example 61, the number of degrees 

2x — 4 

in an angle of the first polygon is 90, and the number of grades 

x 

2v — 4 
in an angle of the second polygon is — — 100. Hence we must ba? e 

2x — 4 2i/ — 4 

- 90 = -£— - 100 ; therefore 9y (x - 2) = 10a; (y- 2) ; therefore 

* y 

*(20-y) = 18y. 

We must then try in succession values of y from 3 to 19 inclusive, and 
ascertain in how many cases we obtain an integral value of x. The ad- 
missible values will be found to be these : 

y 5 8 10 11 12 14 15 16 17 18 19 

x 6 12 18 22 27 42 54 72 102 162 842. 
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The eases in which the angles are expressed by integers are when 

y=5, 8, 10 or 16. 

no iiT i. ^ x 1 + sin a sin 3 

92. We have tan 7= ~- , 

' cos a cos /3 

and cofl 2y = 1 " tan * 7 = C08< a cos * ^ " (1 + 8in a sin P ] * 

7 l+tan a 7 cos 2 acos 2 /3 + (l + sinasin/3) a " 

£he numerator 

= (cos a cos £+1 + sin a sin/3) (cos cos /3 - 1 - sin a sin /3) 
= -{l + COs(a-/3)} {l-cos(a + /3)} ; 

and this cannot he positive, for l + cos(a-/3) and 1- cos (a 4-/3) cannot he 
negative. 

93. Denote the angle by ; then - — - = - ; therefore cos* = s sin 0, there- 

tan v u a 

3 1 

fore 1 - sin 2 0= z sin^. By solving this quadratic equation we get sin 0— 5 , 

or - 2 ; the former is the only admissible value, and hence 

= «t+{-1)»£. 

94. Let A denote the Sum of x and y. Then 

sin x + sin y=2 sin — ^- cos -~ i =2 sin-jr cos -^ ; 

x — ?/ 
and as cos — — - ranges between - 1 and + 1 the value of sin x + sin# ranges 

A A 

between - 2 sin -5 and 2 sin - : and the positive value out of these two is 

algebraically and arithmetically the greatest value of sin x+ sin y. 

95. Here - /rt - = 1; therefore cos ( 0+ 7 ) =1 : therefore 

V 2 v2 \ 4/ 

04--j=2mr. 
4 

9& sinM -f sin 2 B + sin 2 C - 2 sin 4 sin B sin C - 1 

= (sin A - sin B sin C) 2 + sin 2 B + sin 2 C- 1 - sin a B sin 2 C 

= (sin^ -sintfsin C) a - (1 - sin 2 .£) (1- sin 2 C) 

={sin A - sin B sin Of - cos 2 B cos 2 Q 

= (sin4 - sin B sin C- cos 5 cos C) (sin -4 - sin B sin (7 + cos B cos 0\ 

= {sin 4 -cos {B-C)} {sin4 + cos (B + C)} 

T. T. K. R 
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= jcos (| -A Vcos (B-C)l | cos f|- A\ + cos (2? + C)j 

a * ** • f B-C-A ir\ . (B-C+A *\ 
= the product of 4 sin ( ^ + 2 j Bm I — 2 4/ 

(B+C-A , x\ /5+C+i4 *r\ 
into cos(^ 2 +I jcos^— s jj. 

, A ^ * - (B-C-A r\ . (B-C+A ir\ . 

Instead of sin ( ^ — + j J sin ( — g 4 ) we ""^ P ut 

(A + C-B v\ (A+B-C r\ 

- cos (,— 2 — + 4 J cos (— i — + v • 

Thus the expression becomes the product of 

(A + B + C ir\ fB+C-A v\ 
_4cos ( — jj cos (— + jj 

fA + C-B r\ (A+B-C *\ 
mto cos^ g + 4 > ) cos ^ 2 + lj" 

97. cos 8 7J°=|(1 + cos 15«> = |{l + cos(45°-30»)}= | jl+^^j 

4V2 ~ 16 

Now it will be found that 
8 + 2 N /6 + 2V2 = (2 + V2)(6-2 N /2-2 N /3 + 2 N /6) = (2 + V2)(-l + V2 + V3) 5 ; 

therefore cos 7 j* = ^ V2 + y/2. 

98. By addition 2a (sin0 + cos0) = c(l + sin20+cos20) 

= 2c cos (sin + cos 0) ; 
therefore a=ccos0 (1). 

Again, by subtraction, 2b (sin - cos 0) = c (1 - sin 20 - cos 20) 

= 2e sin (sin 0- cos 0) ; 
therefore b=csm0 (2). 

Square and add (1) and (2); thus a 2 +&*=c*. This assumes that tanfl 
is neither equal to 1 nor to - 1. 

99. We have 

A cot a (1 - cot cot 7) + B cot ft (1 -cot a cot 7) + (7 cot 7(1 -cot j8 cot a) =0, 

and 

A cot a (cot j8 + cot 7) + B cot j8 (cot 7 + cot a) + C cot 7 (cot a + cot 0) = 0. 
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These may be written 

A cos a cos {p + 7) + B cos p cos (7 + a) + CcoS7COS(a+0) = O, 
A cos a sin (/3 + 7) + B cos /3 sin (7 + a) + CcoS7Bin(o + j3) = 0. 

Hence by Algebra, Art. 385, we have 

A = k cos /3 cos 7 {cos (7 + a) sin (a + p) - cos (a + 0) sin (7 + a)}, 
2?=&cos7COSa{cos(a+jS) sin 0S+7)-cos(j3 + 7)sin (a + £)}, 
C=£cos ocos/3 {cos (£+7) sin (7 + a) -cos (7+0) sin 03+7)}, 

where k is some constant. 

Thus A = ifc cos p cos 7 sin (/3 - 7), 

5 = h cos 7 cos a sin (7 - a), 
C= h cos a cos p sin (a - 0). 

Therefore ^ sin 2a +i? sin 2/3 +(7 sin 27 

=2& cos a 00s p cos 7 {sin a sin (fi - 7) + sin p sin (7 - a) + sin 7 sin (a - £)}. 

The term within the brackets will be seen to vanish, since 

sin a sin (£-7) = - {cos(7 + a-/3)-cos(a+/3-7)}, 
sin p sin(7 - a) = - {cos (0+^-7) - cos (£ + 7- 0) (, 

and sin 7 sin (a - /3) =- {cos (|3 +7 - a) - cos (7+ a - /3) }. 

Or we might proceed thus: let <r stand for a+p + y; then the two given 
relations may be written 

A cos a cos (<r - a) + B cos /3 cos (<r-/3) + CcoS7COS (<r~7) = 0, 
,4 cosasin(<7-a)+i?cosjSsin (<7-jS) + C r cos7sin((7-7)=0; 

therefore {A cos 2 a + 22 cos 2 £ + C cos 3 7) cos <r 

= -(4 sin a cos a+B sin /3 cos £ + C sin 7 cos 7) sine (1). 

And (A cos 2 a+B cos 2 /3+C cos 2 7) sine 

= (A sin a cos a + 2? sin /3 cos p + C sin 7 cos 7) cos<r...(2). 

Multiply (1) by sin <r and (2) by cos <r and subtract : thus 

A sin a cos a + B sin /3 cos p + C sin 7 cos 7= 0, 

which is the required result. 

Again, multiply (1) by cos <r and (2) by sin a and add ; then we obtain the 
additional result A cos 2 a+B cos 2 j3 + (7 cos 3 7=0. 

b2 
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100. From the first equation 

(cos - cos a cos ft) 2 = sin 2 a sin 2 ft (1 - c 2 sin 5 0) ; 
substitute 1 - cos 8 for sin 8 0; thus 

cos 8 (1 - c 2 sin 2 a sin 8 ft) - 2 cos cos a cos ft 
+ cos 2 a cos 2 £ - (1 - c 8 ) sin 8 a sin 8 /3=0. 

The second equation leads to the same quadratic for finding 
Hence we infer that cos is one root of the quadratic and cos the 
Hence by the theory of quadratic equations, Algebra^ Chapter xxn, 



2 cos a cos ft 

cos 0+ cos <f> = , s-^-s — £-r- , 

^ 1 - c 2 sin 2 a sin 2 ft 

J cos 8 a cos 2 ft - (1 - c 2 ) sin 3 a sin 2 ft 

cos cos # = • -?■£- ),- „- - 4 - ^ ; 

1-c 2 sin 2 a sin 2 ft * 



, 1 -sin 2 a sin 2 ft + cos 2 a cos 2 ft 

therefore 1 + cos cos = — ^-r^ — ^-— Z 

1 - c 2 sm 2 a sin 2 ft 

cos 2 a + cos 8 ft 



1 - c 2 sin 2 a sin 2 ft 
Then sin 2 sin 2 = (1 - cos 2 0) (1 - cos 2 0) 

= (1 + cos cos 0) 2 - (cos + cos 0)* 

_ (cos 2 a- cos 2 ft) 2 ^ 
~~(l-c 2 sin 2 asin 2 ft) 2 ? 

cos 2 a -cos 2 /? 



therefore sin sin = =fc 



1 - c 2 sin 2 a sin 2 ft * 



. , . 0. 1-CO8 1-COS0 

And tan 5 tan J = — : — — - . — : r 

2 2 sin sin 

_ 1 - (cos + cos 0) + cos cos 
"" sin sin 

(cos a - cos ft) 2 cos a - cos ft 



=fc (cos 2 a - cos 2 ft) cos a + cos ft 

101. cos 11-4 + cos 5 A =2 cos 8 J. cos 3.4 , 

3 cos 9-4+3 cos 7-4 = 6 cos 8-4 cos A ; 
hence by addition we find that the proposed expression 
=2 cos 8-4 (cos 3-4 + 3 cos -4) =8 cos 8-4 cos 3 A 

= 8 cos 3 A (2 cos 2 4-4 - 1) = 16 cos 3 A (cos 2 4A - ^ 

= 16 cos 3 A (cos 2 44 - sin 2 ^ j = 16 cos 3 A cos (±A + ^ ) cos ( 4A - 
Bee Art. 83. 
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102. Let the distance be denoted by x inches; then we must have 

r 

2 

-=the tangent of a quarter of a degree. As the tangent of a small angle 

is approximately equal to its circular measure we have approximately 

«- = i • t^tt ; therefore * = = 114*6 nearly. 

2s 4 180 tr * 

103. By Example 27 of Chapter vi. this becomes sin 40=1 ; therefore 

40=(4n+l)^. 

104. Here c sin —a sin cos <f> + a cos sin <j> ; 
substitute for sin<£ and cos<£; thus 

c sin0=a(cos0-2m) sin0 + a cos0x- sin0; 

therefore c=a (cos - 2m) + b cos ; 

c + 2am 



therefore cos0= 



a + 6 



_, . . c + 2am c-26w 

Therefore cos # = _ 2m = T — • 

a+6 a + b 

But a 8 sin* #=&* sin* ; therefore 

a* -&*= a* cos* 0-6*008*0= — /--,,.- - 

(« + &)* 

(a - b) c* - 4a5(?m 

" cT+.b ' 

105. TVe have, by Art. 252, 

a=2i2sin^, 6=2i2sini?, c=2i2sinC; 

hence the proposed expression 

=2R{smAsm(B-C) + BmBBm(C-A) + smCBm(A-B)} 

= 2i2{sin (B+C) sin (£-<?) + sin (C+A) sin (C-A) 

+ Bm(A + B)Bin(A-B)\ 

=2i?{sm»B-sin*C+sin*C-sin*il+sin*il-sin a 5} 

=0. 

106. By Art. 108 the proposed expression 

_10+2V5 10-2V5 V5 + 1 V5-1 5 !__!_ 

~ 16 ""^16 . "^T"""' 4 ~16 4 "16" v 
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107. From the triangle OAB we have 

OA __ Bin OB A __ cos A m 
AB~ bvclAOB" sin<7 ; 

c cos 4 a cos J. 



therefore se= 



sin Bin A 



a . .. . & cos i? , c cos C 

Similarly «=-.— -- and g= . ^ . 

* sin i? Bin C 

Hence we have only to shew that 

tan A + tan B+ tan C= tan A tan BtanC; 

and this is known to he true hy Art. 114. 

108. Let I denote the length of the pole. The distance of the coping 
from the ground is I sin A, and the distance of the sill from the ground is 
I sin B ; hence the distance from the coping to the sill =Z (sin A - sin B). 

The distance of the foot of the ladder from the wall is I cob A at first, and 
I cos B afterwards ; therefore a— I (cos B - cos A). 

Substitute for I in the former expression, and we obtain 

/ • a • ™ a cob ^(A+B) 

a{BmA-BinB) ., . . 2 V ., . . .1., _. 

— — s r , that is , , that is a cot - (A+B). 

cos B- cos A . 1 , . _ ' 2 x ' 

sin- (4 +5) 

109. Let r denote the radius. Then the area of the sector PCB 
= £(§-'). by Art. 258; 

and the area of the triangle «4(7P=— sinf^+fl), by Art. 247. 

The sum of these two areas by supposition is equal to half the area of the 
semicircle; thus 

then by simplifying we obtain cos 6=0. 

110. By Art. 255 we have a=2R sin 36°, and a'=2R sin 18°; 

*u * * >% at»\ 10 - 2 ^ 5 (V5-1) 2 ) 4i2*x4 M 
therefore a 8 -a'*=4JP | — ^~ x v | = =1?. 

Also -=2tan36°, and ^=2tanl8°; 

r r 
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'sin 36° sin 18°\ 2 sin (36° + 18°) 



A . a a a' . /sin 36° sin 18°\ 

therefore - + -j = 2 ( — -^ + — -^ ) = 

r r \cos36° eos 18°y 



cos 36° cos 18° 
2 sin 54° 2 2/2 



cos 36° cos 18° cos 18° r 7 " 

A 1 

111. cos* ^ = £ (1 + cos ^)» 

.4 1 1 

COS 4 == = j (l + COSil) J = z (l + 2 C0S4+C0S*4) 

= j jl + 2 cos A +- (1+cos 2.4) j = - + ^ cos A +- cos 2-4. 

In this way the proposed expression becomes 

9 1 1 

- + - (cos A +cos B+ cos C) + 5 (cos 24 + cos 25+cos 2(7) 

o 2 o 

- x (1 + cos4) (1 +COS-B) - -(1 + cos .B) (1+cos C) - ^ (l+cosC)(l+cos4) 

+ (1 + cos A) (1 + cos 5) (1 + cos C) 

= 5 + 5 ( cos 24 + cos 25 + cos 2 C) + 5 cos 4 cos 5 cos O 
8 8 A 

= - - -=0; see Example vm. 18. 
8 8 

112. We have 1 + tan* $ = — *-z = = r-r^ ; take the logarithms of both 

cos* 1 - sin* ° 

sides; thus 

log(l+tan»^)=log r -^=-log(l-sin*^); 

therefore, by Art. 146, 

tan*^-Jtan*^+5tan 6 ^-...=sin*^ + isin 4 d+5sin«^+... 
The series are convergent, since tan* is supposed to be less than unity. 
,-,0 TT o . 30 . a . 30 30 

113. Here 2 sin -^- sin ^=2 sin -^ cos -^ ; 

therefore either sin — = 0, or sin 5 = cos -5 . 

T , . 30 A ., 30 

If sin -„=0, then —=nir. 

„ . 30 /r 0\ 80 ., t 30 

If sin 2=cos^-, or cos ^2- gj* cos ^, then j-^=:2»ir± j. 
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114. We have 

a=%RanA t b=2JZemB, c=2BanC; 

hence the proposed expression 

=±B*{smA fnn(B-C)+an B tan(C-A)+smC sin (A - B)] 9 
and this is zero, as in the solution of Example 105. 

ii k m i, cos 30 sin 30 cos0 sin0 

115. Wenave _ + _ = _ + _; 

therefore cos I 30 - ^ \=cos ( 6 - ^.V ; 



therefore 30 - T = 2nr ± 



116. We have tan'z: 



»— (-9- 

sin (a + «) sin (a- ac) sin*a-sin 2 x 



cos(a+*)cos(a-a;) cos* x - sin* a ' 
therefore sin* * (cos* x - sin* a) = cos*x (sin* a - sin* x), 

therefore 2 sin* * cos 2 x = sin* a (sin* x + cos* «) = sin 2 a, 

therefore 4 sin* x cos* « = 2 sin* a, 

therefore 2 sin x cos ar= ^2 . sin o, 

therefore sin 2x = */2 . sin a. 

. 117. Put x for tan A, y for tan 5, 2 for tan C, a/ for tan 4', y' for tan J 
and 2' for tan C\ for the sake of abbreviation. Then we have given that 

ac 2 a! , =y*y / =zV=fl5y2 (1), 

, 1 + x* 1+y* 1 + 2* . 

•«* -sr + >- + -*— ° < 2) - 

now t-u-o-g^-ng. *m. -^=g- 

But from (2) we have 

therefore a5yz(aj + y+2) + acy + yz+2a:=0, 

therefore a5*-yz=x* + acyz(x + y + 2)+ay+zaj 

=» (a + y + 2) + xyz(x+y +z)=sc (1 +yz) (ar + y +2) ; 

therefore -tt-^t- * + y + *. 

«(l+.y2) * 
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Thus tan (4 - -4') = tan 4 + tan i? + tan (7. 

Similarly tan (B-B*) and tan (C- C") may be shewn to be equal to the 
.same expression. 

110 „ . cos 60° 

118. Here cos4 = -v— ^, 

sin oo u 

,, . . . Vsin 2 36° - cos 3 60° 

therefore sin J =-2 — . — __ 

sin 36° 

- a " • ao* ««ao 10-2V5 1 6-2>/5 A/5-l\« 
and sin*36-«os*60<>= ^- - ^= 16 v = \T') ; 



therefore sinJ.= 



4 sin 36° ' 



Hence * tan A =— — =— ^ = — . 

4 cos 60° 2 

a .- i> cos 36° 

Again, cos B —-. — * An ; 

^ sin 60° 

x , # . „ <s/sin 2 60°-cos 2 36° Jsin* 36° - cos a 60° v^-1 

therefore sin 2*= -. — w^ = : — ^u = —-. — ^-x . 

sin 60* sin 60° 4 sin 60° 

tt ♦ D _ V5-1 _ V5-1 _ (V5 - l) a 6-2V5 _ 3-V5 

Hence tan *- 4 cqs 360 - ^ + x - {y/5 ~ +1) (^5 - 1) ~" 4 2 • 

<v/5 — 1 3-/5 
Therefore tan A + tan 5 =^ — + — ^- = 1 ; 

Bin .4 sin B 

therefore + «=1, therefore sin (-4 +.B)=cos A cos i?=cos C: there- 

cosJ. cosB 

fore A + B— 90° - C is one solution. 

119. Let d be the sun's altitude at the first observation, and + a that 
at the second observation ; then 

h=a tan 0, and h= b tan (0 + a). 

H tan a 

b (tan + tan a) a 

Thus • A= i-tan«te^r = "rT" — • 

1 — tan a 
a 

therefore ft ( 1 - - tan a J = — + 6tana, 

therefore A*tana + A(6-a) + o6tana=0, 

therefore A s +A(6-a)cota+a6=0. 
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J.20. Let AP=b, BP=a, AB=c. 

The diameter of the circle which touches the semicircle and also touches 

AP at its middle point is = - - sin PAB, that is s - - -, that is -^- ; there- 

2 2 2 2c 2 

fore the radius of this circle is — r- , 

4 

Similarly the radius of the circle which touches the semicircle and also 

c—b 
touches BP at its middle point is — j- . We have then to shew that 

llzAW = g , that fa <« - a \ {e - » =r». 

lo o « 

■n i. ^ a & a&(a + &-c) a+6-c . . „ , ,, ,, , 

But r =- = r — = ..« — i = — n — , since c f =a s + 6*; therefore 

s a + b + c (a + b)*-c* 2 * 

, (a + b-c)* 2c 8 + 2a6-2c(a + &) (c-a)(c-b) 
^4 4 2 

121. sin a sin (j3 - 7) cos (£+7 - 0) 

= - {cos (a~/3+7) -oos (a + /3-7)} cos (£+7- a) 

= j {cos 27+ cos 2 (a - 0) - cos 2/3 - cos 2 (0 - 7) f . 

The other two terms may be transformed in a similar manner, and then 
it will be obvious that the sum is zero. J 

- on .- cos0 2cos 2 l + cos20 

122. cot = -r—„ = 77-^ — - n = — . -_ -.— 

sui 2 sin cos sm 20 



- /* + ' 



1 + cos 20 /l + cos20 



V(l-cos 2 20) V 1- cos 20' 
Hence, taking logarithms we have 

log cot = - log * C0S = cos 20+5 (cos 20) 8 + g (cos 20)» + . . . 

123. We have shewn in the solution of Example viil 15 that 

.A , .B .C .A.B.C 
cot^+cot 7 r+cot-=cot 5 -cot TyCOt jr; 

a & & A it A 

hence the expression on the right hand-side 

= C0t - COt ^ COt rr . . - - 

2 2 2 cos J. cos 5 cos O 

Q . A A . B B . C C 
8 sm— cos ^ sin 5- cos ^ sin -s cos 5- 

= — — — f5— vv^Mstani tan ^ tan C* 
cos -4 cos .8 cos C , 



\ 
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Again cot A- 2 cot 2A = cot A — ^ — P-?— -j— =tan4: 

2 cos A sin il ' 

similarly cot B - 2 cot 2B =tan 2?, and cot C- 2 cot 2C=tan C ; 
thus the expression on the left-hand side 

=tan«4+tani? + tanC r =tan;4tani?tan<?, by Art. 114. 
Thus the two expressions are equivalent 

124. ffaABmBBVOL(A-B)=l{co&{A-£)-coB{A + B)}sin(A-B) 

= i sm(24-22?)-^(sin24-sin2i?). 

Transform the second and third terms in the same way ; then by addition 
we obtain the required result. 

1n „ 1 ,J 1 „B , 1 a <7 *(s-a)+s(s~Z>) + s(s-c) 

12o. - COS 2 — + - COS 2 7T + - cos 2 v- = — - i — - - - 

a 2 b 2 c 2 abc 

SsZ-sja + b+c) _ 38 s - 2s 8 _ j*_ _ (a+b+cf 

~~ abc abc ~~ abc ~~ 4ubc 



126. Here + = 2 y/2, 

cob(~ + x\ cob(j-x\ 

therefore ^ — + V2 . = 2 V2, 

cos X- sin a; cosas+sina? 

therefore cos x = cos 2 a; - sin 2 x = cos 2aj, 

therefore 2x = 2n?r ± x, 

127. Express the fractions with the common denominator 

sin (a - j8) sin (/3 - 7) sin (7 - a) : 
then the numerator becomes 

-{sin(]3-7)sin(^-a) + sin(7-a)sin(^-/S) + sin(a-i3)sin(^-7)}. 

Wow sin (£ - 7) sin (0-a) =x cos (0-a-0+7)- ^cos (0-a+p-y) 9 

sin(7-a)8in(0-p)=£COs(0-/3+a-7)- ^ cos (0-/3+7- a), 

Bin(o-/3)sin(0-7)=jrCOs(0-7+/3-o) - sCos(0-7+a-/3); 
thus the sum of the expressions is zero. 
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128. Let x denote the length of the pillar, h the height of the foot of 
the pillar above the horizontal plane, b the horizontal distance of the pillar 
from the first station. Let 6 be the angle subtended by the pillar. Then 

T = tan(a-0), z — =tan(S-0), — ,-=tana, T — -=tanj3. 
b o+c b b+c 

And from the fact that a circle would pass through the two stations and 
the top and the foot of the pillar we have o+ £ - = ^ . Thus 

r=cotj8, — j— = tan a; therefore 

x . . _ cos(o+/S) 

T =tan a-cotfl= — --'• 

b r cos a sin 

«. ., i * . , cos(a + S) 

Similarly r — = tan - cot a= \ . r/ . 

J b + c cos/Jsina 

_ , c cos a sin 8 - cos 8 sin a sin(fl— a) 

Therefore - = -,—r Q f = ^ e fl , v » 

« cos(o+/3) cos(£+a) 

., - ccos(fl + a) 

therefore x= — — j~ — . - . 

sin (0 - a) 

129. In every right-angled triangle r= 5 (a+6-c); see the solution of 

. e 

Example 1J0. In the present case 2,JIP-2Rr=»Jc(a+b-c); andJ2=g' 

thus 4 ( j- cr )=c(a+&-c);thereforec-4r=a+6-c;therefore4r=2c-o4; 

4(7 € 

therefore 2 (a + 6 - c) = 2c - a - 6 ; therefore a + 5 = — ; and therefore r = » . 

1 I'll 

130. cos a s 4+ cos 2 jr5 + cos 2 ^ C= 5 (3 + coSil +COB-B+COSC) 

=2(4+4 sin - sin -sin^-J, by Art. 114, 

n 2S 2 n 2rS . r 

s=2 + =2 + — =2-i « 

*a&c abc 2R 

1Q1 sin (as-M) _ sin (x + B) a 

Vsin 2A Vsin 2-4 
sin x cos ^ + cos x sin ^ sin as cos 2?+ cos as sin 2? 



therefore 
therefore 



VsIn2Z Vsin25 

cob -4 (tan a + tani) _ cos 1? (tan a; 4- tan P) 



t 

_ » 



■herefore 
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tan a+ tan 4 tanx+tani? . 



^/tan4 N /tan5 

therefore tan x {^tan 5 - ^/tan A) — Jta.n A tan B (^tan B - ,/tan 4), 
therefore tan x = ^/tan^tani?. 

132. sin* 2-4 + cos 24 cos 25 cos 2(7= 1 - cos 2 2A + cos 24 cos 2B cos 2(7 

= 1 + cos 24 {cos 25 cos 2C- cos 24 } 
= 1 + cos 2A { cos 2B cos 2(7- cos (2B + 2(7) { 
= 1 + cos 2A sin 2B sin 20. 
Similarly 

sin* 25 + cos 24 cos 2 5 cos 2(7= 1 + cos 2B sin 24 sin 20, 
Hence the proposed expression 

= 2 + sin 20 { sin 2(7+ sin 2B cos 24 + sin 24 cos 25} 
=2 + sin 2C{ - sin (24 + 25) + sin (24 + 25)} 
=2. 

133. The series may be separated into two, namely 

log2+^(log2)H^(log2) 8 +..; 



^d 2 log 2 + i- (2 log 2)* + i-(2 log 2) 8 + ... 

ii ii 

and is therefore equal to e log 2 - 1 + e log a - 1, that is to c log 2 - 1 + c l °* 4 - 1, 
that is to 2-1+4-1, that is to 4. 

134. sin (4 - B) cos ((7- B) cos (4 - (7) 

=£ sin (4 -5) {cos(4+5-2C) + cos (4-5)} 

=^sin2(4-(7)+7sin2(C-5) + |sin2(4-5). 

Transform the second and third terms in like manner, then by addition 
we obtain the required result. 

„ K sin(4-5) sin (4 +5) sin (4 -5) sin 2 4-sin3 5 ... QQ 

loo. — . — , . = . 3 — = . ,. ,t > oy ATS. oo, 

sin (4 +5) sin 2 (4 + 5) sin 5 * (7 

- f Bin -*Y _ / r sin5\ 2 /a\» _ AX 8 _ a 2 -5 2 
""VsinCV Vsih67 ~ \c ) \c ) ~ c a ' ( 

136. Suppose the diagonal h of the quadrilateral to make an angle $ 
with the sides of the rectangle which pass through its extremities ; then each 
of the other sides is equal to k sin 0. It will be- seen from a diagram that 
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the diagonal k of the quadrilateral will make an angle — — (0+J)with the 

aides of the rectangle which pass through its extremities ; then each of the 

other sides is equal to Jksinf -^-0-^Y thai is to -kc<M(0+A). Hence 

kk 
the area of the rectangle = -A* sin cos (0+4) = — {- an (20 + A) + fan A}. 

&r kk 

The greatest value ofthis is when 20+4 = — , and is -3- (l+sin4). 

137. Let k denote the height of the house, x the height of the wall, 

Lthe height of the church. Then x cot a is the distance of the wall from the 
>use, and y cot a is the distance of the church from the house. By similar 

h h 

triangles — — = r — —; therefore A (y-z)=ry. 

xeota ycola-xcota w 

., V—k . k A tan a 

Also - = tanfl; therefore *=;= z — r — - =- — -. 

ycota * 1-eotatan/* tan a- tan 

,_, hy h tan a 

Then jr= * — 



h+y 2 tan a- tan 

138. a cos 9 jz A +b cos 9 ^B+eeos 9 -C 

& & a 

=s (a+b+c+acosA +b cos B+ccos C) 

1 
=«+ 5 J?(sin24 + 8in2^+8in2C7) 

=«+2J2sin4sin5sinC, by Art. 114* 

o 2 6 2 c a ate J2 

139. Through C draw a plane parallel to the horizon ; from A draw AP 
perpendicular to the intersection of this plane with that which contains A, 
B, and C; from B draw BQ perpendicular to the same intersection. Let 
ACP=<p, a,n&BCQ = \ft; so that #+^ + 7=x. Therefore 

cos 7 = sin <J> sin \p — cos <f> cos ^. 

Now AP=AC sin # ; thus the perpendicular from 4 on the plane drawn 
through C parallel to the horizon =AP sin 0=AC sin sin ; but this per- 
pendicular also —AG sin o ; therefore 

sin a = sin sin #. 
Similarly sin = sin sin \f/. 

Hence con v = Bin g sin ^ ^ <rina * " **** tt) (sin> ' - «">' ff) 
T sin a «n 1 • 
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therefore (cos 7 sin 2 — sin a sin /3) 2 = (sin* - sin 8 a) (sin 8 - sin* £), 
therefore cos* y sin 8 - 2 cos 7 sin a sin /3 = sin 2 - sin 3 a - sin 2 £, 

therefore sin 8 sin 2 7 = sin 2 a + sin 2 /3 - 2 sin a sin j3 cos 7. 

•- 

140. With the diagram of Art. 248 we see that 

a'=2r sin FOA = 2r cos ^ -4 ; 
and we have similar values for b' and c\ 

Thus a'Vc'= Sr 3 cos £ ^ cos \ B cos £ C= Qr* ^ ; 

2 2 2 abc 



therefore 



a'b'c' _ Sr 2 ^ 2 _ 8r» __ j^_ 
abc " aW ~ (4J2) 2 ~ 2J** * 



,,- — 3 tan 0- tan 3 2 tan , . _ 

' U1 - Her ° l-3tan»0 + T-EiE^ + tang=0 - 

^ , ... . . n 3-tan 2 2 ., rt 

Therefore either tan 0=0 or = — ^ — 5-5+^ — 1 — ir^ + 1=0 - 

1-8 tan 2 1 - tan 2 

The latter gives 
(3-tan 2 0)(l-tan 2 0) + 2(l-3tan 2 0) + (l-tan 2 0)(l-3tan 2 0)=O; 
therefore . 4 tan 4 0-14 tan 8 0+6 = 0. 

By solving this quadratic we ohtain tan 2 0=3 or - . 

142. We may ohtain the result hy taking the values of the four cosines 
and raising them to the eighth power. Or we may procee 1 thus : 

cos 8 — + cos 8 — + cos 8 — + cos 8 -3- 

=2 ( cos 8 - +cos 8 — } =2 ( cos 8 - + sin 8 - J 

=— I cos ir + 28 cos - + 35 ) , hy Example rx. 13, 

_34_17 
~32~~16 # 

143: Here * = C - 0S *; therefore «±* ™'J^!£ 
a cos a - 6 cos - cos 

2cos2(0+0)cos-(0-0) 1 x 

1 r = cot^ (<I>+0) cots (0-0). 

2sin s (0 + 0)sin s (0-0) 
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iaa A B C . fv A\ . (t B\.[tc C\ 

144. cos ¥ cos-cos-=8in^-2jsin^--2j sin ^-2j ; 

and the sum of £ - "£ , £ - K , and £ - - is a fixed quantity, namely r. 

Hence proceeding as in Example xin. 40, we see that the proposed pro- 
duct is greatest when 

*_Aw_B^_C 

2 2J~~2 2~2 2* 



that is when 



A_B_C_ir m 
2 - 2~" 2""6 ; 



and then the product — f ~- j = — ~- ♦ 

145. We have <$ot - = \/ 7— V?~^-i = *—- cot o J 

2 V (8-a)(8~c) 8-a 2 



similarly cot ^ = cot -^ . 

2 «- a 2 



(s - a) (a - c) 

C 8-c ,A 
s- a 



„ L A L B lC f. 8-1 8-c\ .A 

amceootj + oot 5 + ootj-^l+— i + ; — Joot- 



Ss-a-b — c ,A 8 ,A a + b + c .A 

COt -- = COt -k = 1 COt rr . 



8-a 2 8-a 2 b + c-a 2 

146. Let J. denote the angle between the diagonals ; then 0=^ Kk sini ; 

ftnd by the solution of Example 136 the area of the circumscribed rectangle 
is - hk sin 6 cos (A + $). And since the rectangle is to be a square, we have 
by the solution of Example 136 

h sin 6=- h cos (,4 + 0) ; 

therefore h = - h (cos A cot 6 - sin A) ; 

h sin A - h 



therefore cot0= 



k cos J. * 



., , . .- PcosM P-PsinM A* 

therefore sm*0= 



(&sin.i-A) a + * 2 cos a J. #* - 2M sin 4 + A* JP+P-4C*' 

A 2 &* - 4C7* 
And the area of the circumscribing square = 7t a sin 8 0= ™ . «_ j/t * 

147. We may put the proposed expression in the form 

Z sin 2 + M sin cos + N cos 9 0, 

where L, M, N involve the angles a, £, 7 and also x, y, z : moreover g, y, f 
occur only in the first power. Now if we put M =0 and L=N=thQ given 
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constant, the expression is equal to the given constant whatever may be* 
So we have only to determine x y y, and z from the three simple equations 
M=0, and L=N—the given constant. 

As soon as we have thus shewn that such values of x, y, z as we require 
must exist, we can determine the values more simply. For let C denote the 
given constant ; put a for 0, then 

z sin(a-£) sin(a-7) = (7. 

This finds x. Similarly, by putting for we find'y, and by putting y for 

we find g. 

148. Let AB denote the side of the regular pentagon, P the middle point 
of the arc subtended by the side adjacent to AB at B. Then the angle APB 
is the angle subtended at the circumference of the circle by the side of a 

regular pentagon inscribed in the circle, so that the angle =—. Similarly 

the angle PAB = — ; and therefore the angle ABP= -— . 
Let r denote the radius of the circle, so that 

AB=2r sin - , PB=2r sin --- , and PA =2r sin q^ = 2r sin — . 

O 10 10 10 



Hence PA-PB=2r 



[V5±l_V^J =r , 



1(5 

149. Suppose the tower to subtend an angle at the eye of the observer ; 
let x be the length of the flag-staff : then 

a A a + x , . .. m tan0+tan0 a + bt&nO 

_ =W , - r =tan(0+0) = 1 _ tan0t ~ 1 = 6 _ otan(? ; 

x _a+b tan a _ (6 a +g a ) tan m 
therefore ^ ~&-atan0 " b ~~6 (6-atan0) ; 

then if be very small we may put for tan 0, and neglect a tan in com- 

6 a + a a 
parison with 6, so that x= — r — nearly. 

150. We have by Art. 249 

(* - a) 2 sin A + (s - 6) a sin B + (* - c) a sin C 

=r j(*-a) sin-4 cot £- + (*- 6) sini? cot- + (*-c) sin C cot ^f 

!A B C) 

(«-a)cos a 2 + (f-6)cos»2 + («-c)cos 9 ^|; 

T. T. K. S 
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find by Examples 130 and 138, this 

.-* , l( ,+ n)'-(' + f)|- ,r ( , *a~i) 

, , A B C Ss a 

And COS 2 COS 2 COS 2 = ^ = ^ ; 

so that 4r(2i2-r)cos — cos- cos ^ = 4r (2.R - r) -j-^ = j: . 

Thus the proposed expressions are equal. 

151. 2 sin 74 cos A = sin 8-4 + sin 6-4 ; 

therefore 2 sin 7-4 cos A + 16 sin -4 cos 3 A = sin 6-4 + sin 8-4 + 16 sin A cos 3 A 
= sin 6-4 + 2 sin 44 cos 44 + 8 sin 24 cos" A 
= sin 64 +4 sin 2-4 cos 2-4 cos 44 + 8 sin 2-4 cos" A 
= sin 64 + 4 sin 2-4 (2 cos 3 A + cos 2-4 cos 44) 
= sin 64 + 4 sin 2-4 {l + cos24 (l+cos44)} 
= sin 64+4 sin 24 (1 + 2 cos 3 24). 

152. Let x denote the logarithm of 32 to the base ^/4 ; then 32 = ( s/4 

* ? , 2x 15 

that is 2 5 ^=4 8 = 2 3 ; therefore 6=-q-; therefore *=~n* 

Let x denote the logarithm of 81^3 to the base $9 ; then 81 ^3 = ( J/9 
that is 3 4+3 =9*= 3 8 ; therefore -^ = 4$ = - ; therefore a?= - - . 

153. Here !^_+ 3 = ii*4 . 

cos (4 + 5) cos 4 * 



N. 



therefore sin (4 + B) cos 4 - cos (4 + B) sin 4 =2 sin 4 cos (4 -r B) ; 

therefore sin(4 + i?-4)=2 sin 4 cos (4 + B) ; 

that is sin B=2 sin4 cos (4 + B) =sin (24 + 2?) - sin 2? ; 

therefore 2 sin B = sin (24 +"JB) ; 

« 

therefore 2 sin 5 cob i? = sin (24 + B) cos B ; 

therefore ein 2 JB = ^ { sin (24 + 2B) + sin 24 •} ; 

therefore 2 sin 2^= sin (24 + 2B) + sin 24. 
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154. - 8 m«_ + -Bin^+-8in»- 



= -r- {3*'-2«(a+& + c)+a&+&c+ca} 

= -v- {a6+ 6c +ca - « 8 } 

= r - £ - {4a& + 46c + 4ca - (a + 6 + c) 2 } 
4a6c 

{2a& + 2&c+2ca-a 8 -& a -c 3 }. 



4a6c 



155. Let A BCD denote the quadrilateral figure. Let P, Q, J2, £ be 
taken in AB f BC, CD, DA respectively, such that 

AP = ZQ_CR _DS_m 
PB~ QC~ RD~~ SA~n' 

PB n BQ m 



Then 



AB m+n 9 BC m + n* 



and the area of the triangle PBQ = I BP. BQbwB = a , mn K9 AB. BCeia B 

2 ^ 2 (m+n) 2 



area of the triangle ABC. 



(m+ny 



Similarly the area of the triangle RDS=-. ^ area of the triangle ADC. 

(m + n) 2 ° 

Therefore the area of the triangles PBQ and BDS = ^, where E 

[m + n) 2 

denotes the area of the quadrilateral figure ABCD. 

In the same way we shew that the area of the triangles QCR and SAP 
_ mnH 

~ (m + n) 2 ' 

Thus the area of the four triangles PBQ, QCR, RDS, and SAP= , 2mnl * 9 . 

(m+n) 2 

Therefore the area of the quadrilateral figure PQRS 

__ ( 2mn I _ H(m* + n 2 ) 

~~ ( (m+n) 2 ) "~ (m+n) 2 

156. cos0+cos30= 5 ; therefore cos 0+4 cos 8 0- 3 cos 0= s ; 

therefore 4cob 8 0-2cob0-2=O; therefore 4(cos 3 0+g J- 2(cos0+g)=O; 

8 2. 
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therefore 2( cos0 + ^) (cos'0-jr cos0+-) - (qob^+s)=0; 
therefore (cos0 + = ) (2 cos'fl-costf-^Wo. 

Thus either cos 0+-=O or 2 cos*0-cos 6- s =0 ; 

a 2 

the former gives cos 0=- s ; the latter gives cos B— — ^— . 

55 4 

157. cos /3 cos 7 sin (7-/3) =5 {cos (£-7)+ cos (£+7)} sin (7-$ 

=i {sin (27- 2/3) + sin 27- sin 2/3}. 

Transform the other two terms in the same way; and thus we obtain 
finally as the sum 

5 {sin (27 - 2/3) + sin (2a - 2y) + sin (2/3 - 2a)}. 

Again, sin (a - /3) sin (/3 - 7) sin (7 - a) 

=5 {cos (a+7-2/3) -cos (a-7)} sin (7- 0) 

=1 {sin (27 - 2/3) + sin (2/3 - 2a) + sin (2a- 27)}. 

Thus the proposed expressions are equal. 

Or thus : from Example vm. 12 we see that 

sin /3 sin 7 sin (7-/3) + sin 7 sin a sin (a - 7) + sin a sin /8 sin (/3 - a) 

= sin (a - /3) sin (/3 - 7) sin (7 - a) . 

'jr tr t 

In this formula change a, ft 7 into ^+a, ^+ft -+7 respectively; 
and thus we obtain the required result. 

158. BmABm(A~B)Bm{A-C)^BmA{ooB(C^B)--QOB(2A-~B--C)} 
=^{sm(A + e-B) + Bm(A+B-C)-Bm{3A-B-C)-Bm(B+C-A)\ 

=^ {sin 2£ + sin 2(7+ sin <U- sin 2.4}. 
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In this way we see that the expression on the left-hand side in the pro- 
posed formula 

= T {sm2^sm25+sm2(7+sin44+sin4B+sin4(7}. 
4 

Then by Example vni. 33 we have 

sin 24 + sin 2B+ sin 2(7=4 sin A sin B sin (7, 
sin 44 + sin 4B + sin 4(7= - 4 sin 2A sin 2B sin 2(7 

= - 32 sin A sin B sin C cos -4 cos i? cos (7. * 

Thus we obtain the required result. 

159. Let A denote the bottom of the pole, B the point on the pole to 
which the man climbs, F the top of the window, E the bottom. Let AF and 
BE intersect at D, which is therefore the top of the wall. Draw DC per- 
pendicular to the ground, and produce FE to meet the ground at H, Draw 
from B a horizontal straight line meeting FH at Q. 

Then from the triangle BAF we get BF=— 



8in(a-p)' 



«« t»t» ~ ccosacosfl 
BG=BF cos j8 = . / m p = 



sin(a-/9) tana-tan/3' 

■gg=2?<?tan.y= t Ctan * a , 
' tan a- tan 

tana-tan/3 

(7# Bm 2* 

160. From the triangle CEB we have — = 



a= -H^) ; 



-_ sin ~ -4 

and from the triangle CDA we have -r- = 



sin 



H7 



Thus the area of the triangle CEJ>=- CE.CD sin (7 

o6 sin (7 sin s -4 sin s 5 # sin ^ A sin ^ J5 



2 sin (c+\b\ Bin (c+^) cos^^ 



JTTfi- 

cos — « — 



278 MISCELLANEOUS EXAMPLES. 

161* We have p=2 cos4 + cos s 4 (-5+4cos 8 4) 

=2cos4+7 (cos 3-4 +3 cos 4) (- 5+4 cos* 4) 

=2cos4+7 (cob 34 + 3 cos A) (-3+2 cos 2A) 

3 9 1 3 

=2 cos 4 - T cos 34 -7 cos 4 + 5 cos 34 cos24 + 5 cos4 eos 24 

4 4 2 2 

3 11 3 

= - T cos 3-4 - T cos A + T (cos 5.4 +cos4) + 7 (cos 3-4 + cos A) 

4 4 4 4 

= j (cos 5-4+3 cos -4). 
In the same way we find that 

a—- (sin 5-4 +3 sin A). 
4 

Therefore 

p cos 3.4+ gain 3.4 =2 (cos 5-4 + 3 cos .4) cos 34 + 7 (sin 5A +3 sin .4) sin 34 

4 4 

1 3 

= T (cos 5-4 cos 34 + sin 54 sin 3.4) + 7 (cos 3-4 cos A + sin 3 A sin i) 
4 4 

1 3 

= j cos (5.4 - 3.4) + j cos (3.4 - -4) = cos 24. 

And 

psiaSA-q cos 3.4 =7 (cos 5-4 + 3 cos -4) sin 3-4 - 7 (sin 5-4 +3 sin A) cos 3i 

1 3 

= j (cos 5.4 sin 84 - sin 6A cos 3.4) + 7 (sin34 cos 4 - cos 3.4 sini) 

= -^sin (54-34)+? sin (34-4) =| sin 24. 

162. Let tt=(cos-j ; therefore 

log w=cot s - log cos -=cos 8 - x cosec 8 - log cos - . 
n n n n n 

Now as in the solution of Example xii. 33 we can shew that 

S a. a 8 

cosec 8 - log 00s - = - ^^ when n is infinite. 
n n Apr 

And cos 2 -=l when n is infinite. 



n 



a* 



Thus log 11 =-5^; and therefore u=e W« 
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163. If n be a positive integer, we have 1+2+2*+ ... +2 W =2 ,I+1 - 1. 
Hence the infinite series 

. , 2 2 -l 2«-l 2 4 -l 

=2 - 1+ ~[27 + ~[3" + ~|jn + - 

2« 2 s 2 4 j 1 ± 1 I 

~ 2+ (2 + |3 + "[1 + - " < 1+ [2 + [3 + |4 + *"J 

= e8-l_{e-l} = e*-e. 

^ /» j tt / x c°s (a? - y) 

164. Here sec a cos (as + y) = — , 

v 9 ' cos as cosy 

i / cos(a;+y) 

and sec/3 cosfas— y) = - — ; 

r v *' cos a: cosy 

., - , ,. . . cos/3 cos(as+y) cos -fas- «) 

therefore, by division, . — = — ) £f , 

cob a cos (as -y) cos(a;+y) 

. , . cos (x - y) /cos B 

so that 7—r L { = \/ — - - W- 

cos(as + y) V\cosa * ' 

. i / * j v «. « cos (x - y) 
And cos (x - y)+ cos (x+y) =2 cos x cos y =2 cos a rV \ 

= 2^/003 a cos/3 (2). 

From (1) and (2) we have 

cos (x + y) \ ^/^-^ + ll=2jcoaaco8^; 

., , , , x 2 cosa^/cos/3 
therefore cos (»+ y) = — .-- Jx- — «-. . 

tjoosa+ vcos/5 

Then by (1) we have cos(a;-y) = . 1 ^ . 

V cos a + a/cos /3 

165. It may be shewn as in the solution of Example xx. 4 that 

2 V ' 5 + c a(6 + c) 

, 1 /T , ~ ~ be dbc ' 

6ccos-(.S+(7) 

&cos 5 <C r --4) x/ , % ccos-(4-.B) . lU 

• -i 1 2 b(c+a) n , 2 V ' c(a+ b) 

similarly ., = -*-=■ — - , and = — r — • 

J l._ ,. a&c ' . 1. . , „. abc 

cacos 5 ((7+-4) abooB^A + B) 

Hence by addition we obtain the required result. 
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•166. AP=0A cos OAP, AS=OA<sobOAS; 

therefore the area of the triangle A PS= OA* cos OAP cos OAS sin A. 

In the same way the area of the triangle OPS 
=i OA* sin OAP sin OAS sinP0#=^ OA* sin OAP sin OAS sin (180°- J) 

=1 OA* sin OAP sin 0^5 sin A. 
Hence triangle APS- triangle OPS 

=4 OA 2 smA {cos OAP cos 0^5- sin 04P sin OAS] 

=1 0A* BiaA cos (04P+ 0^£)=4 04 3 sin A coSil=i 04 9 sin U. 

In the same way we obtain 

triangle BQP - triangle OQP =7 05 s sin 2D, 

triangle CRQ - triangle 0.RQ =7 00 s sin 20, 

and triangle DSR - triangle 0SR = j 0D* sin 22). 

Hence by addition we have 

triangle APS + triangle BQP + triangle CRQ + triangle DSR 

- quadrilateral PQRS 
=£ {0A* sin 2A + 0B* sin 2D+ 00* sin 20+ 0D 8 sin 2D}. 

But the snm of the four triangles and the quadrilateral 

=the quadrilateral A BCD. 
Hence by subtraction we have 

twice the quadrilateral PQRS= the quadrilateral A BCD 

-|{0^»sin 2A + 0B* sin 2D+ 0C* sin 20+ 0D* sin 2D}. 

167. Wehave a=2JRsin4, 6=2i2sinB, c=2i2sin0; 
thus the proposed expression 

._) . D-0 A , . C-A B , . ,4-B 0) 
= 45 j sin — g— cos -^ + em — ^— cos ^ + sin — ^— cos 2 J 
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,_t . B-C . B+0, . C-A . C+A . A-B . A + B) 
=4R jsin--^— sin— ^— + sin— ^— sin— ^— + sin - an { 

.«( . *B . ,(7, . .(7 . n A § . 2 J. . -B) 
=4j« Jsin s ^-Bin s -^+sin a ^-Bin 2 5-+sin 2 2--sin a -[ 

= 0. 

168. Assume a;=tan<4, y=tani?, z=tan(7; then since x+y+z=ixi/z it 
will follow in the manner of Art. 114 that tan (A + B+C) is zero ; therefore 
A + B + C—nir where n is zero or some integer. Therefore 3A + 3B + 3(7= 3nx ; 
and therefore in the manner of Art. 114 we have 

tan 3 A + tan SB + tan 3(7= tan SA tan SB tan 3(7. 

3 tan A - tan 8 A 3a; - a 8 



But tan SA = 



l-3tan 9 X 1-3^' 



similarly tan 35=^—4 » tan 3(7=?^-^: 

1 - 3y* 1 - Zz* 

thus the required result follows. 

169. We have Z=J2cos-4, m=RcosB, n=R cos C; thus we have to 
shew that 

4a 45 4c abc 



BcobA JicosB JRcobO J2 8 cos A cos Z? cos (7* 

Now a=2.R sin -4, 5=2i2 sin B f c=2i2 sin (7 ; thus the proposed identity 
becomes 

tan A + tan B + tan (7= tan -4 tan 5 tan O ; 

and this is true by Art. 114. 

170. sm a | + sin a |+sin 9 ^==|-|(coSil + cosJ5+cos(7) 

=l-2sin-jrsin 7 rsin 5 -, by Art. 114. 

ABC 
Now we have seen in Example xiii. 40 that sin - sin - sin ^ cannot be 

greater than 5 ; hence sin a 5 - + sin a - + sin a - 5 cannot be less than 1-t, 

3 

that is than 7 . 
4 

171. 8m f = ^ sm a . . , A ; and when is indefinitely diminished the 
sin 60 b ad Bin 00 

limit of ?5y? is unity, and so also is the limit of -^: thus the limit of 

mi ad . a 
3m 60 o 
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. 9 a0 f . a0\* 

Ai vera afl _ 1 - cos «0 _ 2 ] 2 

80 vers00"~l-coso0~~ . ,60 | . 60i 

Bui 8 -=- I sin — ' 

. a0 

^T a 
Now the limit of is r in the manner just shewn ; therefore tl 

sin y 

.. ., . vers a0 . a* 

limit of .-r is r=. 

vers 60 b* 

1 « 1 1 1 1 i 

= li— J_ __L JL J 

"~2{l.2 + 8.4 + 5.6 + 7.8 + '"{ 

=2 log 2, by Art. 146, =logV2. 

„ Q , .4 A B C ™2 C08 ¥ 

173. tan ^ + cos jr- sec ^ sec- = — + 



2 2 2 2 A^ B O 

008 2 COS 2 C08 2 

9 A , . A B C 
cos'-^ + sin-cos- cos ^ 

= A B 6 

COS ^ COS jr COS 5- 
& a & 

A ABC 
The numerator of this fraction =1 - sin 8 — +sin — cos — cos - 

« 2 2 2 

- , . A i B C B+C) - , . A . B . C 
= l + sin 2 jcoSg coSg-cos— g— | = l + sin~sin^-sin-. 

Thus the fraction = sec^ sec ^ sec 5-+ tan ^ tan ^ tan — . 

a Jt Jt & & a 

Similarly the other two proposed expressions may be reduced to this 
symmetrical form ; and thus the three expressions are equal. 

174. sin («- cot 0) = cos (x tan 0) ; 

therefore cos(xtan0)=cos(^-xcot0J ; 

therefore all the solutions are comprised in 

*■ tan 0=2n*-± (^ - *■ cot ) , 
where n is zero, or some integer, positive or negative. 
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Take the upper sign; thus 2»+- = tan0+ cot0=-7— - ~ -, so that 

11 Sm 



4 sin 20' 

Take the lower sign; thus 5 - 2»=cot 0-tan0=2 cot 20, so that 

cot20= T -». 
4 

Thus either cosec 20 or cot 20 takes the prescribed form. 

175. We have a=2i2sin4, b=2RemB, c=2R&mC. 

Thus the left-hand member = ( — ) . 

a j tr. • i,x i. j v sin 24 + sin 25+ sin 2C 1 , . . „-■ 

And the right-hand member =———, — — — — =-r-^ 9 by Art. 114. 

lbA- sin A sin £ sin C ±R* 

176. Let be the angle of the sector ; then we see from a diagram that 
=sin s . But 2c=2asin s . Therefore =-; therefore 



a-r 2' 2" a-r a 1 r c* 

therefore - = - + . 
r a c 

-__ sinx sin 4a; sin 2a: sin Sx . 

177. + — + 6 - + —=0 ; 

cos a; cos 4a; cos 2x cos da: 

., . sin x cos 4x + cos x sin 4a* sin 2a; cos 3a; + cos 2x sin Sx rt 

therefore 2 -\ s ~ = ; 

cos x cos 4a; cos 2x cos ox 

., - sin 5a; sin 5a: A 

therefore — + - — = ; 

cos x cos 4a; cos 2x cos 3x 

therefore either sin 5a; =0 or r- + — s =- =0. 

cos x cos 4a; cos 2a; cos ox 

If we take the former, then 5x=mr. 

If we take the latter, then cos 2a; cos 3a; + cos x cos 4a; = ; 

therefore cos 2a; (4 cos 8 x - 3 cos x) + cos x cos 4a: = ; • 

therefore either cos x = or cos 2a; (4 cos 8 x - 3) + cos 4a; = 0. 
If we take the former, then x=(2m+l) s . 

If we take the latter, then cos£e(2 + 2 cos 2x-3)+2 cos s 2a:-l=0; 
therefore 4 cos* 2a; - cos 2a? - 1 = ; 

md by solving this quadratic we obtain cos 2a; = — ^ — • 
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178. We may proceed as in the solution of Example 147, and seek for 
the values of x, y, and 2, which make 

x sin {0-p) sin (&-y)+y sin(0-7) sin {$-a)+z sin (0- a) sin (0 -0) 

always equal to 1. Then we shall find that *= -r— -. ox . . r , and 

J ^ sin (a-/*) sin (a -7) 

so on. 

Or we may verify the formula by direct work. For reduce the three 
fractions to the common denominator sin (a - /3) sin (j3 - 7) sin (7 — a). Then 
the numerator will become L sin 1 d+M sin cos 0+N cos 8 0, where 

L — cos /3 cos 7 sin (7 - )S) + cos 7 cos a sin (a - 7) + cos a cos /J sin (£ - a), 

lf= -sin (7 + $ sm(7-^)-sin(a+7)sin(o-7)-sin(/3 + a)8in(j8-o), 

iV=sinj3 sin7 sin (7 - p) + sin 7 sin a sin (a -7)4- sin a sin sin (/J -a). 

It is obvious by Art. 83 that M =0 ; and we have seen in the solution of 
.Example 157 that L and N are each equal to the common denominator ; so 
that L sin 1 d + N cos 1 $ is also equal to this denominator, and the expression 
is equal to unity. 

179. By Euclid vl 2 we find that BD=^ , and CZ)=-^- . 

J 6 + c b+c 

Similar expressions hold for the segments of the other sides of ABC, 

Therefore the area of the triangle DCE 

1 ab ab . _ Sab 

sin(7=- 



2 6 + c a+c {a + c){b+c) 

Similar expressions hold for the areas of EFA and FDB. 
Therefore the area of DEF 



=S 1 

S 



ab be ca ) 

{a + c)(b+c) " (b+a)(c + a) ~ (c+6)(a+6)J 

{(a+6)(6+c)(c+a)-o6(a+6)-6c(6 + c)-ca(c+o)} 



(a+6)(6 + c)(c+a) 



2aMf =25. a 



(a+6)(6+c)(c+a) *6 + c* c+a* a+b' 

. A A .A 

. . sin — cos — sin -- 

N a _ smA 2 2 2 

° W b+c~BmB+BinC~~ . £+C B-d~ B-C 

sm-g- cos-^— cos -g— 

sin -5 sin — 

Similarly = — — — -, and — ; = , ». 

* c + a C-A* a+b A-B 

COS-g— COS— j- 

Thus the required result is obtained. 
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180. ^ Let x denote the height of the mountain ; then the distances of the 
two stations from the point in the horizontal plane which is vertically under 
the top of the mountain are x cot a and x cot p respectively. 

Thus c 2 = x 2 cot 2 a+x 2 cot 3 p - 2x* cot a cot £ cos 7 ; (Art. 215) 

therefore jb 2 = — = 

cot 2 a + cot 2 £ - 2 cot a cot p cos 7 

_ c 2 sin 2 asin s /3 



sin 2 p cos 2 a + sin 2 a cos 2 p - 2 sin a cos a sin p cos p cos 7 * 
The denominator of this fraction may be put in the form 
(sin p cos o + cos p sin a) 8 - sin 2a sin 2/3 cos 9 ?, 

bo that with the specified value of <j> it becomes sin 2 {a+p) cos 2 ; 

, x , , c sin a sin p 

and therefore a; = — - - — - — — , . 

sin(a + /3) cos0 

1 

181. Let denote the angle; then tan-=- — 7=77: therefore approxi- 

2 6 x 450 

1 1 

mately s = r^T^TT ; therefore 0=««. Hence the number of degrees in the 
2 I00U 075 

. . 180 1 . ., , . . . . 180 60 ... . 

angle is x -— , and the number of minutes is — x j— = , that is 

ir 675 r 675' 

4 180 4 

7- x — , that is -r= x 57*29... , that is about 5. 
45 7T 45 

182. The general term of the series is - ; for we obtain all the terms 

l n + 1 
by putting successively 1, 2, 3, ... for n in this expression. 

XT n* »(n + l)-(n+l) + l 1 11 

Now * - — •= M 



|n + l \n + l |n-l [n | n + l * 



If then we split up each term into three in this manner, beginning with 
the second term, we obtain 

1111 

]^ +1 + J2 + |£ + ]4 + 

+ H + li + li + ; 

that is ^ + e-l-{e-2) + e-2-^ 9 that is e-1. 
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183. Here 
2 1 1 2 cob cob 2a 2 cos cos 2a 



cos0 cos (0 + 2a) cob (0- 2a) cos (0 + 2a) cos (0- 2a) cos 8 - sin* 2a ' 
therefore cos 3 - sin 3 2a = cos 3 cos 2a, 

therefore cos 8 (1 - cos 2a) = sin 8 2a = 4 sin 9 a cos 9 a ; 

therefore cos 8 0=2 cos 8 a. 

184. Here 4 sin (0+0) cos (0-0) = 1, and 2 sin (0+0)= 1; 
therefore sin (0+0) = «, and cos (0-0) =5; 

V IT 

therefore 0+0=wir+(-l) n g, and 0-0=2mir=fc-5. 

ABC 

185. sin 4 + sin B + sin C=4 cos -jr cos - cos ~ , by Example vm. 16. 

AAA 

. A + B O 

t A ¥ B Sm -2- °° 8 2 

And tan7r+tan7r = 



2 T 2"~ A B A B* 

cos ^ cos— COS ^ ©OS -5 

C . 

_ COS — Sin rr- 

A B x C 2 2 

therefore tan^-+tan~+tan^= ^ 2* "**""& 

cos ^ cos ^ cos - 

A A A 

,a, . C A B 

cos 3 2+ sin -jr cos Q cos •% 

= 3 i? C"~ 

cos 2 cos 2 cos o 

(7 CAB 

the numerator = 1 - sin 3 ^ + sin -^ cos g- cos ^ 



= 1 + sin ^ jcos -5 cos g- - cos 

, . ^ . B . (7 

l + sin-gSing sin^- 

and thus the fraction = a B C * 

cos g cos g cos -^ 

Hence by multiplication we obtain the required result. 



A + B) , , . A . B . e 
-2"|= 1 + Bm 2 8m 2 Sm 2 ; 
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186. Proceed as in the solution of Example 166. Then we obtain the 
following expression for the excess of the sum of all the triangles at the 
corners above the second polygon 

r* 

-j{sin2ii + sin25+sin2C r +sin2i>+...}, 

where r is the radios of the circle. 

Hence this vanishes if sin 2^4+ sin 227+ ...=0, and then the sum of the 
triangles at the corners is equal to the second polygon, and therefore the first 
polygon is double the second. 

187. We have a=222sin4, 6=22* sin £, e=222sinC; 
hence the proposed expression 



AJ> t . B-C . A. C-A . B . A-B . C) 
=422 sin— — sin^sm-^— sin - + sin -^- sin -^ J 

oz>J A + C~ B A+B-C B+A-C B+C 
=22c jcos s cos o + 008 n cos o" 



-A 



B+C-A A + C-B) n 
+ cos a cos j =0. 

. 188. We have a=22*sin4, b=2R sin B, c=222sin<7; 
hence the proposed expression 

^ ±R!l i Bm a ABin(B -C) Bm*B am{ C-A) sin 8 C sin {A-B)) 
\ sin£ + sin0 + sintf+sinJ. + sin^ + sin^ J* 

riiAlrinffi- O) _ sin A sin (B+C) sin (B-C) 
wlB+buiC BmB+smC 

Bin A (sin 2 J?- sin* C) . . . . „ . ~. 
= ^— n — ^-p= = sin A (sin B- sin (7). 

In this way the proposed expression 
=4E 2 {sin^(sin^-sinC7) + sin^(sinC-sin^) + sinC r (sinii-sin^)} = 0. 

189. If n be the number of sides in the first polygon we have 

v it 

a=2rsin-. 6=2rsin— . 
n 2n 

W IT 

By Art 100, since - lies between and H , we have 

n 2 

* ,h s-v'( i+,ta s)V( 1 - b, 9 ; ' 

therefore J- ^/(l^) VK) • 

Multiply by r, and we obtain the required result. 
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190. ( 1-sin- J 1 1-sin ^- )cos-^ 

A f . B . C\ A . £ . ( 

=oos^- ( sin g+sing Jcos-^+Bin-s sin 7 



A . B . C A 
2 COS 2" 



Develope each of the other two terms in the same way ; the aggregate 

A B C . A + B . B+C . C+A 
=cos-r+cos 2+cos T-Biii — sin — ^ sin 

t . B . C A . C . A B . A . B C 
+ sin^ sin-^cos g+Bin^sui^ cos^+sm^sin^-cos^. 

- . ^ . 5+C 5 . C+A C .A+B 

But cos-=sin — g— , cos— =sin— s — , cos-=sin — ^ — ; 

thus the expression 

. B . C A . C . A B . A . B C 
=sin ^ Bin ^ cos -3 + sin - sin - cos - + sin ^ sin ^ cos ^ 



. B . C A .A 
=sin qBUIqCOBq +sin 
& & & 



A ( . C B . B C\ 
-^sin-cosg + sin^cosgj 



. B . C A . A . £+<7 
= sin - sin - cos g + sin ^ sin— ^~ 



4( . 4 . 5 . C) A{ B+C . B . C) 

= C0B 2 i 8m 2 + 8m 2 8m 2 r C0S 2 |cos-2- + sin - sin -J 



J. 5 C 
= COSq cos— cos 2« 

Or instead of the last four lines we may use Art. 113, observing that 
(A B C\ „ 
herecos^+2 + 2j =0 - 

191. Let D denote the top of the object. 

AB 

From the triangle ABD we have ^-^=1, for the angles BAD and BDA 

HI) 

are equal. From the triangle BDC we have -= ~ = . — • . 

* BC sin a 

mn. * AB sin 3a , . „ 

Therefore -^jz = -. =8-4 sin 3 a. 

2?<7 Bin a 

Since the object is very distant a is very small; therefore AB=SBC 
nearly. 

1 1 1 

1 1 = 1 1 2^ + 3^ + 4^ + " 

• X + lOgeil-Xr-X-^^ *+£* + £*+../ 

Here every term in the numerator is less than the corresponding term in 
the denominator, and thus the fraction is less than unity. 



193. Here 
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6 sin 5 6 sin 5 cos 5 



cos (4 + 5) cos (A + 2B) ' 
thus either sin 5=0 or cos (4+ 2B) =cos {A +5) cos B ; 
the latter gives cos (A + B) cos B - sin (A + B) sin 5=cos {A + B) cos B, 
so that either sin 5=0 or sin (J +5) =0. 

Suppose that sin (4 + 5) = ; then since 

3 sin 25 2 sin 35 



we have 



008(4 + 5+5) 008(4 + 5 + 25)' 
3 sin 25 2 sin 35 



so that 



cos {A + 5) cos 5 cos (A + 5) cos 25* 

3 sin 5 _ sin 35 

cos (4+5) " cos (4+5) cos 25 ; 

therefore 3 sin 5 cos 25 = sin 35, 

therefore 3sin5(l-2sin 8 5)=3 sin 5 - 4 sin 8 5, 

therefore 6 sin 3 5=4 sin 8 5, 

therefore sin 5 = 0. 

% jc 8 v 8 

194. Here tan = - ; therefore sin* = -= — Q , and cos 8 = « Q . Sub- 

y jr+y 8 ' * 8 +2/ a % 

stitute in the second given equation ; thus 

"+^:=6. 



/a 8 y 3 \ 1 6 ._ , jc 8 y 8 

I "a + a ) Za-.— j = q . * J therefore -s + ^ 
\y 8 xtjaf+y 2 a; 8 +y 8 y a a 8 



« « 

From this quadratio in -^ we find - J =3±2/ > /2 = (^/2±l) 8 ; therefore 

tan 0=±{»j2 + l) or ^f^/lT-l). The former gives 0=mr± ; and the 
latter gives 0=mr±- . 

195. Since the sines of the angles are in Harmonical Progression, so are 

the sides of the opposite angles. Thus a, b, c are in Harmonical Progression, 

, , . , ,, . (s-b)(s-c) (s-c){8-a) (8-a)(8-b) 

and we have to shew that ^ , — ' -: - are so 

be ca ab 

aibc 
also. Multiply each term by — — =— -; thus we see it is sufficient 

\8 — CLj [8 — 0) [8 ~~ Cj 

to shew that , — --, are in Harmonical Progression, or that 

8 — Ob 8 ~~ 8 ~ C 

, —j— , are in Arithmetical Progression, or that - , T , - are in 

a o c a o c 

Arithmetical Progression ; and this is the case since a, 6, c are in Harmonical 

Progression. 

T. T. K. T 
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196. We have a=2J2sin£; 

5 

therefore * 1 2 _ 2 ^ioTWS _ 2 ^200+40^5 

a 2 sin- ^10-2V5 JW */§Ox20 

5 

_ ^200 + 40^5 _ j28<Fu77 17 

20 ~ 20 ~20 nearly * 

197. Here *^* + *>.S, cos(5 + £) = _p 

Bini? »' cosjB q* 

therefore cos C+ cot -B sin C— — , tan 5 sin C - cos C= - ; 

n q' 

therefore sin 8 C= ( - - cos C ) ( - + cos C ) ; 
therefore 1 = — + cos (7 | - - - j : 

therefore cos C= — — - . 

198. We have OA=— £-, 05=—!-, 00=— 1~; 

■"I Bm 2 Sm 2 

AF=r cot T , 5i>=r cot ^r, 0#=rcot^. 
« « i 

Hence we have to shew that 

COt -rr + COt jr + COt -= J = 4^1* COt -r COt-^ COt « . 



. A . jff . C( 2 2 2) — — 2 

8m 2 Sm 2 8m 2 

By Example rai. 15 the left-hand member 

.ABC 
r* cos ^ cos — cos „ 

Jt a a 



sin* ^ Bin' ^ sm o 



thus we have to shew that 



45 sin - A sin ^ -B sin ■= C=r. 



The left-hand member 



>4J2 / {8-b)(8-c) / {8-a)(8-c) / (8-a)(8-b) _4RS*_S 
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199. The radius of the circle inscribed in the triangle OBQ 

_ area of the triangle __ 2 _ p Bin 2a 

"" semiperimeter ~~ p (1 + sin o) ~" 2(1 + sin a) * 

Let P denote the position of the centre ; then 

nj> __ p sin 2a 1 _ pcosa 

2(1 + sin a) sin a 1 + sin a 

Again, let Q denote the position of the centre of the circle inscribed in 
the triangle OAB ; then, as 2a is now to be changed to tt- 2a, we have 



(H 



P cos l s 
0Q= V2 J - psma 



' . Ttt \ 1 + cos a * 
l + sin^--a] 



And since POQ is a right angle, PQ*= 0P* + OQ* 

cos 2 a sin 2 a } 



=/>' 



1(1 + sin a) 2 (l + cosa) 2 i 

jl-sina 1 - cos a ) _ p 2 (2 -sin 2a) 

!l + sin.a 1 + cos a) (1 + sin a) (1 + cos a) ' 



therefore PQ= P^-«*a« 



fj(l + sin a) (1 + cos a) * 

200. Let A and B be the two objects. Suppose a circle to pass through 
A and B, and to touch the straight line at P ; then P is the point at which 
the greatest angle is subtended : see Appendix to Euclid, page 308. Produce 
AB to meet the straight line at Q. Let the angle BPQ = a, and let /S be the 
angle between AP and the straight line. Then also PA£=a t and P£A=p, 
by Euclid in. 32. Let PQ = c. 

TW JgP_ sin(/3-q) AB_ Bin ((*+ a) ^ 

.men pQ - ^ * BP ~ sina • 

therefore ^B = jfa^+^C^.) 

c sin a sin £ 

201. We have 

rx+fj+ra-r^ ) + — £ + [ 

(s-a 8-0 8-C $) 

~~ l(8-a)(8-6) s(«-c)) ({8- a) (s-6) 8(s-c)) 

=^{«(8-c) + («-a)(«-6)} = 5 {2« 9 -«(a+5+c) + a&} 



"T aiJt 



t2 
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202. Bin" 1 \= tan" 1 \, colr 1 8»tur 1 |; 

1 1 

tan" 1 5 + tan" 1 5 = tan" 1 — 7 = tan -1 1 = - . 

6 

203. The angle* of the second triangle which is opposite to the angle C 

7T C 

of the first triangle will be found to be — - — ; similarly the corresponding 

angle of the third triangle will be ?~o(I""2/' ***** ** 1 " I + 4 ' 
Proceeding in this way we find that the corresponding angle of the n* 
triangle is 

(2 4 8 "" 2*" 1 \ 2"" 1 ' 

that is o i + — 2^r— ? 

Similar expressions hold for the other angles. 

204. Suppose 0=tan -1 a; then we require cos 40. 

l-tan*0 1-a 8 



Now tan0=a, cos 20= 



l + tan20 1+a 2 ' 



205. We have e^ cos (6a; + c) = e^ (cos 6x cose- sin &c sine); 



then by Art. 300 the required general term is 

i 

i 

(cos ?i0 cosc-sinn0 sine), 



n 



n 

that is - — ; — - 



cos (nd+c) 9 



where is such that tan 0=-. 

a 
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206. We have AD 9 = AB* + BD 2 - 2AB . £D cos B 

=c a +(*-c) a -2c(8-c)cos.B, by Art. 25.0; 
therefore s* - AD*=£ - c* - (s - c) a +2c (* - c) cos 5 

= (s-c){s+c-(s-c) + 2ccosi?} 

=2c(«-c)(l+cos^)=4c(*-c)cos a - 5 ; 

therefore a (s* - 42)*) = 4ac (* - c) cos 8 ^ =4* (# - b) (* - c). 

207. We have 

* + P*/- l=cos (0+<f>J- l)=cos cos «>y^T - sin sin# ^^1 

=cos — s sin — r-=L- 

2 2^-1 

=cos — s sin0 — a/-1. 

Hence by equating the possible and the impossible parts we have 



a=cos0 — ^ — , j8=-sin0 



2 ' r 2 



and 



cos*0 sin a \ 2 J \ 2 J 
a* j3» _ cos*0+Bin a ^1 



111 2 

208. log sec 0=5 log — ^ = 5 log 



2 °cos a 2 °l+cos20 

-ll 4 1 4 

"2 10g 2 + e^+«-^""2 ° g (l+^(l + e-^) 

=|{21og2-log(l + ^-log(l+e- 2ltf )f; 



therefore 2 log sec0=2 f 1 - 5 + - - -7 + ... J 
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* 

Now S-e^-e- 2 ^^- (^-0-^=4 Bin»^; 



2 



h2-e«*-e-<M) = -h<Zi9_ e -2*y* fi i n *30 9 



8 V " ' 3 V '3 

and so on ; thus 

2 log sec 0=4 jsin'0-| sin 2 20+isin s 30-...j ; 
therefore log seo 0=2 jsin , 0-- sin 9 20+-sin a 30-... j . 

209. sec a sec (a+)3) =-r— « ]tan (a+0) - tan a], 

sec(a+|8)sec(a+2/S)=-r-£ J tan (a + 2/3) -tan (a +j8)}, 
and so on. 

Then by addition we obtain the required result. 

210. The regular hexagon may be divided into six equilateral tfiangles ; 
and thus the area of the first hexagon = — ~- . 

By Art. 255 the radius of the first circle = 5 cot 30°= -~~; and the side 

of the second hexagon is equal to this, so that the area of the second 

hexagon = — ^— I ~ ) . In this way we see that the areas of the bela- 
id 
gons form a geometrical progression of which the ratio is j ; and the sum of 



.. 6a V3 

the areas = 



l^.e.-vj!-©!. 



4 

i — 

4 

211. We have a=222sin-4, &=222sin.B, c=2i2sinC; 
thus the proposed expression 

=222 (sin A cos A +sin B cos 2?+sin Ccos C) 
=R (sin 2J + sin 25+sin 2(7) 
=422 sin A sin B sin O, by Art. 114, 
= 2a sin 2? sin £7. 
The expression is now adapted to logarithms. 
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212. Let 9 denote the angle APB, <p the angle BPC, and \ft the anglo ABP. 

m , AB bui0 BO sin0 

We have -=r^ = — — • 



i>£ sin^+fl)' P.B sin(^-0)* 
but 4i? is supposed equal to BC, and thus 

sin (^+ 0) _ sin (^- ft) m 
sin0 ~ sin ft ' 

therefore sin \p cot 0+cos ^=sin ^ cot ft - cos ft ; 

therefore 2 cot ft = cot ft — cot 6 ; 

therefore T = ? ~ * ' 

213. It is shewn in Art. 296 that J = 4 tan" 1 ^ - tan" 1 ^ ; 
hence we have only to shew that 

tan -1 t^k = 2 tan -1 tt^ - tan" 1 



239 408 1393* 

or that tan" 1 h tan -1 = 2 tan" 1 -. — . 

239 1393 408 

1 1 

+ 



xr * t ! x i ! * 7 239 ^ 1393 
N0W tan * 239 + tan_1 l393 = tan " X *— 



1- 



239 x 1393 



. , 1393 + 239 . , 1632 . , 
= tan -1 i^r — ^^ — r = tan -1 Kharu^c = tan 



816 



and 



239 x 1393 - 1 " 332926 166463 ' 

A 

oi> , 1 . _, 408 , ,2x408 

^^"'iOS^*^ 7TT? =tan 166463- 

\408j 



Thus the required result is established. 
214. By the diagram of Art. 332 we see that 

Bin (I- A ) 



therefore PA = 

therefore 



PA sin PBA \2 J cos A m 

AB~ sin APB~~ sin(4+i*) "sin C 

c cos A a cos A 



sin sin A ' 

Rin 2 >J sin* A 
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(cos tt+ J - 1 sin a) (cos 2a + ^-1 sin2o) cos 3a -f J - 1 sin 3d 
Jlo. p^= = — j 

cos Sa - v - 1 sin 3a cos 3a - *J - 1 sin 3a 

multiply both numerator and denominator by cos 3a + \/-l sin 3a ; thus we 
obtain unity in the den omin ator, and cos 6a + >/- 1 sin 6a in the numerator: 
and this numerator = \/-l since a =15°. 

216. The new triangle will have for its angular points the centres of the 
escribed circles of the original triangle. Now from Art. 250 we have 

n 
00=CE secOOB= (s - 1) cosec ^ ; 

and in the same manner the distance from C of the centre of the circle 

Q 

which touches BO and BA produced = (a - a) cosec - . Hence the sum of 

GO CO 

these two = (2s - b - a) cosec ^ = c cosec - = 272 sin C cosec -^ = 472 cos - . 

This is the length of the side of the second triangle which passes through 
the point C; similar expressions hold for the other two sides. 

217. By the preceding Example the sum of the squares 

= 1678 s |cos 2 l^ + cos 2 |^+cos 2 ^ cl 

= 872* {3 + cos A + cos B + cos C } 

= 872 2 J4+4sin^sin|sin^|,byArt. 114, 

= 32T2 2 + £f£Le_ = 32722 + 8Rrm 
sabc 

218. The numerator can be expressed in powers of ; and it will be 
found to reduce to 2 5 cos 6 ; in like manner the denominator will be found to 
reduce to 2 4 cos 6 : see Art. 280. Hence the expression reduces to 2 cos 0. 

02 $* f 0*\* 

219. cos is less than 1 - — + — , that is less than ( 1 - -g \ , therefore 

/— - — 2 <jf 

*/cos is less than 1 - — ; this holds if lies between and ^ : see Art. 328. 

1 / \2 02 . 

Again, cos-^ is greater than 1 - ^ f —jr ) » that is greater than 1 - -^ ; this 

02 

holds as long as cos — and 1 - T remain both positive, and this certainly 

f% 

holds if Q. lies between and s . Hence aVcos is less than cos -^ • 
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220. Suppose the polygon has n sides. Let be the centre of the circle 
inscribed in the polygon, and S the assumed point. Let OS=c ; and sup- 
pose OS to be inclined at an angle a to the first perpendicular which is 

2ir 
drawn : put 8 for — . and r for the radius of the inscribed circle. Then 
r n 

the length of the first perpendicular will be r + c cos a, that of the second 

r+ccos(a + /3), that of the third r + c cos (a + 20), and so on. Hence the 

sum of one set of perpendiculars 

= "<T + C Jcosa+cos(a + 20) + cos(a+4£) + ...to - terms I . 

By Art. 304 the sum of the series of cosines contains the factor 
sin-/3, that is sinx, that is zero. 

nv 
Hence the sum of the set of perpendiculars = — . 

Similarly the sum of the other set of perpendiculars has the same value. 

oo-i S S S S 

221. r=-, r^— -, r a = — T , r 8 =- 



$' x 8-a' '*~8-b 9 '* a-c' 
therefore wWa = - — — rr-j . = -^ = £' ; 

therefore \l rr i r * r $ = S. 



Ill 
222. We have 2 tan" 1 = = tan" 1 — -j- = tan" 1 ^ ; 

1- 49 

2x1 

n. a * -i 1 o* -i^ * 24 . . 2x7x24 

thus 4 tan 2 = = 2 tan * ^ = tan * j , v ., =s tan x 



15 



7 24 ~ /7 V (24 +7) (24 -7) 



* -i 336 
= tanl 627' 

1 11 3*56 1 

Then 5 tan"" 1 ^ = 4 tan* 1 ^ + tan" 1 ~ = tsar 1 ^ + tan" 1 ^ 

336 1 
. ,, 527 * 7 .• ,2879 
= tan 336 =tan 3~353' 

7x527 
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2x1 
«x J . ., 79 . . 2x3x79 

Again 2 tan" 1 =5 = tan * t .^ = tan * 



79 " m?" (79 + 3) (79-3) 



= tan x 



8116' 

- 2879 
„. „ . /t . ,2879\ 3353 474 237 
Finally to^-to^ggj - — 2879 = 6232= 8116 ; 

+ 3353 

.. . t . . 2879 . . 237 

Bothat |- tan 8363 = tM1 3il6- 

223. In the expression for tan nd put j for ; then tan 0=1. 

n-l 

If n is an odd number we have tann0=(- 1) s , so that the numerator 
of the expression is numerically equal to the denominator. 

If n is an even number, tan n$ is either zero or infinite ; so that in the 
former case the numerator of the expression must vanish, and in the latter 
case the denominator must vanish. 

224. We have sin* cos 5 = (1 - cob* 0)* cos 6 = cos 9 0—2 cos* + cos 5 0. 
Now cos 9 0=^ j cos 90 +9 cos 70 + 36 cos 50 +84 cos 30+126 cos 0I , 

cos7 0=2« Jcos 70 + 7 cos50+21 cos 30+35 cos 0I , 

cos 5 0=^- jcos 50+5 cos 30+10 cos 0J . 
Hence 

cos 9 0-2cos70+cos 5 0=^(cos90+cos70)--^(cos50+cos30)+-?-co8^ 
Or we may proceed thus : 

sin 4 cos 6 0=sin 4 cos 4 sin 0=t£ (sin 20) 4 cos 

= jg jgCOS 80-^008 40 + J COS0 

113 

= 256 (C0S 9 * +cos 7 *) " 64 ( C08 S^ 00 * 8 ^ J23«**- 
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225. We have 



Bin 8 aj=-r (3 sin jc - sin 3«) 



""Ir"|3 + I5 l7 + ,#,+ 2n + l + '"i 



\1 \1 



M*, <»«)»(W Wo. , (-i) n (3«) 2n+1 , ) 

~ 4 < "li Li" p [gt+i + "v 

then by arranging according to powers of x we obtain the required result. 

226. Fat s for cos + cos 30 + cos 90, and t for cos 50 + cos 70 + cos 110. 

Then a + 1= cos + cos 30 + cos 50 + cos 70 + cos 90 + cos 110 

_ cos (0 + 50) sin 60 ,. ft .. _ sin 120 __ sin _ 1 
~~ sin0 * * ' ~ 2 sin ~ 2 sin ~ 2 * 

And it= (cos + cos 30 + cos 90) (cos 50 + cos 70 + cos 110) 

=cos (cos 50+ cos 70 + cos 110) + 

Besolve each product into the sum of two cosines by Art. 84; thus 
we get 

2st = cos 60 + cos 40 + cos 80 + cos 60 + cos 120 + cos 100 

+ cos 80 + cos 20 + cos 100 + cos 40 + cos 140 + cos 80 

+ cos 140 + cos 40 + cos 160 + cos 20 + cos 200 + cos 20 

=3 cob 20+3 cos 40+2 cos 60+3 cos 80 + 2 cos 100 

+ cos 120 + 2 cos 140 + cos 160 + cos 200. 

Now since 0=^ we have cos 140= cos 120, cos 200=- cos 70= cos 60, 

cos 160 = - cos 30 = cos 100. Thus 

2st = 3 { cos 20 + cos 40 + cos 60 + cos 80 + cos 100 + cos 120} 

_ 3 cos (20 + 50) sin 60 _ 3 cos 60 sin 60 _ 3 sin 120 _ 3 # 
~~ sin0 ~~ sin0 ~~ 2sin0 ~" 2' 

3 

therefore 8t=- T . 

4 

1 3 

Then, since *+<=o , and ««=--, we find by Algebra that 



4 4 



and it is obvious that the upper sign must be taken, because s is positive ; 
for cos and cos 30, which are positive, are both numerically greater than 
cos 90, which is negative.- 
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227. Suppose the polygon has n sides. Let be the centre of the 

circle inscribed in the polygon, and'& the assumed point.. Let OS=c; and 

suppose OS to be inclined at an angle a to the first perpendicular which is 

2ir 
drawn; put B for — , and r for the radius of the. inscribed circle. Then 

n 

the length of the first perpendicular will be r+c cos a, that of the second 

r+c cos (a+p), that of the third r + c cos (a +2/3), and so on. 

Then for the squares on the sides of the new polygon we obtain the ex- 
pressions 

{r + c cos a} 2 + {r + c cos (a + /SJ} 2 - 2 {r + c cos a} {r + c cos (a + p)\ cos /3, 

{r + ccos(a+/3)} 2 + {r+ccos(a+2/3)} 2 -2{r+ccos(a+/3)}{r+ccos(a+2/3)}cosj5, 

and so on. 

Thus for the square on the m ft side of the new polygon we shall obtain 

2r 2 (1 - cos P) + 2rc {cos (a + mp - /3) + cos (a + mp)} (1 - cos j8) 

+ c 2 {cos 2 (a + m/3- p) + cos 2 (a + mp) - 2 cos p cos (a+m/3 -/3) cos (a+m/3)}; 

that is 

2r 2 (1 - cos 0) + 2rc {cos (a + mp - p) + cos (a + m/3)} (1 - cos p) 

c 2 
+ ^-{l + cos (2a + 2m/3- 2/3) + l + cos(2a+2wi/3) 

- 2 cos /S [cos jS + cos (2a + 2m/3 - p)]). 

We have to obtain the sum formed from this expression by giving to m all 
integral values from 1 to n, both inclusive ; the result, by Art. 305, 

c 3 
= 2nr a (1 - cos p) + ^ {2n - 2» cos 8 p) 

= inr* sin 8 £ + nc* sin* /3. 

228. We have cos 50 + sin 50 = J¥coa ( 50 - ^ ) 

= N /2cos5^-^= N /2cos5(0-/3). 

5ir 
And by Art. 318 we have cos 5 (0 - p) sin -5- 

=2 4 cos (0-/3) cos (0-/3+2a) cob (0-/3+4a) cos(0-/3+6a) cos(0-/3+8a), 

where a^^/S. 

Thus cos 5 (0-/8) 

=2* cos (0-/3) cos (0+3/3) cos (0 + 7/8) cos (0+11/3) COS (0+15/3). 
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Also cos (0+7/3)= sin (3/3-0)= -Bin (0-3/3), 

cos (0+ ll/3)=cos (0+/3+| J =- sin (0+/3), 

cos (0 + 15/3)=cos (0+ x) = ~ "/a ^ C0S ^ +Bin ^) # 
Hence sfe cos 5 (0-/3) 

= -2 4 cos (0-/3) cos (0 + 3/3) sin (0-3/3) sin(0+/3) (sin + cos 0) ; 

hence also cos 50+ sin 50 is equal to the last expression, which had to be 
shewn. 

229. We have 

sin V(cos a a cos 8 /3 + sin 3 a sin 8 /3) + cos V(cos 8 a cos 8 /3 - sin 8 a sin 3 /3) 

=sin(a+/3). 

Assume r cos = V ( c °s a a cos 2 /3 + sin 2 a sin 8 /3), 

and r sin = V(cos 2 a cos 2 /3 - sin 8 a sin 3 /3) ; 

so that r 2 =2 cos 2 a cos 8 /3 (1), 

_ . o. cob 2 a cos 2 B- sin 3 a sin 2 B , n% 

and tan 8 0= — 5 .*! , . a — ^3 (2). 

^ cos a aco8 2 /3 + sin a asin 8 j8 v y 

Thus rsin(0+0)=sin(a+/3) (3). 

Now it is obvious that r may be found from (1) by logarithms. Also 
may be determined by logarithms ; for we have from (2) 

1 - tan 8 _ sin 8 a sin 2 /3 
1 +tan 2 "~ cos 2 a cos* /S ' 

that is cos 20 = tan 3 a tan 3 /3, 

which is adapted to logarithms. 

Thus can be found from (3) by logarithms. 

230. If A, B t and C are angles of a triangle, we have by Art. 114, and 
Example vm. 16, 

sin A + sin£ + sin C- (sin 2A + sin 25+ sin 2(7) 

=4 cos -jr cos — cos - - 4 sin A sin B sin C 

& a a 

. A B CL . A . B . C) 
= 4 cos » C °S o cos o J 1 ~ 8 Bm o sm 2 sm 2 \ ' 

and by Example xiii. 40 this expression can never be negative. 
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231. Let A, J?, C, ... if, N denote the angular points of the polygon 

taken in order; and let a=-. Suppose P the point in the circumference 

u 

from which chords are drawn, so that P is between N and A. 
Then - c^ sin a=the area of the triangle PAB, 

Z 

- c, c 8 sin a = the area of the triangle PBC, 



- c n . 1 c n sin a = the area o*f the triangle PMN. 

Therefore 5 {% c s + c a c 8 + . . . + c n _ x c n ) sin a 

=the area of the triangles PAB, PBC, ... PMN. 

A* 80 o c n c i ^ «=the area of the triangle PNA. 

1 

ThuS o^Ca + ^Cs+'-'+Cn-lCn - ^^) 8 " 101 

=the area of the regular polygon ; 

so that c x c 2 + c 2 c 8 + . . . + c n _ x c n - c n c x 

2 

= - — x the area of the regular polygon. 

This result is the same for all positions of P on the circumference of the 
circle. 

232. Let be the angle of one sector, and 20 the angle of the other. 
Let a and b be the corresponding radii. Then, since the areas are equal, 
2/9 f) Oft 

a * o = V* ~o » an ^ since there is a common chord, 2a sin s = 26 sin — . 
Z Z Z 2 

a Off An. 

Thus a sin » = 6 sin 0=26 sin ^ cos 5 ; therefore cos 5 = — ; 
*> Z Z Z Zo 

., , a a 9 26 9 1 ., . v 

therefore cos 2= 46** = i&» = 2 ; therefore 2 = 4 ' 



Therefore 0=£ and 20 =t. 

z 



«V 3 2a;-fc 



000 tit 1. x /^ m tan0-tan0 2&-as fc.v/3 
233. We have tan (0-0) = , , x y ^ . — -= ; rt «/ ,x 

vir ' l+tan#tan0 a; (2a; - *)V3. 

+ (2&-a;)*V& 
_1_ 3fcg-(2Jfe-a;)(2a;-&) 1 2a? 8 -2fcg+2fe > _ 1 

V3 # (2A;-a;)ifc+a;(2a;-A;)"'V3•2a; s -2fc^J+2ifc8"V3 , 
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Therefore one value of <t>-0 is « . 

o 

* a 

234. We have here — — very nearly equal to unity ; so we may infer 

that is small: hence sin $=0-- nearly. Therefore 1-^=o£t nearly; 

£9 i X 1 

therefore -z-—-zfa nearly; therefore 2 =tti nearly; therefore 0=— nearly. 

O O04 144 1Z 

Hence the number of degrees in the angle is nearly ^ . — , that is about 5. 

235. Let ABC be any triangle; let D, E, F be the centres of the 
escribed circles opposite to A, B % C respectively. 

Then AD bisects the angle of the triangle at A, and EF bisects the 
exterior angle at A. Therefore AD is perpendicular to EF. 

Similarly EB is perpendicular to FD, and FO is perpendicular to DE. 

Therefore by Art. 332 the circle described round ABC is the nine points 
circle of DEF. 

236. As in Art. 283 we have 
2»» ( - 1)» sin*** 1 

=sm(2n+l)^-(2n+l)sm(27i-l)^+^^^sin(2n--3)^-..... 

11 

Now suppose each side were to be expanded in powers of 0; on the left- 
band side we should have 2 2tt ( - l) n id - ^ + ••• f » by Art. 274. 

On the right-hand side each sine gives rise to a series. Since the lowest 
power of on the left-hand side is 3 »+ 1 it follows that the whole coefficient 
of every lower power of on the right-hand side must be zero. The whole 
coefficient of is 

2n+l^(2n+l)(2n^l) + ^^^(2n^S)^..Aon+UeimB; 

If. 

hence this is zero; and dividing by 2n + l we obtain the required result. 

Similarly, supposing n to be greater than unity, we can obtain another 
result by equating to zero the whole coefficient of ft on the right-hand side. 
And so on. 
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237. We have 

coso+ >/~lsina=cos(0 + n/-1) = cos0cos0 N/-l-sin0sin0 n/-1 

=cos0 — - sin0 - = =cos0 — s + sin0 — s — V-l. 

2 2 s/-l 2 2 

Hence, by equating the possible and the impossible parts, we have 

cos — =cosa, sin0 — -= =sina; 

., . e~* + ^ cosa e~*-e* sina 

so tnat jr — = j. , — - = — — v . 

2 cos0' 2 sin0 

Square and subtract; thus 

1 _ cos 9 a sin 2 a b 
"" cob 2 "" Bhi*0 ' 

therefore sin 2 cos 2 a - cos 2 sin 2 a = sin 2 cos 2 ; 

therefore sin 2 (1 - cos 2 0) = sin 2 a ; 

therefore sin* = sin 2 a ; 

therefore sin 2 = ± sin a. 

238. On the left-hand side the numerator 

=sina;+ sin (3a+ it) + sin (5*+ 2ir) + ...to n terms, 

sin jse+2Z__(2a; + ?r)j sin|(2as+r) 

1 ' 

sing(2a; + T) 

in like manner the denominator 

n - 1 /« . J . n 



(71—1 1 ft 

cos }x+— — (2aj+ir)> sin- (2se+ir) 

= 1 

sin^(2aj+ir) 

Divide the former by the latter and we obtain 

tan \x+ — ^— (2a;+ir)j , that is tan(naj+— ^— t) . 

239. Let denote the centre of the circles, r the radius of the circle 
ABCPy and R the radius of the circle DEFQ. 

Suppose the angle QOA is equal to 0, then the angle QOB will be 

2t 4t 

0+ — , and the angle QOG will be 0+-g-; or at least the angles may be 
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so denoted by suitably choosing A, B, and C. Then 

QA* = QO*+OA*-2QO.OA cos0 
=i2 2 +r 2 -2i2rcos0, 

similarly Q5 2 = iP + r 2 - 2tfr cos (* + y ) » 

and QC r2 =i2 2 +r 3 -2i2rcos^+ yV 

Hence by addition, and Art. 305, we have 

QA*+QB* + QC*=3(IP+i*). 
In the same way we find that 

PJP + PBi + PJP^S (i2 2 +r a ). 

240. Fat for each cosine its exponential value ; then the proposed series 

=i (1 - ae icx ) n + * (1 - ae- lc *) n 

— ^ (1 - a cos ex - la sin cx) n +-^ (1 - a coscaj+ ta sinac)*. 
Now assume 1 - a cos cx=r cos and a sin ca=r sin ; 
then the sum = - (r cos - tr sin 0) w + - (r cos + tr sin 0) n 

=— (cos 7i0 - 1 sin w0) + -r- (cos n0 + 1 sin 720) 

=? ,n cosn0. 

241. By addition 3 - p sin - 5 cos = 0. 

By subtraction cos 2 - sin 2 = - p sin 0+ q cos 0. 
Therefore 3 (cos 2 - sin 2 0) = g 2 cos 2 - p 2 sin 2 ; 

therefore 3 (2 cos 2 - 1) = g 2 cos 2 - p 2 +p 2 cos 2 ; 

therefore cos 2 = -^—I— 7* ; 

p 2 + q 2 -o 

o 2 - 3 
therefore sin 2 0= * ^ — ? . 

Substitute in the equation 3 =p sin 0+ q cos 0; thus 

3v(? 2 + 2'-6)= 1 )V('2 2 - 3 )+5V(P 3 - 3 )- 
This is the result of the elimination; the radicals are not necessarily 
positive. By squaring, transposing, and squaring again, we obtain finally 

{p*q* - 6 (p 2 + 2 2 ) + 27} 2 = j?Y (p a - 3) ( 2 2 - 3). 

T. T. K. U 
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ABC 
242. ccrt^-recs-^ccs^ 

~V \#-&j *-«i V tf-«»\»-«i V i*-«h*-&) 

V J* 



Hence the proposed expression =**-=-—=& 

243. Here 2 tan-^ax+eee^ir^; 

2ax «■ 1.1 

therefore sm -1 z zr* = 5 - cos" 1 — = sin * y- ; 

1 + a-x 1 2 &s &r 

2oz 1 

therefore =■ — --j = r- ; therefore 2a&e*=l+aV ; 

therefore a£= 



244. With the diagram of Art 332 we have OA =5, also the angle 
0AB=*-C, and the angle BAP=?-B; so that the angle 0AP=C-B. 

Hence 0P*=JP+AP*-2R.AP cos (B-C). 

(I cos ^f 

Now, as in Example 214, we have AP= — : — . =25 cos A ; 

so that OP s =i?+4i2 s cos , il-4i?cos-4cos(5-(7) 

=5*+25» (1 + cos 2A) +45* cos(5+ C) cos (5- C) 
=35*+ 25* cos 24+25* (cos 25+cos2C) 
= 35* + 25* (cos 24 + cos 25 + cos 20). 

245. The values of x, y, z are given in Example 216 ; and the values of 
o, ft 7 in Example xvi. 231. Hence 

, 45 cos- Cb sec s 5 + 45 cos -5c sec -C 

pz + yy 2 2 2 2 

* " AT> 1 A 

45 cos -4 

45fcos*Csm|5 + cos|5sini<A 45sini(5 + C) 

1 a 1 . 

COS 2 A COS ^4 

= 45. 
Similarly the other expressions are also equal to 45. 
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246. Wehave c=6cos-4 + acos.B = &cos-4-acos(ir-2?) 

= 6 V( 1- sin* -4) -a cos 0=6 . /l 1- ^ sin s j -acos0. 

We wish to expand this in powers of 0, as far as terms involving 4 . 

Now \/( 1 "^ sin,<? ) =1 "S sin,< '-ip siri4< '-- 

03 

Put for sin its value 0- -^-+ ... ; thus we obtain 
thatis !-*(*.*)-*,.+ ... 

And 008 0=1-777 + 77--... 

|2 [4 
Hence approximately 

, / a 2 \0 2 /a* a 4 a\ fl4 

. (6-a)a0 2 0V 4 « 2 3a * \ 

and T-p- a "6- a+8 V,T"6 , j 

= J - + P •=(•-») |j--y (•+»)!• 

Thus we obtain the required result. 

247. sin 5 cos 6 = cos (sin cos 0) 5 = ^^ (sin 20) 5 

= 1^ x i {sin 100 - 5 sin 60+ 10 sin 20} 

= i {sin 110 + sin 90 - 5 (sin 70 + sin 50) + 10 (sin 30 + sin 0)}. 

U2 



308 MISCELLANEOUS EXAMPLES. 

248. We have coa«+ J~l sin«= ^ + ^Lfo 

Bin $ cob ,J^ 1< I> + cose sin J^ l<f> sinflfc^+e - *)- ^^Tcoggfc"*-^ ) 
"cos 0cos /7^1^-sin sin sl^-±<t> "" cos0(<?* + «"*) + N /^lsin5(e~*-^) 

sin0+/s/^I*cos0 , e*-c~^ 

= --- ■ — , — _ » wnere K— -7 / , 

cos^-V-l^ sin ^ e^ + c"* , 

Hence sin^+ V-l^ C0 ^^=( C0Sa + >/-* sina) (cos0-,y-l&sin0) 

—cos a cos 0+ ft sin a sin0 + a/-X (sin a cos - & sin cos a) ; 

therefore sin = cos a cos + h sin a sin 0, 

and ft cos = sin a cos - ft sin cos a 

A , , sin - cos a cos sin a cos 

therefore : : — 5 — = -z — - n . 

sin a sin cos + sin cos a 

Multiply up ; thus we get cos a (sin 3 - cos 2 0) = ; 

therefore tan 2 = 1, and therefore 0=?Mr± T . 

4 

249. By Art. 309 we have 

X X x X x 

— 2 cot 2a;= tan a; + s tan ^4--^= tan -_«+..., 

x 2 2 2r z 4 

and, since 2 cot 2x+ tan x=cot g, we have 

then put H for as, and divido by 2 ; thus - = 7 tan 7 + 5 tan 5 + ... . 

2 / 2 \* 

250. Put — 5 for aj; then we require the coefficient of ( — - ) , that ia 
of ~ — in the development of 

( 1 "l?)( 1 "2VV\ 1 "8vO" ,# 

(_l)n^2n+l 

Thus we require the coefficient of - — - 2 - in the development of 



.(.-5) (.-A) (.-£), 



that is in sin 0. See Art. 320. 



MISCELLANEOUS EXAMPLES. 309 

( - we*** 1 

But the general term in the expansion of sin0 is ^— .-x- — = — . 



Hence —^ x the required coefficient = a S . t i so *^ a * *^ e required CO- 



IT 2 * 

efficient is 



2n + l 



2» + l* 



251. Proceed as in Example 241. We have 

l+m+n=p sin0+gcos0, cos 2 0- sin 8 0+n-m=g cos 6 -p Bind; 
therefore (1 + m + n) (2 cos 8 0~l+n-m)=2 2 cos* -p a sin 9 6 ; 

therefore C os a 0= ? L^- + -J^, 

and .in.,.^-;^^ 

< p 2 +2 a -2(l + m + n) 

Substitute in l+m+n=p sin0+gr cos0, and the elimination will be 
effected. 

252. Let D, 27, F be the points at which the bisectors of the angles 
A, B % C respectively meet the circumference. Then the angle DAC = ^A t 

and the angle CAE= the anglo CBE^^B; therefore DAE=^(A +B) ; and 
therefore DE subtends at the centre of the circle an angle equal to A + B : 
thus DE=2B sin (i (A + B) = 2R cos 5 C. Siimlarly .Ei^-Rcos^: and the 

angle DEF=- {A + C) ; thus the area of the triangle DEF 

=-. 472* cos - -4 cos - (7 sin s (-4 + C)=2R* cos ^ -4 cos 5 .Boos 5 (7 
2ff 2 sS i?« 



abc 2 * 

253. Here pin-^+sin-^sin- 1 ^ 

a b do 

Take the cosines of both sides ; thus 

therefore ^H) \/K) =1 Vt^) 5 

square both sides ; thus 

therefore & V + a V 2 + 2*y V(a*&' - c 4 ) = c 4 . 
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264. Let PCA=0; then PC£=?-0; 



PC sin(«+7) PC 



sin(|-*+y) 



a sin 7 ' 6 Bin 7 ' 

thus asin(0+7) = & sin f ~ 0+7) =6 cos (0-7); 

therefore a (sin cos 7+ cos sin7)=&(cos0 cos7+sin0 sin 7); 

,, . x /1 6 cos 7— a sin 7 

therefore tan = '- — =— -. — '- , 

a cos 7-0 sui 7 

„ . n b cos 7 - a sin 7 

Hence sin0= - - 

V{( a cos 7 - 6 sin y) 2 + (6 cos 7 - a sin 7)*} 

__ b cos 7 - a sin 7 
~ V(a' + 6 a -2a6Bin27) ; 

. . a cos 7 - 6 sin 7 

an<1 COS = -77--— «— o _ i— — o-\ . 

V(»' + o 3 - 2a& sin 27) 

Th n PC— a ^ sip ^ C0S y + C0S * S * n y ^ — ct5 cos 27 

~ sin 7 ~Bin7 N /(a 2 + 6 a -2o6sin27)' 

255. ae 4 -ie 3 +se a -a;+l = =-. Hence we must find the roots of 

x+1 

se 5 + 1 = 0, and omit the root - 1. 

Now if ar ! =-lwe may put sc^cos nirJzJ^l sin nir, where n is any odd 

1 

integer. Hence a; = (cos nir rfc ^/ - 1 sin nir) 5 = cos — =fc ^/-l sin ~ . 

5 5 

Put in succession 1 and 3 for n ; thus we obtain the assigned values. If 
we put 5 for n we obtain the root - 1, which we had to omit. 

256. Let denote the angle opposite to the side 1 ; then 

sin 0. 1 ,, . . a 1 
-T = 260 : therefOTe ""-BOO- 
8m 6 

As is very small we may put for sin0; thus 0=%™ approximately. 

Therefore the number of degrees in the angle = =7^ x — ; and therefore the 

ouu v 

v t • A 60 180 3 180 3 erTO _ . 
number of minutes ==7^ x — =r=x — = 77?* 57*3=7 nearly. 

500 x 25 ir 25 

257. First take the inscribed circle: see Art. 248. 

A B 

FE— 2r sin FOA = 2r cos -^ ; similarly jF2) = 2r cos — . 
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The angle EFA=-{w-A); the angle DFB--(t-B)\ therefore the 
angle EFD = ^{A + B). 

Hence the area of the triangle DFE 

1 . , A B . A+B 3 -4 5 (7 2r'&r rS 
=2^ COS 2 COS 2 Sm "^- =2 ^ C ° S 2 COS 2 COS 2 == "^- = 2^- 

Now take one of the escribed circles, as for instance that opposite to 
the angle A : see Art. 250. 

B C 

DF= 2r, sin DOB = 2r x sin - ; similarly DE- 2r x sin - . 

Z Z 

The angle FDE- the angle 2*1x90 + the angle EDO 

=\{*-B) + \{*-C)=ic-\(B+C). 

Hence the area of the triangle DFE 

1 . . . B . C . B+C 
= - . 4r x * sin- 2 sin - sin —^~ 

n „ . B . C A 2r^(8-a)S 2r^ s r,S 

s= 2?v sin — sin — cos — = — — — = — * — = -*— . 

1 2 2 2 a&c afic 2R 

258. Proceed as in Example 248 ; thus we obtain sin 8 0=cos 2 0. 

If we take sin 0= cos we get 1 =cos a + h sin a ; thus 

7 1-cosa a ., . . c*-e""* , a 

A = — . = tan - , that is -. r= tan s ; 

sin a 2 ^+ e -£ 2' 

1 + tan - x 

therefore e 2 ^ = — — « tan [ T + s ) . 

l-tan s 
Z 

If we take sin0 = -cos0 we get 1= -cosa+fcsina; thus 

, 1 + cosa , a , , , . e*-e~* ,o 

& = — : =cot s , that is -7 i=cot s ; 

sina 2' e*+e~* 2 

1+cot- tan^ + 1 . . 

therefore g 2 *= = = - tan ( -: + % ) . 

l^cot^ tan^-l 
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259. Fat the exponential values for the cosines in the series denoted 
by a: thus 

where x =zc^ =2 (cos + 1 sin 0), 

and y=ze~ i0 =z (gob 6 — i sin0). 

Thus «=4e* cos * (e w?sind +c- w?8in0 )=e arcosd cos( 2 sin*). 

Similarly we find that <r=^ (e aJ -ey)=e 2fCOS *sin(z sin0). 

m , . o- sin (z sin 0) , . . „ 

Therefore - = — ,- • m = tan (* Bin 0) ; 

cos (2 sin 0) v ' ' 

so that 2 sin 0= tan -1 - . 

s 

And 8 2 + <r 2 =e 2 * cos *{cos 2 (z sin0) + sin 2 (2 sin^e 2 * 008 *; 
so that 2 cos 5 = - log (s 2 + (T 2 ). 

If = ;r, we have -=tanz and s 2 + (r 2 =l, so that <r= sin z and* = cos 2. 

2G0. Let c he the distance of the two given points, n the number of 

2»r 
sides in the polygon; and put /?= — . Let a be the angle which the distance 

lb 

between the two given points makes with the first straight line which is 
drawn. Then the numerical values of the successive perpendiculars are 

c sin a, c sin(a + £), c sin (a + 2£), Hence the sum of the squares on 

the perpendiculars 



= c 2 {sin 2 a + sin* (a + /3) + sin 2 (a + 2/3) + . . . to n terms} 

c 2 
= --{l-cos2a + l-cos2(a+/3) + l-cos2(a + 2/3) + } 



=-2-. See Art. 305. 

261. We have 

a Bm0+b=h cos0, and cos0 (a+b sin0)=fc sin0. 

Find cos from the first equation, and substitute it in the second; thus 
we get 

6in 2 + ; sin + 1 = 0. 

ab 
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Again, find Bin from the first equation, and substitute it in the second; 
thus we get 

cos 2 + Ti cos0 + T =O. 

6/1 h 

Then we may employ the process of Example 251. 

262. By Example xvi. 50 we know that the sides of the new triangle 
are respectively a cos .4, b cos B, and c cos (7. Thus the perimeter 

= a cos A + b cos B + c cos C= 4Jt sin A sin B sin (7, by Example xvi. 22, 

_ 41Z.85 3 _25 

263. As in Example 252 we shew that the area of the triangle thus 
formed is 2i2 a cos ^ A cos ^ 5 cos ~ (7 ; denote this by S. 

43 A A 

Also S=-db sin(7=2i£ 2 sin -4 sin 5 sin (7, 



Hence 



2 cos ^ -4 cos - B cos jr (7 



£ sin A sin i* sin C . A . B . C' 

8 sin ^ sin g sin^- 



ABC 
Now, as in Example xiii. 40 we see that 8 sin - sin • sin - • cannot be 

£i 2> & 

greater than unity ; and therefore S cannot be greater than 2. 



8 S S 

-a 
Hence 



264. >i= — • r »~JZi' r *= s -c 



(r 1 + r J )(r J+ r 3 )(r 3+ ^=^( i 4- a + ^)( s 4-j + ^)C4- c + ,4- ) 



S 3 abc 8 2 5 3 a5c 8*abc 



(*-a) 2 (*-&) 2 (s-c) a S* S ' 

And tyv + r»r» +r<,r 1 =S* ] . , . — , . + tt-. r + -. r-r A 

12 2S 31 i(s-a)(8-b) (8-b)(8-c) (8-c)(s-a)) 



S*(3s-a-b-c) £ 2 s 9 



= - - = A 



(8-a){8-b){8-c) S* 

ctbc 
Divide the first result by the second ; and thus we get — — . 

o 

265. The wall a feet high casts a shadow which extends a cot a feet from 
the wall measured in the direction of the meridian ; hence a cot a sin /3 is the 
breadth of the shadow measured in the direction at right angles to the wall. 
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Thus b=a cot a sin /3. Similarly b'= a' cot a sin (7 - /3). 

From these two equations we have to find a and /3. 

_ . a sin 8 a' sin (7 - /S) ... 

We get — ~ - y r ' ; so that 

r = _ , (sin 7 cot 8 - cos 7) ; 


ab' 
therefore cot 8 = cot 7 + -77 cosec 7. 

6 2 £ 2 6 2 ( / a&' \ 2 ) 

= - a ] 1 + cot 8 7 + -3T5 cosec 2 7 + — jj- cot 7 cosec 7 [ 
a* ( a a cr ao 1 

= ( -5 + -» 1 cosec* 7+ — 7- cot 7 cosec 7. 
\a 2 a 2 / aa 

26G. Assume a = r cos 0, and 6 = r sin ; so that ^ = 0? + 6 2 , and 

tan0=-. Also assume cc=pcos0, /J=psin0; so that p 2 =o 2 +/3 2 , and 
a 

tan 0=-. 
a 

Then the proposed expression 

= (r cos + ir sin 0)** cos * +t P si* *= ( re ^)P cos$+ip sin* 
Denote this by u ; then 

log m = (p cos + */> sin 0) log (re 10 ) 
= (p cos + ip sin 0) (i0+log r) 
=p (cos log r- sin 0) +pt (sin log r+ cos 0) 
= <r + iT say; 

therefore u=e <r+lT =e <r e lT =e <r (coB t+l sinr). 

To make this wholly real the term involving c must vanish, therefore 
sin t must vanish ; therefore r must be zero or a multiple of v ; therefore 

p (sin log r + cos 0) must be zero or an even multiple of 5 ; but p sin 0= ft 
and pcos0=a; so that £ log (a 2 + J 2 ) + a tan -1 - must be zero or an even 
multiple of - . 

. & . . -4 



267. 
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a 9 2a« 



a 2 cos* $ + 6 2 sin 8 a 2 (1 + cos 20) + 6 2 (1 - cos 20) 

2a« 

"~ a* + 6 2 -Ha* -6 2 ) cos 20 

4a 2 4a s 



■ fci ■ i ■ ■ tm ' 



2 (a 2 + ft 2 ) + (a 2 - 6 2 ) (£*' + e~ 261 ) (a + 6) 2 (1 + ce 20 ') (1 + ce " »') 
. (1 + c) 1 . " ^ 



Therefore 



log ^cos 2 0t6^i^0 = 21o g( 1 + C )- lo g( 1 + ^ C >- lo g^ 1 + gg " 2gt > * 



OJ C * « 3 C* ) 

=2fc— +^ -- + ...( 



2 T 3 4 



The term which involves c is - c («* - e"* 1 ) 2 , that is 4c sin 2 0. 

c 2 «« ■ «- 4y»* 

The term which involves c 2 is -(e 20t -e-^ 1 ) 8 , that is -~- sin 2 20. 

The term which involves c 3 is - — (e 3 ™-** 5 * 1 ) 2 , that is — sin 2 30. 
And so on. 

Thus we obtain the required result. 

268. Let denote the centre of the inscribed circle, D and E the centres 
of the escribed circles. Then D, C\ E are on a straight line which is at right 
angles to OC. The area of the triangle ODE 

1 1 C C 

= 5 00 . i>J?= s r coseo ^ (r x + r 2 ) sec ^ 

= r(ri+r*) = 8 /8 8 \ = S 2 <? ' 

ein6 T *sin(7\«-a *-£/ *(a-o)(«-6)sin(7 

, . . o5c cos 2 - (7 , ~ 

(* - c> c 2 dbc .0 

Sin C * sin (7 26 2 
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269. The angle OBC=^B t and the angle OCB = ^C. Hence, as on 
page 186, line 5 of the Trigonometry, we have 

r. [cotj+cotjj^a; 

therefore - = cot T + cot 7 . 

r a 4 4 

Similarly - = cot - A + cot 7 , and - = cot - + cot -. • 

r* 4 4 r, 4 4 

Hence by addition we get the required result. 

1 

270. We easily see that tan -1 ^ = tan -1 (2r + 1) - tan" 1 (2r - 1). 

Besolve each of the given terms into two by this formula. Then by 

addition we find that the sum = tan -1 (2»+ 1) - tan -1 1 =tan _1 * 

n + 1 

n _- . . cos^l b* + <?-a* b* + c*-a* 

271* cot .4 = -; — r = -771 — = — /- = 7-5 > 

sin J. 26c Bin J. 4£ 

similar expressions hold for cot B and cot C. Thus 

a? + l*+c* 



cot A + cot B + cot C— 



AS 



Hence if S be given the sum of the cotangents of the angles varies as the 
sum of the squares of the sides* 

272. By Art. 253 we have 

OI*=JP-2Rr; 
and OB* + OE* + OF* = Bit* + 222 (r x + r 2 + r 3 ). 

Thus by addition we obtain 

OI*+OB*+OE*+OF*=4Ji*+2Ii(r 1 +r ft + r 3 -r) 

=4 J R3 + aR a , by Example 201, =122P. 



2' 



273. Let *=tan->(^^tanf), then tan^^^tan* 

l + tan 2 _ / Ttx « 

a+5 + (a-&)tan 2 | 



ft+afcos^-Bin 8 ^ T 
V 2 2/ , b + g 



cos a; 



a+6(cos>|-sin»g °+ 



6cosx' 
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274. Let denote the centre of the circles. Let A BCD be a straight 
line cutting the outer circumference at A and 1), and the inner circumference 
at B and C. Let OB=r, and OA = nr. Let the angle A0D=2a, and the 
angle £OC = 2p; so that the angle A B = a - £. 

Then 4Z? 2 =» 2 r 2 + r 2 -2»r 2 cos (a-j8). 



Now 



BD AB.BD AB.AC' 



But AB . ,4 (7= the square on the straight line drawn from A to touch the 
inner circumference = (n a - 1) r 2 . 

Therefore ^ = » 2 - 2n c osj q - ft + 1 

ifD n 2 -l 

275. Proceed as in the solution of Example 266. That the expression 
may be wholly imaginary we must have cosr=0, and therefore r must be an 

odd multiple of ^ > therefore p (sin <p log r + $ cos 0) must be an odd multi- 

TC 8 b 

pie of - ; but p sin0=j3, and />cos0=a, so that £ log (a 2 + 6 s ) + a tan -1 - 

IT 

must be an odd multiple of - . 

07R ia a t b\ i/ Bm 2 " n l\ oos 2 

276. - ( tan-+tan- ) = -| — ~ + 




B I OB 

COS » C0S o / a C0S o C0S "o 

1 O B 
= - tan— tan - , by Art. 249. 
r 2 2 

In this way we find that the proposed expression 

abcL A L B . B, C . O, A) 
=— |tan-tan» + tan-tan-g + tan-tan^J 

=tt- » l>y Example viii. 15 ; 
2r 

and this is the area of the triangle by Example xvi. 34. 

Or thus. Let I denote the centre of the inscribed circle, the centre 
of the escribed circle opposite to A; then the area of the quadrilateral 

IB0C=^(r+r 1 ) = ^(8-a + 8)ta.n^ = ^(b + c)tan^: see Arts. 249 and250. 
In this way we obtain for the whole required area the given expression. 
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. 30 

Bm ~2~ 

277. We have 1 + 2 cos 0=— -, 

Em 2 

. 3 2 

Bin — 

1+2 cos 30=-— -, 
sin — 

and so on. Then, as the sum of the logarithms of any set of quantities is 
equal to the logarithm of the product of those quantities, we see that the 
required sum is the logarithm of 

. 30 . 3 2 - . 3 n . 3*0 

sin 2* Bm "2~ Bm 1T sm "2~ 

33 3W -i a , that is the logarithm of . 

Bin __ Bin-g- sin- 

278. Put ft for - . The path consists of a set of arcs of circles, each of 

-which corresponds to the angle 2/3, and the radii of which are the respective 
distances of any assumed point from all the other angular points. The 
radii thus are 2R sin /3, 2R sin 2/3, 2R sin 3/3, ... 

Hence the required sum 

=2i2{sin|8 + sin2/3 + sin3|3+ ... + sinn/3}2j8. 
The term sin w/3 is zero, and may be omitted if we please. 
By Art. 303 this expression 

= 4i2/3 1 *J 1 = 422/3 22 

sm - fi sin tt- 

2 P 2» 

4t»„ . *" 4i2ir , or 

= 4jR0 COt — = COt jr- . 

r 2» n 2n 

279.' The sum of the areas of all the sectors will be 
4i2 2 {sin 2 /3+ sin 2 2/3+ sin 2 3/3 + ... + s in 2 n/3}/3 
= 2i2 2 /3{l- cos 2/3+1 -cos 4/3 + ...} 



If we wish to have the whole area of the figure bounded by the straight 
line and by the arcs between two points where they cross the straight 
line, we must add to the above a set of triangles which make up the whole 

polygon, that is - 22 a sin — . 

2 n 
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280. We have 

sin 2rd 



+ .7: 



sin(2r-l)0sin(2r + l)0 2cos0 (sin(2r-l)0 T sin(2r+1)0) ' 
If we resolve each term of the proposed series into two by the aid of this 
formula we find that the sum of 2n terms = ' 



i— ■- 



281. As in Example 214 we have 

a cos A h _ 

" Hn£ * 



Bin A f 



b cos B 



2 cos (sin sin (4n + 1) 0) ' 



_ccostf 
7 ~"sin(7 ' 



1 1 /a 8 < 

Hence T (aa+ 18+ cy) = 7 I — ? 

4 ^ 4 \ si 



cos A & 2 cos B c 2 cos C 



sin J. 



_l — ... _ j. 
sin 5 sm 



m 



=]&{zmA cos A + sin 5 cos B+ sin (7 cos (7) 

=*"- (sin24 + sin2B + sin2C r )=222 2 sin.4 sin B sin tf, by Art. 114, 

=~absmC, by Art. 252, =S. 

, , « , T9o „ . . >-. a 8 cos -4 & 3 cos 5 c 3 cos O 

Also, a 2 a cosec .4 + 6 2 £ cosec 5 + <?y cosec (7= _._ Q - - + — r— .,— , v + 



sin 2 A ' sin* i? 
= SB? (sin .4 cos .4 + sin B cos 5+ sin G cos C) 
= 4£ 3 (sin 2A + sin 25 + sin 20) = ICiZ 3 sin 4 sin B sin (7 
= 8i2£, by the former part of the Example, — 2abc. 

282. We obtain immediately from a diagram 

2/=i2 (1 - cos A), 2r"=R (1 - cos B), 2r"'=R (1 - cos C) ; 



sin 2 C 



hence 

Therefore 
283. Let 



8,VV"=8i23sin 2 £ sin 2 f sin 2 ^ = ^. 



64i2rVV" = 



2 2 

(UifrS* _ aWc* 
a 2 6 2 c 2 s* ~ 4s-* 



2 a ! 4W 






then 



= sin" 1 y -;— — +- and = sin" 1 -* .; .j— ' ; 

COS 0=^7-: T\ and cos 0=— 77 a" - 2 (j 

-^(cr* - c') r x V(a 8 - c 2 ) 

therefore sin (0 - <p) = v , -{ . v . .. — s - - ^)-= — =-; . — 77-5 — ^ 

_ a (a; 2 - c 8 ) c (a 3 - a; 2 ) _ « 2 (a + c) -ac(a + c) __ s 8 -gc 
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284 Suppose D the middle point of BC Then 

AB*=AD*+ BD* - 2AD . BD cos ADB t 
AC*= AD* + CD*-2AD. CD cos ADC ; 

therefore by addition 6 8 + c 8 =2A 2 +^; so that A 2 =i(6 a + c 8 )-^-; 

similarly * a =|(c 9 + a 3 )-^, and Z s =i(a'+6 S )- ^. 

Therefore by addition 4 (A 3 + A; 2 + V) = 3 (a 2 + i 2 + c 2 ). 

Also (4A 2 ) 9 + (4* 2 ) 8 + (4Z 2 ) 8 

= (26 2 + 2c 2 - a 2 ) 2 + (2c 2 + 2a 3 - 5 2 ) 2 + (2a 8 + 26 s - c 2 ) 2 
= 9 (a 4 + b* + c 4 ), by development. 

Again, from what has been already shewn, 

16 (ft 2 + & 2 + Z 2 ) 2 = 9 (a 8 + 6 2 + c 8 ) 8 , 

and 16 (A* + fc 4 + Z 4 )=9 (a 4 +6 4 +c 4 ) ; 

subtract and divide by 2 ; thus 

16 (7iU- 2 + W + PA 3 ) = 9 (a 3 6 2 + &<* + cV). 

285. The area of the triangle which can be formed with the straight 
lines A, 1c, l t by Arts. 247 and 218, 

= | V(2 A 2 * 8 + 2 & 8 Z 8 + 2W - A 4 - ft 4 - J 4 ) ; 

= ^V(2a 2 6 2 +26 2 c 2 +2c s a 8 -a 4 -6 4 -c 4 ) = |^. 

286. a COS0-&COS (0-a) = cos0(a-6cosa)-& sina sin0; 
assume a-b cob a = k cob p, and 5sina=£sin/3; 
then acoB0-b cos (0 - a) =»ifc (cos cos £ - sin gin j8) =jfc cos (0 +/S). 

Similarly 
a sin 0-6 sin (0-a) = sin0(a-6 cos a) +6 sina cos 0=k sin (fi+0). 

Thus the proposed expression 

i 

= {k cos (0+p) + kJ-lBm (0+/3)} w 

^Jcos^^+V^iBin^^L 
( n * n ) 



\ 

V 
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287. Denote the point by ; and let OD f OE, OF be the perpendiculars 

on BC, CA, AB respectively. Then OA is the diameter of the circle which 

EF 
would go round OEAF; so that OA=-. — -. , by Art. 252. Therefore 

BinA' * 

OA*.asmA = a . OA . EF=a (OE.FA + OF.AE), by Euclid vi. D, 

= a.p.AF+a.y. AE. 

Transform the other two terms in like manner ; thus we obtain 

a/3 (AF+BF}+ py {BD+ CD) + ya (AE+EC) = o/5c + Pya+yab. 

288. We have a8c= -A-^ op sin C= 2R x 2 area of OED. 

Transform the other two terms similarly ; thus we obtain 
4Jt (area of OED + area of ODF+ area of OFE). 

289. We have 

1 1 _ cos 2 4- cos 3 ,g _ sin 8 ,g-BinM _ Bm (B - A) Bin (B + A) 

co&*B ~ cos 2 A ~~ cos 8 A cos 2 B ~~ cos 2 B cos 2 A ~~ cos 2 B cos 3 A * 

., . sin (2?+.i) _ 1 ( 1 1) 

s0 mal cos 2 B cos 2 A ~ sin (B - A) (cos 2 B cos 2 A j * 

Apply this transformation to every term of the proposed series ; then we 
find that the sum 

=-^—z ) — a~3 m = ~ — » \ — «— s - If =coseo tan 5 nO. 

6in0 (cos 2 n$ cos 2 0) sin (cos 2 n$ $ 

290. By De Moivre's Theorem the equation becomes 
cos(0+20 + ... + n$) + tf^l sin (6+20+ ... +n0) = l, 

latis cos— —~ — '-d+ *J-l8m— ^ — £0=1. 

i Hence we must have cos— ~ — '0=1, and Bin^-^ — -0=0; so that 

\* 
^-^r — - 0=2mir, where m is zero or any integer. 

\ 

291. We have j^-gg— - . Vcr T^ *** similar ex * 

2 sin 2 cos -^ 

pressions hold for r" and r"' # Thus 

8 COS 75 COS -s COS g 

T. T. K. ^ 
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292. We have ^= 2 sin A ' B0 * ha * .#sin-4=| (1). 

Suppose that in consequence of the error 7 in there is an error a in A 
and an error pin R. Thus 

(R+p)an(A+a)=^; 

therefore approximately by Art. 181 

(#+/>) (sin4 + aC0S4)=| (2). 

From (1) and (2) by subtraction, neglecting the product ap, 

aRcoaA + p sin.4=0; 

so that a=-^iaaA. 

JC 

Similarly if /3 be the error in B arising from the error 7 in C, we have 

/3=-£tan£. 

JC 

But a +£+7=0, since the sum of the three angles of a triangle is equal 
to a fixed quantify, namely two right angles. 

Thus 7--|(tanui + tanJ?)=0; 

., . Ry RyGozAaoaB (rycoSiicosi? 

therefore p = r — j— '- — = = . , . — _ x — = ' . 9 „ — . 
r tan-4+tani? bui(A+B) 2sin 2 (7 

.,. . ~ c sin 4 , c sin JB _ dby cot A cot B 

And since sin C= and = — , — ; we have p= — - — s . 

a b ' r 2c 

293. Let C denote the right angle, CA and CB' the equal sides ; produce 
CA to D and CB to E\ then since DE is n times AB, it follows that CD and 
and OE are each n times CA or CB. Let AE and BD intersect at 0. Ther 
the angle DO A = the sum of the angles OB A and OAB, and these are equal: 
so that the angle DO A— twice the angle OAB. But the angle 0-42?= the 
angle EAC- the angle iLtC, so that 

x ^jd *«- mm t>asv\ tmEAC-tmBAC n-1 

tan OAB= tan (£40 -5J. (7)== — r Pitrr , ^779=1 • 

v ' 1 + tan EAC tan BAG 1 + n 

294. As continually increases from to r the value of cos0 con- 

tinually decreases from 1 to ; so that there must be one value of 0, and 
only one, in this range, which makes 0=cos 0. Also as cos is greater than 

when 0=0, and is less than when 0=-j, this value is less than -j , 

As changes from to - ^ , the cosine is always positive, and so we cannol 
hare gob 0= 0. 
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When is numerically greater than s it is numerically greater than 

unity, and so cannot be equal to cos 0. 

Hence there must be one, and only one, solution of the equation 0=cos0. 

295. Suppose £ the circular measure of an angle between and ^, 

a 

which is greater than the solution of 0=cos0, so that /8-cosj8 is positive. 

Let j3 - a denote the solution, so that £ - a = cos (ft - a) = cos f$ cos a + sin (3 sin a ; 

, fl-cos/Scosa .- sin a . , ,, ., _ 

therefore a= r i . Now is less than unity, and so is cos o : 

l+sin/3 

a 

hence y— — — ? * s * ess th* 11 ^ e * rue value of «i and is a positive quantity. 

Therefore £- f~ . *1 is nearer than 13 to the solution of the equation, and 

r 1 + sin (3 ^ i » 

is still too large. 

296. As in the solution of Example 248 we get 

*«« i l~ r-«« su^+a/^TA: cos0 

tana+ v ~lseca= /^=" J 

cos - v - 1 ft sin 

therefore (tan a+J- 1 sec a) (cos - J - 1 & sin 0)=Bin0+ N /-l& cos 0; 
therefore sin = tan a cos + & sin sec a, 

and £ cos = seca cos0-fc sin0 tana; 

therefore (sin - tan a cos 0) (cos + sin tan a) = sin cos sec* a ; 
therefore sin cos (1 - sec 2 a - tan 2 a) = tan a (cos 5 - sin 2 0) ; 

therefore - tan a = . _. = cot 20. 

sin 20 

Hence cot20=cot( J+o) ; therefore 20= nir+*+ a. 



And £= 



2 

sin - tan a cos sin (0 - a) 



sin sec a sin 



1 + & sin (0 - a) + sin . /_ a\ .a 
therefore r — r = -v-^ — ^ — r=tan ( - 5 ] cot s . 

X-k sin - sin (0 - a) V 2 y 2 

Now tanf0-|j=tanf^ + ^J = ±l; 

thus ^ — r= ioot s » that is c^= ± cot ^ . 

1-fc 2 2 

297. When the figure is constructed it will be found to have ten aides, 
five of which., are respectively equal to the other five. 
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The sum of five sides will be found to be 

2r {sin 30°+ sin 6° + sin 24° + sin 12° + sin 18°} ; 

andbyArt.303tMs=^^< 60 + \ 2 :) flinl50 == 2ysiDl80Bin150 
J sin 3° sin 3° 

298. The first term- C0Sg(1+C0Sg ) r- oosfl(l + cosfl) 

1 - cos 30 (1 - cos 0) (1 + 2 cos 0)* 

0080(1 + 0080) + ^ g g 

~(l-COS0)(l + 2cO8 0) a '~l-COS0~(l-COS0) (1 + 2COS0)* 

1 1 

4 4 



1 - cos 1 - cos 30 * 
Each term is to be resolved into two in this manner ; so that the sum 

4(l-cos0 l-cos3»0) 

299. Put j3 for - • The first perpendicular =r sin <f>, the second perpen 

dicular=r sin(0+/8), the third =r sin (0 + 2/3), and so on. Hence the produc 

= r w sin <f> sin (0+/3) sin (0+2/3) sin (0 + «j8 - /8) ; 

r n 
and this by Art. 318= ^j Bin n<f>. 

300. Let r denote the radius. When all the stones are taken to the centra 
each stone is carried over a length r, so that the labour may be denoted by nr 
When all the stones are taken to the position of one stone the labour in lik< 
manner may be represented by the sum of the straight lines drawn from on< 
corner of the polygon to all the other corners. 

Let j8=- : then this sum 
n 



=2r {sin/3+ sin 2/8+ sin 3/3 + ... +sin »/3} 

« . /„ n-1 A . nB rt . n+l„ 
2rsin(/3+-2-/3Jsin-£ 2r sin-^- /8 



. /3 — . p -«"f • 

sm 2 Sm 2 

Hence the required ratio = — — = - tan £ = ~ tan ■=- . 
• ™i""«« «• ft 2 2 2 2n 

2r cot £ 

To find the value of this when n is indefinitely increased we put it in the 

tan — 
v 2n tr 

form -j ; then by Art. 118 the limit is -7. 

4 7T 4 

2» 
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